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PREFACE. 



The following summary view of the first principles of al- 
gebra is intended to be accommodated to the metnod of in- 
struction generally adopted in the American colleges. 
' The books which have been published in Great Britain on 
mathematical subjects, are principally of two classes. — One 
consists of extended treatises, which enter into a thorough in- 
vestigation of the particular departments which are the ob- 
iects of their inquiry. Many of these are excellent in their 
kind ; but they are too voluminous for the use of the body 
of students in a college. 

The other class are expressly intended for beginners ; but 
many of them are written in so concise a manner, that im- 
portant proofs and illustrations are excluded* They are 
mere texUbooks, containing only the outlines of subjects 
which are to be explained and enlarged upon, by the pro- 
fessor in his lecture room, or by the private tutor in his 
chamber. 

In the colleges in this country, there is generally put into 
the hands of a class, a book from which they are expected of 
themselves to acquire the principles of the science to which 
they are attending : receiving, however, from their instructor, 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con- 
tain the explanations which are requisite, to bring the sub- 
jects treated of within the comprehension of the body of 
the clasSk 

If the design of studying the mathematics were merely to 
obtain such a knowledge of the practical parts, as is required 
for transacting business ; it might be sufficient to commit to 
memory some of the principal rules, and to make the opera- 
tions famiUar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with very little knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher object is proposed, in the case of those who 
are acquiring a Uberal education. The main design should 
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17 PREFACE. 

be to call into exercise, to discipline^ and to invigorate the 
powera of the mind. It is the logic of the mathematics which 
constitutes their principal value, as a part of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose of forming sound reasonersj rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
as to show the dependence of oae upon another. The whole 
should be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No- 
other subject affords a better opporttmity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been prooiuced, than the 
Elements of Gecxnetry by Euclid. 

It may be thought, by s(xne, to be imwise to fonxi our gen* 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absobUe eertamty; whUe 
the common business of life must be conducted upon probabU 
evidence, and not upon principles which admit of eomjAete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are connected with the pkuHeal sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inauiry, the symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra** 
tions omitted, and the transitions from one subject to another 
so abrupt, as to keep thek ccmnections and dependencies out 
of view? 

It may not be necessary to state every proposition and its 

Eroof, with all the formality which is so strictly adhered to 
y Eaolid ; as it is not essential to a logical argument, thai 
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it be expre^ed in regular and entire syllogisms. A step of 
a demonstration may be safely omitted, when it is so simple 
and obvious, that no one possessing a moderate acquaintance 
with the subject, could fail to supply it for himself. But this 
liberty of omission ought not to be extended to cases in 
which it will occasion obscurity and embarrassment. If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles; full scope 
may be found for this kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties which 
will unavoidably occur, without creating new ones for the 
sake of perplexing. 

Algebra requires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a new language to learn, at the same time he is settling 
the fninciples upon which, his future inquiries are to be con-* 
ducted. These principles ought to be established, in the 
most clear and satisfactory manner wliich the nature of the 
case will admit of. Algebra and geometry may be consider- 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geometrical par^ a degree of clearness and 
precision wliich would be very desirable, but is hardly to be 
eiraiected, in algebra. 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. But the work is necessarily limited in extent of 
subject. It is far from being a complete treatise of algebra. 
It is merely an introduction. It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage,^ during the short time allotted to this particular 
study. There is generally but a small portion of a class, 
who have either leisure or inclination, to pursue mathemati- 
cal inquiries much farther than is necessary to maintain an 
honorable standing in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to become adepts in it, ought to be refer., 
red to separate and complete treatises, on the different 
branches. No one who wishes to be thoroughly versed in 
mathematics, should lock to compendiums and elementary 
books for any thing more thep^ the first principles. As soon 
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as these are acquired, he should be guided in his inquiries by 
Uie genius and spirit of original authors. 

In the selection of materials, those articles have been 
taken which have a practical a]^lication, and which are pre* 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. The object has not been to introduce orU 
ginal matter. In the mathematics, which have been cultiva^ 
ted with success from the days of P]rthagoras,>and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
ought first to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin» 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The proper field for the display of 
mathematical genius^ is in the region of invention. But 
what is requisite for an elementary work, is to collect, ar<* 
range and illustrate, materials already provided. However 
humble this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made qpnsLd'* 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for tho 
benefit of begmnerSf though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which is to follow. 
The addition, multiplication, and division of powers^ for in* 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap» 
Slications to particular cases may not, always, be readily un- 
erstood. On the other hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and aj^lied, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the apj^cation of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as the learner is supposed to be fa- 
miUar with none of the sciences except arithmetic. In treat- 
ing of negadve quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These aj:e 
merely for the purpose of illustration. The whole doctrinQ 
of negatives is. made to depend on the single principle, that 
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ihty are quantities to be subtracted. But the student, at 
this early period, is not accustomed to abstraction. He re- 
quires particular examples, to catch bis attention, and aid his 
conceptions. 

The section on proportion^ will, perhaps, be thought use- 
less to those who read the fifth Book of Euclid. That is suf- 
ficient for the purposes of pure feometricai demonstration. But 
it is important that the propositions should also be presented 
under the algebraic forms. In addition to this, great assis- 
tance may hk derived firom the algebraic notalum, in demon- 
strating, and reducing to system, the laws of pro[K>rtion. The 
subject instead of beme broken up into a multitude of dis- 
tmct propositions, may DC comprehended in a few general 
principles. 
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INTRODUCTORY OBSERVATIONS 

ON THE 

MATHEMATICS IN GENERAL. 



Art. 1. Mathematics is the science of QUANTfTr. 

Any thing which can be multiplied^ divided^ or measured^ is 
called qucmtity. Thus, a line is a quantity, because it can 
be doubled, trebled, or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an ell. 
Weight is a quantity, which can be measured, in pounds, 
ounces, and grains. Time is a epecies of quantity, whose 
measure can be expressed, in hom*s, minutes, and seconds. 
But color is not a quantity. It cannot be said, with propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the tntmi, such as thought, 
ch(Hce, desire, hatred, &c. are not quantities. They are in* 
capable of mensuration.* 

2. Those parts of the Mathematics on which all the 
others are founded, are ^Arithmetics Algehrny and Geometry. 

3. Arithmetic is the science of wumbers. Its aid is 
required to complete and apply the calculations, in almost 
every other department of the math^natics. 

4. Algebra is a method of computing by letters and other 
symbols. Fluxions, or the Difierential and Integral Cal- 
culus, may be considered as belonging to the higher branches 
of algebra.f 

5. Geometry is that part of the mathematics, which treats 
of magnitude. By magnitude, in the appropriate sense of 
the term, is meant that species of quantity, which is exteni^ 
ed; that is, which has one or more of the three dimensions, 
lengthy breddthy and thickness. Thus a Une is a magnitude, 
because it is extended, in length. A surface is a magnitude, 
having length and breadth. A solid is a magnitude, having 
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2 MATHEMATICS, 

length, breadtb, and thickness. But motiany though a quan- 
tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometrt and Conic Sections are branches of 
the mathematics, in which the principles of gcometiy are 
applied tp triunglesy and the sections of a cone, 

7. Mathematics are either pure or mixed. In pure mathe- 
matics, quantities are considered, independently of any sub- 
stances actually existing. But, in mixed mathematics, the 
relations of quantities are investigated, in coimection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are appUed to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they cany to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms, 
and the demonstrations. 

9. The foundation of all mathematical knowledge must 
be laid in definitions. A definition is an explanation of what 
is meant, by any word or phrase. Thus, an equilateral tri- 
angle is defined, by sapng, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing definea, fi*om every thing else. On many 
subjects it is difficult to give such precision to language, that 
it shall convey, to eveiy hearer or reader, exactly the same 
ideas. But, in the mathematics, the4)rincipal terms may be 
so defined, as not to leave room for the least difference of 
apprehension, respecting theii* meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, may be included explana- 
tions of the characters which are used to denote the relations 
of quantities. Thus the chai-acter V is explained or defined, 
by saying that it signifies the same as the words square root, 

10. The next step, after becoming acquainted with the 
meaning of mathematical teitns, is to brmg them together, in 

* Some wiitera, howeTer, qae magnitude as synonymous with quantity. 
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the form of propositions* Some of the relations of quantities 
require no process of reasoning, to render them evident. To 
be understood, they need only to be proposed. That a 
square is a different figure from a circle; that the whole of a 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose a space, are propositions so manifestly 
true, that no reasoning upon them could make them more 
certain. They are, therefore, called self-evident truths, or 
axioms. 

11. There are, however, comparatively few mathematical 
truths which are self-evident. Most require to be proved by 
a chain of reasoning. Propositions of this nature are denom- 
inated theorems; and the process, by which they are shown 
to be true, is called demonstration. This is a mode of argu- 
ing, in which, every inference is immediately derived, either 
from definitions, or from principles which have been previ- 
ously demonstrated. In this way, complete certainty is made 
to accompany every step, in a long course of reasoning. 

12. Demonstration is either direct or indirect. The for- 
mer is the common, obvious mode of conducting a demon- 
strative argument. But in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of es- 
tablishing a proposition, by proving that to suppose it not 
true, would lead to an absurdity. This is frequently called 
reductio ad ahsurdum. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them unequd, would involve an absurdity. 

13. Besides the principal theorems in the mathematics, 
there are also Lemmas and Corollaries. A Leinma is a pro- 
position which is demonstrated, for the pui-pose of using it, in 
the demonstration of some other proposition. This prepara- 
tory step is taken to prevent the proof of the principal theo- 
rem from becoming complicated and tedious. 

14. A Corollary is an inference fi*om a preceding proposi- 
tion. A Scholium is a remark of any kind, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately depending on it. 

15. The immediate object of inquiry, in the mathematics, 
IS, frequently, not the demonstration of a general truth, but 
a metliod of performing some operation, such as reducing a 
vulgar fraction to a decimal, extracting the cube root, or 
inscribing a circle in a square. This is called solving a prob^^ 
lem. A theorem is something to be proved, A problem ia 
something to foe done. 
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16. When that which is required to be done, is so easy, as 
to be obvious to every one, without an explanation, it is call- 
ed a pastukUe, Of this nature is the drawing of a straight 
line, from one point to another. 

17. A quantity is said to be given, when it is either sup- 
posed to be already knaiony or is made a condidon^ in the 
statement of any theorem or problem. In the rule of pro- 
portion in arithmetic, for instance, three terms must be given 
to enable us to find a fourth. These three terms are the 
data, upon lyhich the calculation is founded. If we are re- 
quired to fiiid the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
the circumference are the data. They are said to be given 
by mpposUiony that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily ir^erred from sometlung else which is given. Thus, if 
two numbers aie given, their sum is given; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in posi^Um^ 
or magnitudey or both. A line is given in position, when ita 
ritaation and direction are known. It is given in magnitude, 
when its length is known. A circle is given in pmHon^ when . 
the place of its centre is known. It is given in magnUude^ 
when the length of its diameter is known. 

18. One proposition is conirwrjjy or contradictory to another, 
when, what is affirmed, in the <»ie, is denied, in the others 
A proposition and its contrary, can never both be true. It 
cannot be true, that two given lines are equals and that they 
are not equal, at the same time. 

19. One proposition is the eoiwene of another, when the 
order is inverted ; so that, what is gtv«n or supposed in the 
first, becomes the conclusion in the last ; and wnat is given 
in the last, is the conclusion, in the first. Thus, it can be 
proved, first, that if the rides of a triangle are equal, the am- 
gles are equal ; and secondly, that if &e angles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given; and the equality of the angles m« 
f erred: in the second, the equality of the angles is given, and 
the equality of the sides inferred. In many instances, a pro- 
position and its converse are both true; as in the preceding 
example. But this is not always the case. A cucle is a 
figure bounded by a curve ; but a figure bounded by a curve 
.8 not of course a circle. 
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90. The praetkal applications of the mathematics,' in the 
common concerns of business, in the useful arts, and in the 
various branches of phyi^cal science are ahnost innumerable. 
Mathematical principles are necessary in MercanHle transact 
IjoiM, for keeping, arranging, and settling accounts, adjusting 
the priced of commodities, and calculating the profits of trade : 
in Jramgatianf for directing the course of a ship on the ocean, 
adapting the position of her sails to the direction of the wind, 
findmg her latitude and longitude, and determining the bear* 
ings and distances of objects on shore : in Surveuu^y for 
measuring, dividing, and lajdng out groimds, taking the eleva- 
tion of hills, and fixing the boundaries of fields, estates, and 
puUic territories : in CwU Enginemngy for constructing 
bridges, aqueducts, locks, &c. : in MechankSy for understand- 
ing the laws of motion, the composition of forces, the equili- 
brium of the mechanical j^wers, and the structure of ma- 
chines : in •Srchitecture^ lor calculating the comparative 
strength of timbers, the pressure which each will be required 
to sustain, the forms of arches, the proportions of column^ &c. : 
in For^atum, for adjusting the position, lines, and an- 
gles, of the several parts of the works : in OunnerVy for regu- 
lating the elevation of the cannon, the force of the powder, 
and the velocity and range of the shot : in OpHcif for tracing 
the direction of the rays of light, understanding the forma- 
tion of imager the laws of vision, the separaticm of colors, the 
nature of the rainbow, and the construction of microscopes 
and telescopes : in Astnmomiy for computing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising the tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their orbits : in Geogra* 
pkyf for determining the figure and dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of places, the courses of rivers, the 
height of mountains, and the boundaries of kingdoms : in His* 
tory, for fixing the chronology of remarkable events, and 
estmiating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their population : 
and, in the concerns of ChvemmerUy for apportioning taxes, 
armnging schemes of finance, and regulating national ex- 
penses. The mathematics have also important applications 
to Chemistry, Mineralogy, Music, Paintmg, Sculpture, and 
indeed to a great proportion of the whole circle of arts and 
sciences 2 
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21. It is true, that, in many of the branches which have 
been mentioned, the ordinary business is frequently trans- 
acted, and the mechanical operations performed, by persons 
who have not been regularly mstructed in a course of mathe- 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their i-espective 
arts. The reason of this is, that the methods of proceeding, 
in their several occupations, have been pointed out to them, 
by the genius and labor of others. The mechanic often 
works by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the ab- 
struse parts of the mathematics are made to contribute their 
aid to the common arts of life. 

22. But an additional and more important advantage, to 
persons of liberal education, is to be found, in the enlarge-^ 
ment and improvement of the reasoning powers. The mind,^ 
like the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- . 
dies are peculiarly fitted for this discipline of the mind. 
They are calculated to form it to habits of fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admis- ^. 
sion of proof ; of dexterity, m the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accurate thinking 

is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. " The youth,*' says Plato, " who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences.** 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their office, to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images ; or to enable us to speak and write with 
rhetorical vigor and elegance. The beneficial effects which 
they produce on the mind, are to be seen, principally, in the 
regulation and increased energy of the reasimmg powers 
These they are calculated to cdl into frequent and vigorous 
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exercise. At the same time, mathematical studies may be 
80 conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more simple subjects, and as-> 
cending gradually to those which are more complicated, the 
mind acguires strength as it advances; and by a succession 
of steps, nsing regularly one above another, is enabled to 
surmount the obstacles which lie in its way. In a course of 
mathematics, the parts succeed each other in such a con- 
nected series, that the preceding propositions are preparatory 
to those which follow. The student who has made himself 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to his 
Aiture progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is left unconquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he understands 
the nature of one proposition or method of operation, before 
jN'oceedin^ to another. He ought also to make himself /o- 
miKar with every step, by careM attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely rtadmg the main principle^ rules, and obser- 
vations. It is practice only, which can put these completely 
m his possession. The method of studying here recom- 
mended, is not only that which promises success, but that 
which will be found, in the end, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of gratification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which their 
attention is called. 



Note. — ^The principal definitiom^ theorema, ralea, fcc which it ii neeesMry 
to tommil to memory, an distinguishiMl by being put in Italics or Capitala. 
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SECTION L 

NOTATION, NEGATIVE aUANTITIES, AXIOMS^ &e. 

Art. 23. ALGEBRA may be defined^ a general method 

OF INVESTIGATING THE RELATIONS OF QUANTITIES, BT LET- 

TERS, AND OTHER SYMBOLS. This, it must be acknowledged, 
is an imperfect account of the subject; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any stimmary 
description. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The latter relate to par- 
ticular nmnbers ; the former to whole classes of quantitiea 
On this account, Algebra has been termed a kind of timversal 
JlrUhmetic, The generality of its solutions is principally 
owing to the use of letters^ instead of numeral figures, to 
express the several quantities which are subjected to calcula- 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the difference between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 6, five, &c. And, though 
one of the digits, in connection with others, may have a heal 
value, diflferent from its simple value when alone ; yet the 
same combmalion always expresses the same number. Thus 
263 has one tiniform signification. And this is the case with 
every other combmation of figures. But in Algebra, a letter 
may stand for any quantity which we wish it to represent. 
Thus 6 may be put for 2, or 10, or 60, or 1000. It must no* 
be understood from this, however, that the letter has no de 
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termiiiate value. Its value is fixed for the occasion. Foi 
the present purpose, it remains unaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be greatly abridged by the use of let- 
ters ; especially when very large numbers are concerned. 
And when several such nmnbers are to be combined, as in 
multipUcation, the process becomes extremely tedious. But 
a single letter may be put for a large number, as well as 
for a small one. The numbers 36347297, 68347823, and 
27462498, for instance, may be expressed by the letters, b, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writinff them, one after 
another, in the form of a word, and the product will be sim- 
ply bed. Thus in Algebra, much of tne labor of calcula- 
tion may be saved, by the rapidity of the operations, Solu- 
tions are sometimes effected, in the compass of a few Unes, 
which, in common Arithmetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved distinct from 
each other; though carried through a number of complicated 
processes ; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

25. Algebra differs farther from arithmetic, in making use 
of tmknown quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter into a calculation 
must be known. For they are expressed tn numbers. And 
every number must necessarily be a determinate quantity 
But in Algebra, a letter may be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to other quantities, with which it is connected, as 
to answer an maportant purpose in the calculation, 

NOTATION. 

26. To facilitate the investigations in algebra, the several 
steps of the reasoning, instead of being expressed in words^ 
are translated into the language of signs and symbols, which 
may be considered as a species of short-hand. This serves 
to place the quantities and their relations distinctly before 
the eye, and to bring them all into view at once. They are 
thus more readily compared and imderstood, than when re- 

2* 

/ 
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moved at a distance from each other, as in the commoD 
mode of writing. But before any one can avail himself of 
ihis advantage, he must become perfectly familiar with the 
new language. 

27. The quantities in algebra, as has been already ob- 
served, are generally expressed by Utters, The first letters of 
the Alphabet are used to represent kswwn quantities ; and 
the last letters, those which are trnknoton. Sometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common aritlunetic. 

S8. Besides the letters and figures, there are certain char-> 
acters used, to indicate the relations of the quantities, or the 
operations which are performed with them. Among these 
are the signs -f- and — , which are read plus and minus^ or 
more and Te^^. The former is prefixed to quantities which 
are to be added ; the latter, to those which are to be «ub- 
tracted. Thus a-|-6 signifies that fc is to be added to a. It 
is read a plus 6, or a added to 6, or a and 6. If the expres- 
sion be a-fc, i. e. a minus 6; it indicates that b is to be b'ub- 
tracted fiom a. 

29. The sign 4- ^ prefixed to quantities which are con- 
sidered as affirmaHve or positive ; and the sign -^-^ to those 
which are supposed to be negative. For the nature of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, as either posi- 
tive or negative. Before the first one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. Thus a-f-6, is the same as -^-a^h. 

30. Sometimes both -f- said — are prefixed to the same 
letter. The sign is then said to be ambiguous. Thus a+b 
signifies that in certain cases, comprehended in a general so- 
lution, 6 is to be added to a, and in other cases subtracted 
firom it. 

31. When it is intended to express the difference between 
two quantities without deciding which is the one to be sub- 
tracted, the character <r or -^ is used. Thus a-^A, or a<iib 
denotes the difference between a and 6, without determining 
whether a is to be subtracted from 6, or 6 from a. 

33. The equcdibu between two quantities or sets of quanti- 
ties is expressed oy parallel lines =. Thus ar\-b=zd sig- 
nifies tliat a and b together are equal to d. And a^d^c 
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=&-4-;=& signifies that a and d equal c, which is equal tc 
h and g, which are equal to A. So 84-4=16 - 4=10+2= 
7+2+3=12, 

33. When the first of the two quantities compared, is 
greater than the other, the character^ is placed between 
them. Thus a^ signifies that a is greater than b. 

If the first is kss than the other, the character <[ is used; 
as a<[fc ; i. e. a is less than b. In both cases, the quantity 
towards which the character opeiw, is greater than the other. 

34. A numeral figure is ofte^ prefixed to a letter. This 
is called a Ohefficient. {t shows how often the quantity ex- 
pressed by the letter is to be taken. Thus 2b signifies twice 
o; and 96, 9 times 6, or 9 multiplied into b. 

The co-efficient may be either a whole number or a frac- 
tion. Thus ib is two-thirds of b. When the co-efficient is 
not expresseo, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. ' 

35. The co-efficient may be a Utter, as well as a figure. 
In the quantity mb, m may be considered the co-efficient of 
b ; because b is to be taken as many times as there are units 
in m. If m stands for 6, then mb is 6 times b. In So&c, 3 
may be considered as the co-efficient of abc; ia the co-effi- 
cient of be; or 3ab, the co-efficient of c. See art. 42. 

36. A smple quantity is either a single letter or number, 
or several letters connected together without the signs + 
and-. Thus a, ab, abd and 9b are each of them simple 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign + or - . Thus a+ 
6, d - y , 6 - ci+3&, are each compound quantities. The mem- 
bers of which it is composed are called terms. 

37. If there are two tenns in a compound quantity, it is 
called a bmomioL Thus a+b and a - b are binomials. The 
latter is also called a residual quantity, because it expresses 
the difference of tw^o quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
thru terms, is sometimes called a trinomial; one of four terms, 
a quadrmynmly &c. 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are firequent- 

ly connected by a line called a vtneulum. Thus a-b+c 
shows that the nm of b and c is to be subtracted fi'om a. But 
a-'b-^-c signifies that b only is to be subtracted from a 
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while c is to be added. The sum of c and d, subtracted 

from the sum of a and 6, is a-{-6 - c-\-d. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 

a vinculum. Thus x - (a-f-c) is the same as a? - a+c. The 
equality of two sets of quantities is expressed, without using 
a vinculum. Thus c^b=:c-{-d signifies, not that 6 is equal 
to c; but that the smn of a and b is equal to the stun of c 
and d, 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebraic expres^ 
sum; and sometimes a fomMcL Thus c^b-^^Sd is an 
algebraic expression. 

4(X The character x denotes multiplication. Thus ax^ 
is a multiplied into 6: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a point is used to indicate multiplication. Thus 
a. bis the same as ax^* But the sign of multiplication is 
more conmionly omitted, between simple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus ah is the same as a. 6 or ax^* And bcde 
is the same asix^X^^X** When a compound quantity is 
to be multiplied, a vinculum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the sum 

of c and rf, is a-^b X c-|-d, or (a+t) X (^+^)* And 
(6+2) X 5 is 8 X 5 or 40. But 6 + 2 x5 is 6+10 or 16. 
When the marks of parentheses are used, the sign of multi- 
plication is frequently omitted Thus (ar+j/) (ar - 1/) is (a:+y) 

X («-y.) 

41. When twt) or more quantities are multiplied together, 
each of them is called a factor. In the product oi, a is a 

factor, and so is 6, In the product a:Xa+w»j x is one of the 
factors, and a-\-my the other. Hence every coefficient may be 
considered a factor. (Art. 35.) In the product Sy, 3 is a 
fiictor as well as y. 

42. A quantity is said to be resolved ialofactore^ when any 
fectors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus Sao may he resolved mto 
the two factors 3a and ft, because 3a x ft is 3aft. And 5amn 
may be resolved into the three factors 5a, and m, and n. 
And 48 may be resolved into the two factors 2 x 24, or 3 X 16f 
or 4x12, or 6x8; or into the three factors 2x3x8, or 4x 
6x2, &c. 
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M 

43. The character -f- is used to show that the quantity 
which precedes it, is to be dmdcrf^ by thatwhich foUowa. 

Thus a-i^ is a divided by c : and a-|-6-r^+^ ^^ ^^^ ^^^^^ 
of a and b^ divided by the sum of c and d. But in algebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

, is the same as a-i-b: and jj-t is the difference of c and b 

divided by the sum of d and h. A character prefixed to the 

dividing line of a firactional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

b^c 
1 whole value of the quotient. Thus a 7- signifies that 

the quotient of b^c divided by m-f-ti is to be subtracted from a. 

c^d h I It 
And — ; — X ---^— denotes that the first quotient is to be 

multiplied into the second. 

44. When four quantities are proportumal^ the proportion 
is expressed by points, in the same manner, as in the Rule of 
Three in aritlimetic. Thus a:b::c:d signifies that a has to 
ft, the same ratio which c has to d. And ab :cd:: a^m : 
6*|-n, means, that ofr js to cd; as the sum of a and m, to the 
sum of b and n. 

45. Algebraic quantities are said to be alike, when they 
are expressed by the same leUer$, and are of the same power: 
and uruikey when the letters are different, or when the same 
letter is raised to different powers.* Thus ofr. Sab, -ab, 
and - 6ab, are like quantities^ because the letters are the 
same in each, although the signs and co-«fficients are dififer- 
ent. But 3a, 3y, and Sba?, are unlike quantities, because 
the letters are milike, although there is no difference in the 
signs and co-efilcients. 

46. One quantity is said to be a multipk of another, when 
the former carUaiins the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 3a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a measure of another, when 
the former is contained in the latter, any number of times, 
without a remainder. Thus 3b is a measure of 156; and 7 
lis a measure of 35. 



* For the notation of pwturs and nots^ see the sections on those subjects. 
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48. The value of aa expression, is the number or quantity, 
for which the expression stands. Thus the value of S-|-4 is 
7; of 3x4isl2; of^isi. 

49. The RECIPHOCAL of a quantity^ ie the quotient urimg 
from dkfidmg ▲ unit by tluU quanHty. Thus the reciprocd 

of a is - ; the reciprocal of a+bis — rr ; the reciprocal of 4 

. 1 

50. The relations of quantities, which m ordinary language, 
are signified by toorcb, are represented in the algebraic nota- 
tion, by signs. The latter mode of expressing these rela- 
tions, ought to be made so familiar to the mathematical 
student, that he can, at any time, substitute the one for the 
other. A few examples are here added, in which, words 
are to be converted into signs. 

1. What is the algebraic expression for the following 
statement, in which the letters a, 6, c, &c. may be supposed 
to represent any given quantities 1 

The product of a, 6, and c, divided by the difference of e 
and df is equal to the sum of b and c added to 15 times h. 

Ans. — j=ft4-c+15A. 

2. The product of the difference of a and h into the sum 
of 6, c, and d, is equal to 37 times m, added to the quotient 
of b divided by the sum of h and b, Ans. 

3. The sum of a and 6, is to the (quotient of ( divided by 
c; as the product of a into Cy to 12 tunes h, Ans. 

4. The sum of a, 6, and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and i, is 
equal to 7 times d, diminished by the quotient of 6, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What wiU the foUowing expressions become, when words 
axe substituted for the signs t 

h ' a+c 

Ads. The sum of a and ( divided by h, is equal to the 
product of Oy 6, and c diminished by 6 times tn, and increased 
Dy the quotient of a divided by the sum of a and c. 
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S. 0+7 (A+x)-|z6^=(a+fc) (6-0). 

m 

5 ^""^ . ^+g^ _ feoX?+^ _ _£_£_. 
* 3+i-c 2m "" am &+dm 

52. At the close of an algebraic process, it is frequently 
necessaury to restore the numbers^ for which letters had been 
substituted, at the beginning. In dcnng this, the sign of muU 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. Thus, if a stands for 3, and 6 
for 4; the product ab is not 34, but Sx^, i. e. 12. 

In the following examples, 

Let a—S And d=z6. 

6=4 m=8. 

c=2 »=slO. 

then, 1. gJ^+*4^=!-±|+^y-J^- 
* cd 3d 2x6 3x6 

c-dm 5a o 
3. 6 m d+l*zii_!l!l=*f+_*_= • 



cdm 4 a+3 cd a 

63. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
simple, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If a+6 is used 
for the sum of two quantities, a cannot be united in the same 
term with (. But if a stands for 3, and 6 for 4, then o+fr 
=3+4=7. The value of an expression, consisting of many 
tenns may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica- 
tion, &c. indicated by the algebraic chaiacters. 

Find the value of the following expressions, in which the 
letters are supposed to stand for the same numbers, as in the 
preceding article. 

1. f^+a+mn=?>l®+8+8xlO=9+S+80==92. 

c M 
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8. o+cxn-m-f^—l -ax »--«»= 

m-a 
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POSITIVE AND NEGATIVE QUANTITIES. 



« 



54* To one who has just entered on the study of algebra, 
there is generally nothing more perplexing, than the use of 
^hat are called ntga^dve quantities. He suraoses he is about 
to be introduced to a class of quantities which are entirely 
new ; a sort of mathematical noOirngs^ of which he can form 
no distinct conception. As positive quantities are realy he 
concludes that those which are negatiye must be tmogtuary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

55. A NEGATIVE quantity is one which is required 
TO BE SUBTRACTED. When several quantities enter into 
a calculation, it is frequently necessary that some of them 
should be added together, while others are 9ubira4itd. The 
former are called affirmative or positive, and are marked with 
the sign -|- ; the latter are termed negative, and distinguished 
by the sign -. If, for instance, the profits of trade are the 
subject of calculation, and the gem is considered positive ; 
the loss will be negative ; because the latter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distmguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this baickward motion is to be considered nega^ 
fwey because that, in determining his real progress, it must 
be subtracted firom the distance which he has travelled in 
the opposite direction. If the asceni of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same general principle. In 

* On the subject of negative ouantitaes, see Newton's UniTersal Arithmctie, 
Maseres on the Negative Sign, Mansfield's Mathematical Essays^ and Mae- 
kurin'Si Bimpson's, Euler's, Saunderson'Sy and LudUm's Algebra. 
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each of the instances, one of die quantities is to be m&froef eif 
from the other. 

56. The terms positive and negative, as used in the mathe- 
matics, are merely reUuive. They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
m the purposes which they are to answer in calculation, 
some such opposition as requires that one should be subtracted 
from the other. But this opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another less than nothing. For, in many cases, either or 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may 
change places. In determining the progress of a ship, for 
instance, her easting may be marked -f- j and her westing- ; 
or the westing may be 4- y si^d the easting - • All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In different processes, they may 
be differently applied. On one occasion, a downward mo» 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will increase this, must be positive idoo. 
But those which will tend to dimmish it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the profits will be positive ; for they increase the stock ; they 
are to be added to it. But the losses will be negative ; for 
they diminish the stock ; they are to be subtracted from. it. 
When a boat, in attempting to ascend a river, is occasionaliy 
driven back by the current ; if the progress up the stream, to 
any particular point, is considered positive, every succeeding 
instance of forward motion will be positive, while the bach- 
ward motion will be negative. 

58. A negative quantity is frequently greater^ than the 
positive one with which it is connected. But how, it may 
be asked, can the former be subtracted from the latter? The 
greater is certainly not contained in the less : how then cai^ 
it be taken out of iti The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhausts the whole of it, but leaves a balance of 50C 

S 
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against him. In common language, he is 500 dollars worse 
than nothing. 

59. In this way, it frequently happens, in the course of an 
algebraic piocess, that a negative quantity is brought to stand 
ahne. It has the sign of subtriaction, without being con* 
nected with any other Quantity, from wliich it is to l^ sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
moti<m first dimmisheB her latitude, then reduces it to noth^ 
mgf and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the soullmard motion, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must be 
4*5, instead of - 5, to show that it is a part of the ship's 
tunrihem latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account wiU be 
positive or negative, according as the debt or the credit is the 
greater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. When u quantity continually decreasing is reduced to 
nothing, it is scmietimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di* 
minished, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossmg the equator, is first 
made less than nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
oe properly distinguished, by the signs -{- and - ; all the 
positive degrees being on one side of 0, and all the negative, 
>n the other ; thus, 

f 6, +5, +4, +S, +2, +1, 0, - 1, - 2, - 8, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
{uantities, may be arranged in a similar manner. So thai 
} may be conceived to be a kind of dmding point between 

* The expression ^^Uss than nothingf^^ may not be wholly improper ; if it is 
vnlended to oe understood, not literally, but merely as a convenient phrase 
adopted for the sake of avoiding^ tedious circumloctition ; as we say " the sun 
rises," instead of saying *'thc earth rolls round, and brings the sun mto view.^ 
The use of it in this manner, is warranted by Newton, Eulor and others. 
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positive and negative numbers. On a thermometer,' the de« 
grees above may be considered positive, and those below 0, 
negative. 

61. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, G-|-6 means 6 degrees above 0; and 0-6, 6 
degrees below 0. 

AXIOMS. 

62. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is effected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
rule of known length. The weight of a body is ascertainec^ 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is foimd to be equal to some 
known quantity or quantities. 

Let a and 6 be known quantities, andy, one which is un- 
known. Then y will become known, if it be discovered tc 
be equal to the sum of a and 6 ; that is if 

yzsa-\-b. 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
equcUion. It will be seen hereafter, that much of the businesg 
of algebra consists in finding equations, in which some un« 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti- 
ty is discovered. But in all these changes, a constant equality 
must be preserved, between the two sets of quantities com-r 
pared. This will be done, if, in making the alterations, we 
are guided by the following axioms. Thest are not inserted 
here, for the purpose of being proved; for they are self- 
evident. ^Art. 10.) But as they must be continually intro- 
duced or implied, in demonstrations and the solutions of 
problems, thev are placed together, for the convenience ot 
reference. 
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63. Axiom 1. If the same quantity or equal quantities be 
added to equal quantities, their gums wiU be equal. 

S. If the same quantity or equal quantities be subtracted 
from equal quantities, the remainders will be equal. 

S. If equal quantities be muti^lied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be dkkded by the same or equal 
quantities, the quotients will be equals 

5. If the same quantity be both added to and subtractea 
from another, the value of the latter will not be altered. 

6. If a quantity be both mvUipUed and dmded by another, 
the value of the former will not oe altered. 

1 7. If to unequal quantities, equals be added, the greater 
will give the greater sum. 

J 8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If unequal quantities be multiphed by equals, the 
greater will give the greater product. 

1 0. If unequal quantities be divided by equals, the greater 
will give the greater quotient. 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

12. The whole of a quantity is greater than a part 

This is, by no nieans, a complete list of the self-evident 
propositions, which are frumished by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carried on, princi« 
pally, by means of a series of equations and proportions. But 
mstead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of processes, on 
which the management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in arithmetic. But this appUcation of a common 
name, to operations in these two brancnes of the mathemat- 
ics, is often the^tfx^casion of perplexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as addition in arithmetic. They are in fact the same, in 
many respects : in aU respects perhaps, in which the steps of 
the one will admit of a direct comparison, with those of the 
other But addition in algebra is more extensive^ than in 



ADDITION. 21 

arithmetic. The same observation may be made concerning 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
m arithmetic. But they are frequently extended farther, and 
comprehend processes which are unknown to arithmetic. 
This is commonly owing to the introduction of negative 
quantities. The management of these requires steps which 
are unnecessary, where quantities of one class only are con- 
cerned. It wiU be important, therefore, as we pass along, to 
mark the difference as well as the resemblancej between arith* 
metic and algebra ; and, in some instances, to give a new 
definition, accommodated to the latter. 



SECTION II. 
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Art. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently to collect the materials. Seve- 
ral distinct quantities are to be concerned in the process. 
These must be brought together. They must be connected 
in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
called ADDITION. It may be defined,^HE connecting of 

SEVERAL quantities, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION.^ 

66. It is common to include in the definition, ^^ uniting in 
one term, such quantities, as will admit of being united." 
But this is not so much a part of the addition itself, as a 
reduetUmy which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecting the 
quantities by their proper signs. Thus a added to 6, is evi- 
dently^ a and 6 ; that is, according to the algebraic notation, 
a-f-6. * And a added to the sum of b and c, is a-\-b^c. And 
a-f-6, added to c-f d, is a-\-b-\-C'{-d. In the same manner, if 
the sum of any quantities whatever, be added to the sum of 

3* 
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any others, the expression for the whole, will contain all 
these quantities connected by the sign 4-. 

67. Again, if the difference of a mid b be added to c; the 
sum -will be a-* 6 added to c, that is a-fr-f-c. And if a- 6 
be added io c-^d^ the sum will be a-i-f-c-rf. In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the other, c is to be diminished by d; the mm 
of a and c must therefore be diminished, both by 6, and by 
d^ that is, the expression for the sum total, must contain - b 
and - d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amount. Thus a4-i&-^> added to <!-& tn, is 
a-|-26 - c-j-d - A - tn. 

^ 68. The sign must be retained also, when a positive quan- 
tity is to be added, to a smgU negative quantity. If a be 
added to - 6, the sum will be - 6+^« Here it may be object- 
ed, that the negative sign prefixed to 6, shows that it is to be 
infracted. What propriety then canj^here be in adding it 1 
In reply to this, it may be observed^hat the sign prefixed 
to b while standing alone, signifies tluiC 6 is to be subtracted, 
not from ol but from some other quaiuity, which is not here 
expressed^ Thus -6 may represent the loss^ which is to be 
subtxactea firom the stock in trade. (Art. 55,) The object 
of the calculQ.tion, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 doUajrs, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss ? 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, bt writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS ; observ- 
ing always, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) 

The sum of a-^m, and 6-8, and 2/i-3m4-d, and A-n 
and r-l-3m-y, is 

1*4.111+6 - 8-f-2A - Sm+d+h - n+r+Sm - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either a+6+c, or a-\'C'\-'bi or 
o+i-f-a. For it evidently makes no diflerence, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
sHime as S and 9 andf 6, or 9 and 6 and 3. 
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And a+m - n, is the same as a - n-|-m. Far it is plainly 
of no consequence, whether we first add m to a, and after- 
wards subtract n; or first subtract n and then add m. 

71. Though connecting quantities by their signs is all 
which is essential to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing several termi to 
one. The amount of 3a, and Gb^ and 4a, and 56, is 

30+664-404.56. 
But this may be abridged. The first and third terms may 
be brought into one; and so may the second and fourth. 
For 8 times a, and 4 times a, make 7 times o. And 6 times 
6, and 5 times 6, make 11 times 6. The sum when reduced 
is therefore 7a-^llb. 

For making the reductions connected with addition, two 
rules are given, adapted 'to the two cases, in one of which, 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, but the signs are unlike. Like quantities 
are the same powers of the same letters. ^Art. 45.) But 
as the addition of powers and radical quantities will be con- 
sidered in a future section, the examples given in this place, 
will be all of the first power. 

72. Case I. To reduce several terms to one, when 

THE quantities ARE ALIKE, AND THE SIGNS ALIKE, ADD THE 
CO-EFFICIENTS, ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIX THE COMMON SIGN. 

Thus to reduce 36-f-76, that is 4.3^4-'^^ ^^ ^^^ iermj add 
the co-efllcients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign 4-* I'he expression will then 
be 4-106. Tnat 3 times any quantity, ana 7 times the same 
quantity, make 10 times that quantity, needs no proof. 



Examples. 



be Sxy 76- 

26c 7:ry 86- 

96c xy 26- 

36c 2xu 66- 



ay 


-'^■ 


Say 


3ry 


2xy 


6ry. 


Say 


2ry 



Sabh cdxy- 

• abh 2cdxy' 
•4abh Bcdxy- 



Smg 

■ »»g 
•7mg 

.8mg 



156c 236+1 l«y I5cdxy+\9mg 

The mode of proceeding will be the same, if the signs are 
negtUioe. 
Thus - 36c - 6c - 56^ becomes, when reduced, - 96c. 
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And - oj; - Sax - 2aa;=:* 6ax. Or thus, 

''Sbc - ax -2a6- my -Socfc-Sfcdy 

^ 6c -Sa« - a6-Smy - ocA- 6c{y 

-66c -2aar -7a6-8my -6acfc-76cly 



-96c - ^^^ -10a6-12my J^cLnTRy 

'ft 

73. It may perhaps be asked here, as in art. 68, what pro- 
priety there is, in adding quantities, to which the negative 
sign is prefixed ; a sign which denotes subtractUm ? The an- 
swer to this is, (that when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th^se quantities 
are to be subtracted, not from each o/Aer, but from some other 
quantity marked with the contrary signA Suppose that, in 
estimating a man's property, the sum oi money in his pos- 
session is mai'ked 4-9 &nd the debts which he owes are mark- 
ed -. If these debts aie 200, 300, 500 and 700 dollars, and 
if o is put for 100; they will together be -2a -3a -6a- 7a. 
And the several tenns reduced to one, will evidently be 
- 17a, that is, 1700 dollars. 

74. Case II. To reduce several terms to one, when 

THE quantities ARE ALIKE, B0T THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. 

Thus, instead of 8a- 6a, we may write 2a. 

And instead of 76- 26, we may put 56. 

For the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To +66 +46 56c 2hm -dy+6m 3ft- dx 

Add -46 -66 -76c -9Am 4dy - m 6h+4dx 

Sum+26 -^'^ -26c -^^^n Sdy+5m ^ ilt 

75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent reductions Suppose 66 is to be added to 
a- 46. The sum is a-46+66. (Art. 69.) 

But this expression may be renaered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without subtracting any 
thing, we add 26, making the whole a+26. And in all sim- 
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ilar instances, the balance of two or more quantities, may be 
substituted for the quantities themselves. 

77. If two eqwU quantities have corUnay signs, they de- 
stroy each othe r, and may be cancelled. Thus -4-66 -6& 

=0: And 3x6 -18=0: And 76c-76c=0. 

Let there be any two quantities whatever, of which a is 
the greater, and b the less. 

Their sum will be a^b 

And their difference a - 6 



The sum and difference added, will be 2a4-0, or simply 
2a. That is, if the sum and difference of any two quantitier"' 
be* added together, the whole will be twice the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
Avith which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which are negative, and then take the en^er- 
ence of the co-efficients, of the two terms thus fomid. 

Ex. 1. Reduce 136+66+ 6 -46 -66 -76, to one term. 

By art. 72, 136+66+ 6= 206 > 
And -46-66-76=- 166 5 



By art. 74, 206-166=46^ which is the value 

of all. the given quantities, taken together. 

Ex. 2. Reduce ixy - «y+2«y - ?:ry+4afjf - 9icy+7ay - 6ay. 

The positive terms are &xy The negative terms are - a^ 

2xy -7rry 

Axy - 90^ 

Hxy - 6a;y 

And their sum is \6xy -23a;i( 

Then 16ay - 23ajy= -7ay 

Ex. 3. 3ai-6ad+ad+7ad-2ad+9a(i-8a(i-4ad=0. 

4. 2a6»i-a6m+7a6m-3a6m+7a6m= 

5. (w;y-7(Wi^+8aa;y-aa:y-8aay+9(M;y= 

79. If the UtterSj in the several terms to be added, are 
different, they can only be placed after each other, with their 
oroper signs. They cannot be united in one simple term 
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If 4&, and -6y, and So;, and I7hy and -5c{, and 6, be added; 
their sum will be 

46-6y+Sar4.17A-.6cl+6. (Art. 69.) 

Different letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
single sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and five dozen, are neither 
12 himdred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other; and to indicate future operations, which are 
to be performed, whenever the letters are converted into 
numbers. In the expression 04-6, the two terms cannot be 
united in one. But if a stands for 15, and if, m the course 
of a calculation, tliis number is restored ; then 04-6 will be- 
come 15-|-6, which iE equivalent to the single tenn 21. In 
the same manner, a - 6, becomes 15-6, which is equal to 9. 
The signs keep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. 

80. When the quantities to be added contain several terms 
which are cdike^ and several which are unlike, it will be con- 
venient to arrange them in such a manner, that the similar 
terms may stand one under another. 

To Sbc - 6(i+26 - 3y ) These may be arranged thus : 

Add-Sbc+x-3d+bg \ 36c-6d+2fr-Sy 

And 2d+y+3x+b ) -36c -3d + ^+bg 

2d + y+3a: +b 

The sum will be - 7ci 4. 26 - 2y4-4a:4-6g+ 6. 

Examples. 

1. Add and reduce a6-f-8 to cd-3 and 6a6-4m-f2. 
The sum is 6a6+7-|-cci-4tn. 

2. Add a:-(-3y - rfar, to 7 - a? - 8+Ait?. 
Ans. 3j/-dar-l4-Awi. 

3. Add a6m - 3a?4-6m, to y-:a?+7 and 5a:-6y4-9« 

4. Add 3am+6-7a5(-8, to 10ay-9+5am. 

5. Add Gahy^ld - 1 -^mxy, to Sahy - 7d+ 1 7 - mxy 

6. Add lad-h+Sxy-ady to 5ad-\'h-7xy. 

7. Add 3a6 - 2ay-(-ar, to a6 - ay-\-bx - A. 
8 Add26y-Sa«4-2a,toS6a;-6y+a. 
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SUBTRACTION. 

Art. 81. ADDITION is bringing quantities together, to 
find their amount. On the contrary, SUBTRACTION is 

FINDING THG DIFFERENCE OF TWO QUANTITIES, OR SETS 
OF QUANTITIES. 

Particular rules might be given, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, foimded on the principle, that takmg away a poidtioe 
quantity, from an algebraic expression, is the same in effect, 
as annexing an equal negative quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi- 
tive one. 
Suppose -^-b is to be subtracted from arf-6 

Taking away -|-6, from o-f-fry leaves a 

And annexing - 6, to o-f-b, gives i»-{-& - b 

But by axiom 5th, a-^-b - 6 is equal to a 

That is, taking away a posUive term, from an 'algebraio 
expression, is the same in effect, as annexing an equal nega^ 
ti%e term. 
Again, suppose -6 is to be subtracted from a^b 
Taking away -6, from a -6, leaves a 

And amiexing -4-.(> to a-&, gives a^b-^-b 

But a - 6-f-b is equal to a 

That is, taking away a negative term, is equivalent to an- 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting an item from one side of a book ac- 
count, will produce the same alteration in the balance, as 
adding an equal sum to the opposite side. 
To place this in another pomt of view. 
If m is added to ft, the sum is by the notation b-^-m > 
But if m is subtracted from 6, the remainder is 6 - m > 
So if m and h are each added to b, the sum is b-^-m^h ^ 
But if m and h are each subtracted from 6, the > 

remainder is 6-m->& ) 
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The only difference then between adding a positive quan* 
tity and subtracting it, is, that the sign is changed from -|- 
to-. 

Again, if m-n is subtracted from b, the remainder is, 

For the less the quantity subtracted, the greater will be the 
remainder. But in the expression m~n, m is diminished by 
n; therefore, 6-m must be increcued by n; so as to become 
fr-m-{-n; that is, m-n is subtracted from 6, by changing 
+m into -m, and -n into -f-Wj and then writing them after 
6, as in addition. The explanation wiU be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM 4" TO -, OR FROM - TO -{-9 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Although the 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be aUke^ and the min- 
uend greater than the subtrahend. 

From +28 166 14da -28 -16& -Uila 

Subtract +16 126 6da -16 -126 -6(ia 



Difference +12 46 8da -12 -46 -8da 

Here, in the first example, the + before 16 is supposed 
to be changed into -^ and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran- 
scribing. 

This case is the same as subtraction in arithmetk. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than ihe subtrahend. 
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Ficnn -1-166 I2b 6da -16 --lib - 6da 
Sub. +286 166 I4da -28 -166 -Hc^a 



Dif. -126 -46 -8A» +12 46 8rfa 

The same quantities are given here, as in the preceding 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are made to change places.- The 
mode of subtracting is the same. In this class, a greater 
quantity is tiiken from a Use : in the preceding, a lees from a 
greatent, By comparing them, it will be seen, that there is no 
difference in the answers, except that the s^ns are apposite. 
Thus 166-126 is the same as 126-166, except that one is 
+46, and the other -46; That is, a greater (|uantity sub« 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that tlie one is positive^ and the other 
negative. See Art. 58 and 5d. 

85. In the third place^ the signs may be uinUke, 

Prom +28 +166 +14Ai -28 -166 -l4da 
Sub. -16 -126 - 6Ai +16 +126 + 6da 

Dif. +44 286 20da -44 -286 -20(ia 

From these examples, it will be seen that the difference 
between a positive and a nej^tive quantity, may be greater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be proved^ as in arithmetic, by adding 
the remainder to the subtrahend. The simi ought to be equal 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
Thds serves not only to correct any particular error, but to 
verify the general rule. 

Prom 2ay-l A+36a? 6jf- aA nd-^lby 

Sub. -a:y+7 3A-96a? 5%-6a& 5fid- 6y 

Dif. 3a:y-8 ^4. "f - '^ -4Ay+5aA :,' / - 

Prom 3a6m- ay -17+4aa: at+ 76 Sah+axy 

Sub. -7a6m+6a;y -^204- ax -4aa:+156 -7aA+aa:y 

Rem. 10a6m-7ay 4 - 5aar- 86 /. 
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87. When there are several terme aRke, they may be re^ 
duced as m addition. 

1. From ab subtract Sain^am^7am-\-iam-^6am. 

Ans. a&-3am-ain-7am-2am-6afn=:a6-19aiii.0i(Art. 72.) 

2. Fromy^ subtract -a4<3(f<< fa* 
Ans. y-|.a-}-^a+^=^y+^^ 

3. From aa;-bc-f-3aa?4-7&c, subtract 46e-2aa?-(-frc-|-4(ur. 

Ans. ax-6c-4-3aa;4-76e-4bc-f-2aa;-6c-4ax:=r2ax4-&c. 
(Art. 78.) 

4. From ad+Sdc^bx^ enibtract iad+7bx^dc-{'ad. 

88. When the kUen in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the several terms one 
after another, as in addition. (Art. 79.) 

From 3afr-|-8 - my+iky subtract x - £ir-|-4% - bmx. 
Ans. 3ab-l-8-my-l-c2A-x-4-ilr-4A.y4'i*'^* 

88. b. The sign-, placed before the marks of parentheth^ 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed. 

Thus a- (6-c-4-d) signifies that the quantities fr, -d, and 
4>c{, are to be subtracted from a. The expression will then 
become a-6+^-d. 

2. lSad-\-sry+d-'{7ad-xy+d^hm^ry)=z6ad+ixy^hm 

3. 7aic-8+7a?- (3a6c-.8-(fcF+r)=4a6c4-7a?+(ir-r. 

4. 3a(i+A-2y-(7y+3A-«M?+4ad-Ay-.cki)= 

5. 6ai»-dy+8-(16+3rfy-84-am-.e+r) = 

6. 7 ay - 2*4-5 - (4-f A - ay+x+3b) = 

88 c. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with^immedi* 
ately preceding; the signs must be changed. 

Thus - m-f-fc - dx+Sh— - (m - b+dx - 3A.) 
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Art. 89. In addition, one quantity is connected with an- 
other. It is frequently the case, that the quantities brought 
together are equal; that is, a quantity is added to itself. 

As a-f*a=2a a^a^ar^a=z4ta 

a4-a4-a=3a 04-04-04-04-0=50, &c. 

This repeated addition of a quantity to itself, is what was 
originally called midtipUcaHon. But the term, as it is now 
used, has a more extensive signification. We have frequent 
occasion to repeat, Qot only the whole of a quantity, but a 
certain portion of it If the stock of an incorporated com- 
pany is divided into shares, one man may own ten of them, 
another five, and another a part only of a share, say two- 
fifths. IVhen a dividend is made, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
fwe times, and the third to only two-fifths of it. As the ap- 
portioning of the dividend, in each of these instances, is 
upon the same principle, it is called multiplication in the 
last, as well as in the two first. 

Agam, suppose a man is obligated to pay an annuity of 100 
ddlars a year. As this is to be subtracted from his estate, it 
may be represented by -o. As it is to be subtracted year 
efier year^ it will become, in four years, -a-a-a-a= ^ 4a. 
This repeated subtraction is also called multipUcaticm. Ac- 
cording to the view of the subject ; 

90. MULTIPLTINO BT A WHOLE NUMBER IS TAKING THE 
MULTIPLICAND AS MANY TIMES, AS THERE ARE UNITS IN THE 
MULTIPLIER. 

Multiplying by 1, is taking the multiplicand once, as a. 
Multiplying by 2, is taking the multiplicand twice, as 04-a. 

* Newton's UniTenal Arithmetio^ jp* 4^ Maaeteaon the N^tiTe Sign, 
See. II. Camus* Arithmetic. Book u. Chap. 3. Eider's Al^ora, Sec I 
£L Chap. 3b Simpson's Algebra, Sec tV Maciavrin, Saundenon, Laeroij^ 
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Multipl}ring by 3, is taking the multiplicand thru Hmes, a? 
o-f-o-f-o, &c. * 

MULTIPLTINO BT A FRACTION is TAKING A CERTAIN 
PORTION OF THE MULTIPLICAND AS MANT TIMES, AS THERE 
ARE LIKE PORTIONS OF A UNIT IN THE MULTIPLIER.* 

Multiplying by |, is taking ^ of the multiplicand, once^ as jo. 
Multiplying by {, is taking i of the multiplicand, twice^ as 

Multiplyinjg^ by j, is taking ^ of the multiplicand, three times. 
Hence, if the multiplier is a umtj the product is equal to 
the multiplicand : If the multiplier is greater than a unit, the 
product is greater than the multiplicand : And if the multipli- 
er is less than a unit, the product is less than the multiplicand. 

Multiplication bt a NEGATIVE quantity, has the 

SAME RELATION TO MULTIPLICATION B7 A POSITIVE QUANTITY, 

WHICH SUBTRACTION has to addition. In the one, the 
sum of the repetitions of the multiplicand is to be added, to 
the other quantities with which this multiplier is ct)nnected. 
In the other, the sum of these repetitions is to be subtracted 
from the other ouantities. This subtraction is performed at 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given weight or measure, 
a sum of money, &c. But this is abbreviated language. If 
construed literally, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain number y times. 
To say that one quantity is repeated as many times, as an- 
other is hsaHry, is nonsense. But if a part of the weight of a 
body be fixed upon as a unit, a quantity may be multiplied 
by a number equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a particular 
pf ice may be agreed upon for each gram. A grain is here 
the unit; and it is evident that the value of the. diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the weight ; meaning that it is multiplied by 
a number equal to the munber of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a unit, and any 
number of these may become a multipUer. 
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93. As multiplying is taking the whole or a part of a 
quantity a certain number of times, it is evident that the 
product^ must be of the same nature as the muUipUcani. 

If the multiplicand is an abstract nwnbtr; the furoduct will 
be a number. 

If the multiplicand is weighty the product will be weight 
If the multiplicand is a limey the product will be a line. Re- 
peating a quantity does not alter its nature. It is frequently 
said, that the product of two lines is a surfacey and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of JracHans will be the subject of 
a futme section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini- 
tion (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi-^ 
plied by 6, and that b stands for 3. There are then, three 
units in the multiplier b. The multiplicand must therefons 
be taken three times ; thus, a^a^a=zSay or ba. 

So that, mvltiplying two letters together is nothing more^ 
than umHng them one after the other, either with, or without 
the sign of multiplication between them. Thus 6 multiplied 
into c is 6x^9 or be. And x into y, is xxy* oi x.y, or xy. 

94. If more than two letters are to be multiplied, they 
must be connected in the same manner. Thus a into b and 
c, is cba. For by the last article, a into 6, is ba. This pro- 
duct is now to be multiplied into c. If c stands for 5, then 
ba is to be taken five times thus, 

ba-^ba+ba+ba-\'b€i=z5baj or cba. 

The same explanation may be applied to any number of 
letters. Thus, am into xy, is amxy. And bh into tnrar, is 
bkmrx. 

95. It is immaterial in what order the letters are arranged 
The product ba is the same as a6. Three times five is equal 
to five times three. Let the number 5 be represented by as 
many points, in a horizontcd line ; and the number S, by as 
many points in a perpendicular line. 



Here it is evident that the whole number of points is equal, 
either to the number in the horizontal row three times repeat- 

4* 
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od, or to the aumfaer in the perpendktdar row five times re« 
peated ; that is,to5xS, orSx^* This explanation may be 
extended to a series of factors consisting of any numbeirs 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed before or 
after a third ftictor : the product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x2x3 or 2x3x4- 

The product of a, 6, c, and d^ is abcd^ or ocdb, or dcba, or bade. 
It will generally be convenient, however, to place the letters 
in cUphabetical order. 

96. Whbn the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIED TOGETHER, AIVD 

PREFIXED TO THE PRODUCT OF THE LETTERS. 

Thus, 3a into 26, is 6ab, For if a into b is a6, then 3 times 
a into 6, is evidently ScA: and if, instead of multiplying by 
&, we multiply by twice 6, the product must be tunce as great; 
thatis2x3a6or 6a6. 

Mult. 9ab 12% Sdh 2ad 7bdh Say 

Into Sxy 2rx my IShmg x Smx 

R-od. Slabxy 'iV^^^/ Mkmy^lcxcll^ys.a'tbdhxliij^.^'' V 

97. If either oi the factors consists of figures onh/i these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4, is 12a6. And S6 into 2a?, is 72ar. And 
t4 into Ay, is 24Ay. 

98. If the multiplicand is a compound quantity, each of Us 
krms must be mulUpUed into the multipUer. Thus 4-f c+d 
into a is a6-f-ac-f-aa. For the whole of the multiplicand is 
to be taken as many times, as there are units in the multi- • 
plier. If then a, stands for 3, the repetitions of the multipli- 
cand are, 

b+e+d 

b+c+d 
hJ^-c-^d 

And their sum is Si+Sc+Sc^ that is, ab+ac+ad. 
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Mult. d+2xy 2h+m 3W+1 &hm+S+dr 

Into Sb 6dy my 46 

Prod Sbd^Qbxy SUmy-f-vny 



99. The preceding instances must not be confounded 
with those in which several factors are connected by the 
signX) <»r by a point. In the latter case, the multipUer is 
to be written before the other factors mthout bemg repecUett, 
The product of 6 x^' into' ayia abxdy and not oi x^* For 
bxd^ bdy and this into a, is dbd. ^Art. 94.) The expression 
bxd is not to be considered, like o+d, a compound quantihj 
consisting of two terms. PifTerent terms are always separa- 
ted by+or-. (Art. 36.) The product of bx^X^Xy in- 
to a, is axbxhx^Xy or abhmy. But b-^-h^m^y into a, 
is cA-^-iA^amt^ay. 

100. If both the factors are compound quantities, each 
term in the multiplier must be multipliM into each in the muiti- 
pticand. 

Thus an^b into c-f-c' is ac-^-ad-^-bc^bd. 

For the units in the multiplier a^b are equal to the units 
in a added to the units in b. Therefore the product produ- 
ced by 0, must be added to the product produced by b. 
The product of c-^-d into a is ac-^-ad > a ^ qo 
The product of c+d into b is bc+bd J ^^' ^^' 
The product of c-^-d into a-f-& is therefore ac^ad^bc^bd. 



Mult. Sx+d 4ay+2b 

Into 2a-^hn 3c -^rx 3x 



1 
4 



Prod. 6ax+2ad+Shmx+dhm 3aa:4.3a:+4a+4 

Mult. 2A+7 mto 6(1+ 1. Prod. l2dh^42d+2h+7. 
Mult. dy'\'rX'\'h into 6m-f4+7y. Prod. 
Mult. 7+6b+ad into 3r+4+2X. Prod. 

^ 101. When several terms in the product are alike^ it will 
be expedient to set one under the other, and then to unite 
them, by the rules for the reduction in addition. 



»^ 
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Mult. b+a b+c+2 a+ y+1 

Into b+a b+c+S S6+2aj+7 

56+06 6i+6c+26 • " ' 

+ab+aa be +cc-f 2c 

-I-S6 +3c4-6 

Prod. 66+2a6+aa bb+2bc+5b+ce+5c+6 



Mult Sa+d+4 into 2<i+3rf+l. Prod. 
Mult. ft+ccJ+g into 36-f4crf+7. Prod. 
Mult. S6+2a:+A into a x ^ X 2ar. Prod. 

103. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated as a factor^ this 
factor will be repeated in the product, as many times as in 
the multiplier and multipUcand together. 

Mult, ax AX A Here a is repeated (Aree HntM as a factor. 
Into axct Here it is repeated hoice. 

Prod. ax<>X<>X<iX^ Here it is repeated ^ve (itiiM. 

The product of bbbb into bbb^ is bbbbbbb. 
The product of 2arx3a?X4ar into 5irX6*, is 2afX3arX4a?X 

104. But the numeral co-efficients of several fellow-factors 
may be brought together by multiplication. 

Thus 2ax3& into 4a x 56 is 2ax3&x4ax5&, or 120aa6b. 

For the co-efficients arefactorSy (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2ax36x4ax56=2x3x4x5xaXaX6x6=120aa66. 

The product of 3ax4&A into 5mx^y9 is 360a6Amy. 

* The product of 46x6^^ into 2it+l, is 486da:+246i 

105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, W mul- 
tiplying positive and negative quantities together. Yfe shcdl 
find^ 

That -f- into -f- produces -f- 

— into -f- - 
+ into - - 

- into - + 
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Ail these may be comprised in one genenil rule, which it 
will be important to have always familian If the signs of 

THE FACTORS ARE ALIKE, THE SIGN OF THE PRODUCT WILL 
BE AFFIRMATITE ; BUT IF THE SIGNS OF THE FACTORS ARC 
UNLIKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. 

106. The first case, that of -f- into -f-, needs no farther 
illustration. The second is - into -{-> th^^ is, the multipli- 
cand is negative, and the multiplier positive. Here - a 
into -|-4 is - 4a. For the repetitions of tne multiplicand are, 

-a-a-a-o=-4a. \ 

Mult. i-3a 2a^m &-Sd-4 a-2-7<{-x 

Into Gy 3h+x 2y Sb+h 

Prod. eby-lSm, 2/iy-6dy-8yi^^-';'^'; '^cf' 



107. In the two preceding cases, the affirmative agn pre- 
fixed to the multipUer shows, that the repetitions of the mul- 
tiplicand are to be added to the other quantities with which 
the multipUer is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates thai 
the sum of the repetitions of the multiphcand are to be svb 
tracted from the otner quantities. (Art. 90.) And this sub- 
traction is performed, at the time of multiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus +« into - 4 is - 4a. For the repetitions of the multi- 
plicand are, 

4-a-fa-fa+fl= +4a. 

But this sum is to be subtracted^ frcm the other quantities 
with which the multiplier is connected. It vnll then become 
-4a. (Art 82.) 

Thus in the expression fc-(4x^) it is manifest that4xa 
is to be subtracted from 6. Now 4 X^ is 4a, that is -^-ia. 
But to subtract this from i, the sign -f- must be changed 
into -. So that fr-(4xa) is b-4a. And aX -4 is there* 
fore - 4a. 

Again, suppose the multiplicand is a, and the multiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then thcr product of the compound multiplier (6-4) into a, 
we must subtract the product of the negative part, frcm that 
of the positive port. 



38 ALG£BBJL 

Sf ^^%. J h the saoxe as I M^*^P»y^j 

And the product 6a -4a, is the same as the product Sa. 

Therefore a into -4, is -4a. 

But if the multiplier had been (6-f-4,) the two products 
must have been added. 

MulUplying « ^ i^ the same as J M^^^plyinff « 
Into 6+4 5 ^ ^^^ ^^® ^ i Into 10 

And the prod. 604-40 is the same as the product 10a. 

This shows at once the difference between multiplying by 
a posUwe factor, and multiplying by a negcUive one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added to, in the latter, subtracted from, the other quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
flome other which is positive ; though the two may not 
always stand in connection, when the multiplication is to be 
performed. 

Mult a+b Sdy+h^+2 8A +S 

Into b^x mr-'ab ad-6 



Prod, ab+bb ^ax^bx Sadh+5ad - 18A - 18 

108. If two negatives be multiplied together, the product 
wlQ be ajSrmative : - 4 X - 0=4-40. In this case, as in the 
preceding, the repetitions of the multiplicand are to be sub" 
traded, because the multiplier has the negative sign. These 
repetitions, if the multiplicand is - o, and the multiplier -4^ 
are -a-a-o-o=-4a. But this is to be subtracted by 
changing the sign. It then becomes 4-4o. 

Suppose -o is multiplied into (6-4.) As 6-4r=2, the 

Eroduct is, evidently, ^ice the multiplicand, that is, -2o. 
tut if we multiply - o into 6 and 4 separately ; - o into 6 
is - 6a, and - o into 4 is - 4a. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, - 4o 
must be subtracted from - 60. Now - 4o becomes by sub- 
traction 4-4a. The whole product then is - 604-^^ which is 
equal to - So. Or thus, 

Multiplying - « ? jg ^he same as J Multiplying - a 
Into 6-45 ^^®^^"^®^i Into e 

And the prod. - 604-^^ ^ equal to the product - 3a. 
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• 

It 18 often considered a great mystery, that the {Product of 
two negatives should be affirmative* But it amounts to no- 
thing more than this, that the subtraction of a negative quan- 
tity, is equivalent to the addition of an affirmative one; 
(Art. 81.) and, therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a vtpeuted addition of an 
aflSrmative one. Taking off from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 

Mult. a^i 3({-&y-2x Soy-fc 

Into 36-6 46-7 6:r-l 



Prod. 3a6 - 1 26 - 6a-|-24 idoo^y - 66ar - Siiy+6 

Multi{dy Sad-aA-7 into 4-iiy-Ar. 
Multiply 2Ay+Sm- 1 into 4^-2x4-3. 

1 09. As a negative multiplier changes the sign of the quan- 
tity which it multiplies ; if there are Moeral negative factors 
to be multiplied together, 

The two first will make the product porittoe; 
The third will make it negative; 
The fourth will make it positive, &c. 

Thu8-ax-6=-l-a6 1 f two factors. 

'■\-abcd X - c= - cAcde J [ fife. 

That is, the product of any even number of negative fac* 
tors 18 positive; hut the product of any odd number of nega- 
tive factors is n€ga^e. 

Thus-ax -a=aa And-ax-«X -<»X -a:=zaaaa 

-ax -ax --a^-^aaa -ax-«X -aX-<»X-<»=-<Mkiaa 

The product of several factors which are all positive, is in- 
variably positive. 

110. Positive and negative terms mav frequently 6a{afice 
each other, so as to disappear in the product. (Art. 77.) A 
star is sometimes put in tne place of a deficient term. 
Mult, a- 6 mm-1/y 00-4-064-66 

Into a-f6 mm^yy a-6 

aa-06 aoo-|-aa6-f>o66 

-f-a6-66 -006-066-666 

Prod.oa ♦ -66 ooa * * -666 
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111. For many purposes, it is sufficknC merely to hiUoUi 
the multiplication of compound quantities^ witlKwl actuaUy 
multiplying the several terms. Thus the product of 

o-f A-}-^ into fc-f-m+y, is (A-ffr-f^)x(M-ni+y.) (Art. 40.) 
The product of 
o-f fit into h^x and d^y, is (o-f-m) X (^+£) X (^y«) 

By this method of representing multiplication, an important 
aavantage is often gained, in preservmg the factors distinct 
from each other. 

Whep the several terms are multifdied in form, the expres 
sion is said to be expanded. Thus, 

(a-^6) x(c4:^) '^^^''^^^'^^^^^^^11''^^^^'^"^+'^^^^ 

112. mtha given multiplicand, the less the multi{dier, 

the less wilt be the product. If then the multijdier be 
reduced to nothings the prodwt will be nothing. Thus axO 
=0. And if be one of amy rnnnier of felbw-fiaxtors, this 
product of the whde vrijl be nothing. 
Thus^ abxcxidxO—SabcdxO=^0. 

And (a+b) X (c+d) X (* - w) xO=0. 

113. Although, for the sake of illustxating the diflferent 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he lias become &miliar with 
the examples, to burden his memory with any thing moie 
than the following general rule. 

Multiply the letters and co-efficients of each term 
IN the multiplicand, into the letters andco-efpicients 
OF each term in the multiplier; and prefix to each term 

OF THE PRODUCT, THE SIGN REQUIRED BT THE PRINC IPLfi, THAT 
LIKE SIGNS PRODUCE^-} ^^^ DIFFERENT SIGNS - . 

1., Mult. a-|-35-2into4a-6&-4. 
2. Mult. 4a6x»X2 into3my-l+A. 
3 Mult. (7(iA-y)x4into4a?x3x5X^. 

4. Mult (6a6-W+l)x2into(8+4ar-l)xi 

5. Mult. 3ay+y-4+Ainto (rf+a:)x(A-f-y-) 

6. Mult 6ax-(4A-rf) into (6+1) X(A+1.) 

7. Mult 7fljf-l+Ax(<'-»)mto -(r4.3-4»i.) 
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Art. 114. IN mtiltiplication, we hare two factors gi^en, 
and are required to find their product. By multiplying the 
fectors 4 and 6, we obtain the product 24. But it is fre- 
quently necessary to reverse this process. The number 24^ 
and one of the factors may be given, to enable us to find the 
other. The operation by wluch this is efiected, is called 
DmsiofL We obtain the number 4, by dividing 24 by 6. 
The quantity to be divided is called the dividend ; the ^en 
factor, the divisor ; and that which is required^ the quotient 

115. DIVISION IS FIin)lN6 A QUOTIENT, WHICH MULTI-* 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In multipUcation the mtdHplier is always a number, (Art. 
91.) And the product is a quantity of the same kind, as the 
muitipUcand. (Art. 92.) The product of 3 rods into 4, is 12 
rods. When we come to divisicm, the product and eUher of 
the factors may be given, to find the other : that is, 

The divisor may be a numbery and then the quotient will 
be a quantity of the same kind as the dividend ; or, 

The divisor may be a quantity of the same kind as the 
dividend ; and then the quotient will be a number. 

Thus 12 ro(fc-^4=3 rods. But 12 rocfe-i-3ro*=4. 

And 12 ro(fa-f-24=irorf. And 12 r(wfe-^24 rodsz=:i 

In the first case, the divisor being a numbery shows into 
how many parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods long. 
And if 12 rods be divided into 24 parts, each will be half a 
rod long. 

In the other case, if the divisor is less than the dividend, 
the former shows into what parts the latter is to be divided ; 
and the quotient shows how mam/ of these parts are contained 



* The renumuUr is here suppoeed to be indaded in the quotient, as is com 
monly the case in algebra. 



4S ALGEBRA. 

m tlie dividend. In other words, division in this case con* 
dsts in finding how often one qtumtUy is contained in another. 

A line of 3 rods, is contained in one of 12 rods, four times. 

But if the divisor is greater than the dividend, and yet a 
quantity of the same kind, the quotient shows what part of 
the divisor is equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. Tlie other will, of course, be the quotient. 

Suppose abd is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divi- 
lior, may be set aside. The other is the quotient. Hence, 

When the divisor is found as a factor in tub; divi- 
dend, THE division IS PERFORMED BT CANCELLING THIS 
FACTOR. 

Divide ox dh drx hmy dhay abed abxy 
By c d tbr hm dif b ax 

Quot. X X hx hf 



In each of these examples, the letters which are common 
tCf the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 



Div. aab 


bbx 


aadddx 


aammyy 


aaaxxxh 


m 


By a 


b 


ad 


am/ 


aaxx 


W 



Quot. ab ^ addx Cui v\4 ahx V 

In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists of any factors whaiever^ ex- 
punging one of them is dividing by it. 
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Div. aib+i) a{b+d) (b+x){c+i) (6+y)x(d-AK 

By a b+d 6+« d^h 

■■■ ' ■ "" ■ ■■ ' V ■ ■■ ' 

Quot. b+d a c+rf (*+y) X« 



In all these instances the product of the quotient and divi- 
sor is equal to the dividend by Art. 111. 

119. In performing multiplication, if the factors contain 
numeral figures^ these are multiplied into each other. (Art. 
96.) Thus 3a into 76 is Slab. Now if this process is to be 
reversed^ it is evident that dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quotient of 21a6-7-3a is 7b. Hence, 

In division, if there are numeral co-effidents prefixed to the 
letters, the co-efficient of the dwidend must be divided^ by theeo^ 
efficient of the divisor, 

Div. 6ab IQdxy 25dkr 12:Fy S4drx 20km 
By 26 4dx dh 6 Si m 



^^m^^mmmmm ^^^m^^m^^^^^^mm ^^m^mt^^mm^^m^i^m ^a^^m^^i^m^tmm^^ wm^^h^^^h^^h^^ ^^HH 

QuotSa V S; 25r ^ y V drx '1 



r. V 



120. When a simple factor is multiplied into a compotmd 
one, the former enters into every term of the latter. (Art 
98.) Thus a into i-fd, is ab-^-ad. Such a product is easily 
resolved again into its original factors. 

Thus ab+adszax{b+d). 

ab+ac+ahzsaxib+c+h). 

amhr^amx-^aimy^amx (M-ar-f-y)* 
4ad4-Sah+\2am+4ayz=z4aX (a+2M-Sm+y). 
Now if the whole quantity be divided by one of these factors^ 
according to Art. 118, the quotient will be the other factor. 

Thus, (a6+ai)^a=6+A And (a64.arf)-r(6+^)=«- 
Hence, 

If the divisor is contained in every term of a compwtnd divi* 
dend, it must be canceUed in eacL 

Div. ab-^-ac bdh+bdy aahr\-ay drx+dhx+ixy 

By a bd a dx 



r 



Quot.fc-fc /i^f«/ ah+y y-fK 



And if there are coefficients^ these must be divided, in each 
term also. 
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Div. 6ab+nae I0dry+16d Uhx+S SSdni+l4dx 
By Sa 2d 4 7d 



Quot, ib+4c >'Vv+9 Shx+2 i'^C'>%-fil;c 

121. On the other hahd, if a compound expression contain- 
ing mvy factor in every term^ be divided by the other quantiHes 
connected by their signs^ the quotient wUl be that factor. See the 
first part of the preceding article. 

Div. ab'{'ac^ah amh^amx-{'amy Aab-^Say a/lt?^4-^% 

By 64-^+ A /i+^+y ^+% 'M-y 



Quot 



Cl\^ f (X/Wv^<K^v 4a 



C^' 



k. 



1S2. In division, as well as in multiplication, the caution 
must be observed, not to confound terms with factors. See 
Art 99. 



Thusfa6-|-acJ 
But }abxoc] 
And (ab-f-ocj 
But labxac] 



.a=6+«. (Art. 120.) 
-a:= aabc-7-a=: dbc. 
.(ft+c^^a. (Art. 121.) 
■(6 Xc) =aa6c-j-fcc=aa. 



12S. In division, the same rule is to be observed 

RESPECTING THE SIGNS, AS IN MULTIPLICATION ; THAT IS, 
IF THE DIVISOR AND DIVIDEND ARE BOTH POSITIVE, OR 
BOTH NEGATIVE, THE QUOTIENT MUST BE POSITIVE I IF 
ONE IS POSITIVE AND THE OTHER NEGATIVE, THE QUO- 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration Chat the product of 
the divisor and quotient must be the same as the oividend. 



fax -6= -ail 



+aX 
-ax -6=+a6 J 



then 



+ai. 
-ai- 



.6=-|-a 
6= -a 



-ai-f--6=+a 
+a6-r--i= -a 



Div. 
By 



abx 8a-10ay 
-a -2a 



Sao; - Say 
Sa 



Samxdh 
-2a 



Quot "bx -4+5y M'-^H -3mxdfc= -SMm 
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134. If the letters of the divisor are not to be found 

IN the dividend, the division is expressed BY WRITING 
THE DIVISOR under THE DIVIDEND, IN THE FORM OF A VUL- 
GAR FRACTION. 

Thus xy-i-azz —; and (d - ar) -j- - A= — r 

This is a method of denoting division, rather than an actual 
performing of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fractions^ 
they may be added, subtracted, multiplied, &c. See the 
next section. 

125. When the dividend is a compound quantit}% the divi- 
sor may either be placed under the whole dividend, as in the 
preceding instances, or it may be repeated imder each termy 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expression for the 
other. 

h \ f* 'f% u 

Thus 6-fc divided by a:, is either-^^^, or -j — . 

And a^b divided by 2, is either "T^t that is, half the sum 

n h 

of a and 6; or-^-Qy that is, the sum of half a and half b. 

For it is evident that half the sum of two or more quantitiei^ 
is equal to the sum of tlteir halves. And the same principle 
is applicable to a third, fomth, fifth, or any other portion of 
the dividend. 

- __ JL ah 

So also o - 6 divided by 2, is either " . , or - - - . 

^ 2 2 2 

For half the difference of two quantities is equal to the dij^ 
ference of their halves. 

a-Qb+h a 2b h 3a-c 3a c 

126. If some of the letters in the divisor are in each term 
of the dividend, the fractional expression may be rendered 
more simple, by rejecting equal factors from the numeratoi 
and denominator. ^^ 
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Div. ab dh» ahm-^Say ab+bs torn 

By nc iji ah by 2xy 

« III I I I II II mtmmm^m, ,m ■■■■ ■ i l^ imi ■ 

Quot-or- cU^ \ — — — TT^ ^ i ~ 

ae e 1 b c f r xy 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend, just as many times, 
as double the divisor in (k>uble the dividend ; triple the divi- 
sor in triple the dividend, &c. See the reducticm of fractions. 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contain the divisor may be divi* 
ded as in Art. 116, and the otliers set down in the form of a 
fraction. 

Thus (ofc+iO-Hi is either 2^, or ^4.-, or 6+1 

Div. dxyJf-rx-hd tah^^-ai^x 6m-|-Sy 2my^ik 
By 2 a -6 Sm 

^,, ,^ M IkTZti- ^ "T+^-.k 

Quot(ty+r-— Ci-..^-iy. * a'»^ 

188. The quotient of any quantity divided by iisejf or iU 
tqaali is obviously a umii. 

Thu.i=l. And^=l. Andjl^=l. Aiulgff|=l. 

Div. aa^x 36rf ^ Sd Aaxy - 4a+8ai{ 8064.3 - 6m . 
Bj X %d 4a S 

Qiioto+l rt- / xy^\+U ta^-tl-^^"" 

Cor. If the dividend is greater than the divisor, the quo- 
aent must be greater than a unit : But if the dividend is lea 
than ihe divisor, the quotient must be lets than a unit. 
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PROMHCUOUS EXAMPLES. 

1 Divide lialyy+6abx - 186km+246, by 66^ K ^v f ^ - ^^'^ ^ 
S Divide 16o- 12+8^+4 -20arfa?+m, by 4^^ -^42 Vf l-^^'l^^ 

8. Divide (a-2A)x(Sm+y)xa?i by (a -2A)x (*»+»/ 

4. Divide ahd - 4a(i-f-Say - a, by M - 4*f % - 1. . ^ 

6. Divide oa: - ry+ad - 4«iy - 6+a, by - a. ->: - ?Jb-f^(£- * ►* V :^ t 

6. Divide amy-^Smy - mo^y-f*^*'* - a, by - amy. 

7. Divide ord - 6<i+2r - W+6, by 2ard. 

8. Divide Sax - 84-20^+4 - 6% by 4axy. 

129. From the nature of division it is evident, that thf 
value of the quotient depends both on the divisor and the 
dividend. With a given divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly the subjects of frac* 
Uons, ratios, and proportion, it will be important to be able 
to determine what change will be produced in the quotient, 
by increasing or diminishmg either the divisor or the cUvidend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the divisor may be multiplied or divided 
by some other number, before it is used in dividing 24. In 
each of these cases, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained, 

In double that dividend, tunce as many times ; 
In triple the dividend, thrice as many times, &c. 

That is, if the divisor remains the same, mtdtiplying the 
dividend by any quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus, if the constant divisor is 6, then 24-7-6=4 the 
quotient 

Multiplving the dividend by 2, 2x24-f-6=:2 x4 

Multiplying by any number n, nx24-$-6=nx4 
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131. Secondly, if the given divisor is contained in the 
given dividend a certain number of times, the same divisot 
is contained, 

In lidf that dividend, half as many times ; 

In one Ifdrd of tlie dividend, one third as many times, &c. 

That is, if the divisor remains the same, dividing the dioi' 
dend by any other quantity, is, in effect, dividing ilie quotient 
by that quantity. 

Thus 24-^6=4 

Dividing the dividend by 2, j24-f.6=i4 

Dividing by n, i24-f-6 = -J4 

132. Thirdl)% if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Twke that divisor is contained only ludf as many times ; 
Three times the divisor is contained one tidrd as many times. 

That is, if the dividend remains the same, multiplyir^ the 
divisor by any quantity, is, in effect, d'mding the quotient by 
that quantity. 

Thus 24-^6=4 

Mull iplying the divisor by 2, 24-:-2 X 6 = 4 

Multiplyii ig by n, - 24-7-n X 6 = J 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend. 

Half th It divisor is contained ttoice as many times ; 

One third of the divisor is contained //trice as many times* 

That is, if the dividend remains the same, dividing the dUn* 
SOT by any other quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus 24-f.6=:4 

Dividing the divisor by 2, 24-f. J6 =2x4 

Dividing by n, 24-j-i6=nx4 

For the method of performing division, when the divisor 
and dividend are both compound quantities, see one of the fol- 
lowing sections. 
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SECTION V.l 



FRACTIONS.* 

Art. 134. EXPRESSIONS in the form of fractions occur 
more frequently in Algebra than in arithmetic. Most in- 
stances in division belong to this class. Indeed the numera- 
tor of every fraction may be considered as a dimdendf of 
which the denominator is a dwisor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
posed to be divided ; and the numerator shows how many 
of these parts belong to the fraction. But it makes no dif- 
ference, whether the iDhole of the numerator is divided by 
the denominator ; or cmly one of the integral units is divided, 
and then the quotient taken as many times as the number of 
units in the numerator. Thus | is the same as jt+i+l* 
A fourth part of three dollars, is equal to three fourths of one 
dollar. 

135. The vqlue of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

6 ah 

Thus the value of . is 3. The value of _ is a. 

2 6 

From this it is evident,, that whatever changes are made 
in the terms of a fraction ; if the quotient is not altered, the 
value remains the same. For any fraction, therefore, we 
may substitute any other fraction which will give the same 
quotient 

Thusl=12=l^=:?*:^=:?±?,&c. For the quotient in 
2 6 Ua 4drx 3+l' ^ 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu- 
merator divided by the denominator, it is evident from Art 
128, that when the numerator is eqttal to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

* Horaley's Mathematics, Camus' ArlUuuetic, Emerson, Euler, Saunderson, 
and Ludlam. 
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than the denominator, tlie value is less than a tmit; and where 
the numerator is greater than the denominator, the value is 
greater than a tmit. 

The calculations in fractions depend on a few general 
principles, which will here be stated in connexion with each 
other. 

137. If the denominator of a fraction remains the same^ muU 
tiplytng the numerator by any quantityj is multiplying tlit 
VALUE by that qiumtity ; and dividing the nwneratOTf is dividing 
the value. For the nmnerator and denominator are a divi- 
dend and divisor, of which the value of the fraction is the 

Juotient And by Art. 130 and 131, multiplying the divi- 
end is in effect^ multiplying the quotient, and dividing the 
dividend is dividing the quotient. 

Thus in the fractions ^, M, Z?*^ i?*, &c. 

a a a a 

The quotients or values are 6, 36, 76c{, j^&, &c. 

Here it wiU be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the nume- 
rator, the greater will be the value of the fraction ; and, on the 
other hand, the greater the value, the greater the numemtor. 

138. If the numerator remains the same^ muUiplymg the de* 
no/imnaior by any quantity ^ is dwntUng the value by that quantity ; 
and dioidii^ the denominator^ is multiplying the vdue. For 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multiplying the quotient. (Art. 133, 133.) 

In the fractions ?^ !!?*, ^^ ?^, &c. 

6P 126 SP 6 

The values are 4a, 2a, 8a, 24a, &c 

Cor. With a given numerator, the greater the denominator, 
the less will be the value of the fraction # and the less the 
value, the greater the denominator. 

139*^ From the last two articles it follows, that dividing the 
wumerator by any (j^uantity, will have the same effect on the 
value of the fraction, as multiplying the denominator by that 
quantity ; and muUiplyu^ the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evident from the preceding articles^ that ir 

¥hG numerator and denominator be BOTH.MULTrPLIBD, 
OR BOTH DIVIDED, BV THE SAME QUANTITY, THE VALUS OF 
THE FRACTION WILL NOT BE ALTERED. 

Tl,,« *^ ^^ ^** *^** *^* Jb. For \r. ^..U ^f 

Inus T = — L ="5T =Tr= I L » **t<'- *or in each of 
these instances the quotient is x. 

141. Any integral quantity may, without altering its value, 
be thrown into the form of a fraction, by multiplying the 

auantity into the proposed denominator, and taking the pro- 
act for a numerator. 

_H a ah ad-X-ah 6adh « <» . 

Thus «= j=-3 =-^^ =-^, &c. For the quatieM 

of each of these is a. 
Sod+h^^. And r+1 =— g^:«- . 

1 42. There is nothing, perhaps, in the calculation of alge- 
braic fractions, which occasions more perplexity to a learner, 
than tlie positive and negative signs. The changes in these 
are so frequent, that it is necessary to become familiar with 
the principles on which they aie made. The use of the sign 
which is prefixed to the dividing line, is to show whether the 
value of the tohole fraction is ^to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) Tills sign, therefore, has an influence on the several 
tenns taken collectively. But in the numemtor and de- 
nomin<ator, each sign affects only the single temd to which it 
is applied. 

ab 
The value of-v is a. (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 

Thus y+'T =y+a. But y — 7 =y- o. 

So that changing the sign which is before the whole frac* 
lion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next, suppose the sign or signs of the nwmraior to be 
changed. 

By Art 123, ^ =+a. But '^z=z^a. 
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. .ab'-bc -ab+bc , 

And T — =4'^""^» -^^^ — "u — =-0+^' 

That isy by changing all the signs of the numerator, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of the denominator to be changed. 

ob fib 

As befcnre -r =+0. But — r=-a. 

14S. We have then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, they toiU baUmce each other. 

Thus by changing the sign of the numerator, 

— =-|-a becomes Z_-_= - a. 
b 

But, by changing both th^ numerator and denominator, it 
becomes— -.=-{-0, where the positive value is restored. 

By changing the sign before the fraction, 

y+^ =y+o becomes y - .- =y - a. 
b b 

But by changing the sign of the numerator also, it becomes 
y - H — where the quotient - a is to be subtracted from y, 

or which is the same thing, (Art. 81,) 4-^ is to be added, 
making y-{-a as at first. Hence, 

144. If ALL THE SIGNS BOTH OF THE NUMERATOR AND 
DENOMINATOR, OR THE SIGNS OF ONE OF THESE WITH THE 
SIGN PREFIXED TO THE WHOLE FRACTION, BE CHANGED AT 
THE SAME TIME, THE VALUE OF THE FRACTION WILL NOT BE 
ALTERED. 
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6-6-6 6 

Thus g = 33= —2-= - rs =+S- 

_6__-6_ 6_ ^_ 
And ^2 — 2 — —o — "*^2 — "* 

Hence the quotient in division may be set down in different 
ways. Thus (a - c)-5-fc, is either -r H — 7-, ^^'^ r "" F- 

The latter method is the most common. See the exarii 
pies in Art. 127. 

« 

REDUCTION OP FRACTIONS. 

145. From the principles which have been stated, are de 
rived the rules for the reduction of fractions, which are sub- 
stantially the same in algebra, as in arithmetic. 

A FRACTION MAT BE REDUCED TO LOWER TERMS, BT DIVI 
DING BOTH THE NUMERATOR AND DENOMINATOR, BT ANT QUAN 
TITT WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art. 140, this will not alter the value of the 
fraction. 

^, ab a ^ , 6dm 3m . , 7m 1 

Tt'«^=7 ^^8^=1^- ^^W=7 

In the la3t example, both parts of the fraction are divided 
by the numerator. 

a-Ubc 1 am^-ay a 

If a letter is in every term, both of the numerator and de 
nominator, it may be cancelled^ for this is dividing by that 
letter. (Art. 120.) 

Sawi+gy 3m+y dry+dy _r+i 
^^^ od+oA^ d+h' dhy^dy'^iTT 

If the numerator and denominator be divided by the great" 
est common measure^ it is evident that the fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see Sec. xvi. 

146. . Fractions of different denominators may be re* 

DUCED TO A common DENOMINATOR, BY MULTIPLYING EACH 

6 
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NUMERATOR INTO ALL THE DENOMINATORS EXCEPT ITS OWN, 
VOR A NEW NUMERATOR ; AND ALL THE DENOMINATORS TO- 
GETHER, FOR A COMMON DENOMINATOR. 

Ex. 1. Reduce -^ and -, and. to a common denominator. 

b d y 

axdxy=^ady ) 

cxbxy=cby > the three nmnerators. 

mxbxd^^d ) 

bxdxy=bdy the common denominator. 

The fractions reduced are f^", and rSf, and f$i 

bdy bay bay 

Here it will be seen, that the reduction consists in multi- 
plying the numerator and denominator of each fraction, into 
all the other denominators. This does not alter the value, 
(Art 140.) 

2. Reduce*, and?*, and ?£. 
8m g jf 

S. Reduce ?, and -, and-tfc-. 
3^ X d+h 

1 1 

4. Reduce r, and 7. 

After the fractions have been reduced to a common de- 
nominator, they may be brought to lower terms, by the rule in 
the last article, if there is any quantity which will divide the 
denominator, and aU the numerators without a remainder. 

An integer and a fraction, are easily reduced to a common 
denominator. (Art. 141.) 

Thus aaud . areequal to- and->, or — and — 
*• I c e e 

Anda,b,±, lore equalled Ht, Ajt, *? 
my my my my fi^ 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
QUANTITY, DIVIDE THE NUMERATOR B7 THE DENOMINATOR, 

ds in Art. 127. 

Thus 2*±^ttfL==«+m+^ 
b b 
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^ J aim -^ a4-ady -^ kr 

Reduce — : , to a mixed quantity. 

For the reduction of a mixed quarUity to an improper frac- 
tidn, see Art. 150. And for the remiction of a cempatmi 
firaetian to a sunple one, see Ait. 160. 

ADDITION OP FRACTIONS. 

148. In adding fractions, we may either write them bnc 
after the other, with their signs, as in the addition of integers, 
or we may incorporate them into a single fraction, by the fol- 
lowing rule : 

Reduce the fractions to a common penominator, 

MAKE the signs BEFORE THEM ALL POSITIVE, AND THEN ADD 
THEIR NUMERATORS. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
the number of these parts belonging to each of the fractions 
(Art. 134.) Therefore the numerators taken together shov 
the whole number of parts in all the fractions. 

n^K 2 1 , 1 . ,3 1.1.1 

Inus, ijr=Y+7' Anay=y+y+,y. 



Therefore, 14.?. =1+1+1+1+1==-. 
'7^7 7^7 ^7 ^7 ^7 7 

The numerators are added, according to the rules for the 
addition of integers. (Art. 69, &c.) It is obvious that the 
sum is to be {uaced over the common denominator. To 
avoid the perplexity which might be occasioned by the signs, 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in doing this, care must be taken 
not to alter the value. This will be preserved, if all the signs 
in the numerator are changed at the same time with that be- 
fore the fraction. (Art. 144.) 

Ex. 1. Add A and4i o^ a pound. Ans. -jL.or.---, 
16 16 ^ 16 16 

It is as evident that 1^, and 1^ of a pound, are iV of a 
pound, as that 2 ounces and 4 ounces, are 6 ounces. 

2. Add ^ and ~. First reduce them to a conunon denomi 
b d 

nator. They will then be^^ and ^, andtheir sum^!-X— • 

bd bd o4 
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S, Givea-- and — i-, to find their sum. 

o on 

* HI . 2r+d _8Am , 2dr+dd _ Shm ^2dr^da 
. 'd "" 3A "Sdk " Sdh " Sdh 

' y - m - my - wiy "" - my wy ' 

R ^JL and J^ = ^ " a6+«fc+y ^ gg+* j^, (Art. 77.) 
o-j-i a- 6 aa+a6-a6-o6 aa-^bb . 

7. AddH^toIl*^. 8. AdddLto^ii. Ans.-6. 
d m-'r 2 7-3 

149. For many purposes, it is sufficient to add fractions in 
the same manner as integers are added, by writing them one 
after another with their signs. (Art. 69.) 



■ 

Thus the sinn of- and - and - ^r— >is ,-+ — 

6 V 2m V 



a.S d 
y ' 2m' y 2m 

In the same manner, fractions and integers may be added. 



The sum of a and - and 3m and — , is a4-Sm-| — - -. 

y ^ y r 

150. Or the integer may be incorporated with the fraction, 
by converting the former into a fraction, and then adding the 
numerators. See Art. 141. 

The sum of a and -, is -t-\ — = — = — i— . 

m I'm m . m m 

rn. rc^ iM-rf. Sdm-Sdy+h+d 

The smn of 3d and --I-, is OL-J— . 

m-y' m-y 

Incorporatmg an integer with a fraction, is the same as re- 
ducb^ a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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them. But in algebra, they are, distinct terms. Thns S} is 
i and i, which is the same as B-f-f 

Ex. 1. Reduce a^l to an improper fraction. Ans. — J--. 

b o 

2. Reduce iii+d--r„ Ans. *m-dm+ift-cM-r 

A— o A— o 

8. Reduce 1+J Ans. t^ 4. Reduce 1- A 

Ob m 

S. Reduce i+-A- 6. Reduce S+?llli- 



SUBTRACTION OP FRACTIONS. 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtractmg a positive one ; and v. v. (Art. 81.) 
For the subtraction of fractions, then, we have the following 
sunple rule. Change the fraction to be subtracted, 

FROM positive TO NEGATIVE, OR THE CONTRARY, AND THEN 

PROCEED AS IN ADDITION. ?Art. 148.) In making the re-* 
auired change, it will be expeoient to alter, in some instances, 
tne signs of the numerator, and in others, the sign before the 
dividing line, (Art 143,) so as to leave the latter always 
fiflSrmative. 

Ex. 1. From ^ subtract *. 

b ^ 

First change ~^ the fraction to be subtracted, to "—. 

m m 

■ 

Secondly, reduce the two fractions to a common denomi- 

nator, making, ^ aad I^. 

bm bm 

Thirdly, the sum of the numerators am - 6A, placed over 

the commoD denominator, gives the answer, f!L=i^. 

bm 

2. Prom ±1:2 subtract * An8.f*t$:±. 
r a or 

S. From t subtract ^ Ans. ay-*»+fa» 
my ii^ 

6* 
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4. From ?+?£, subtract ?frJ^. Ans, 1!^. 

5. Prom *zi subtract - *. Ans. ^^^V+f^. 

m y my 

6. Prom ihl subtract Izl. 7. Prom - subtract £. 

a m a h 

152. Fractions may also be subtracted, like integers, by 
setting them down, after their signs are changed, without re- 
d iicing them to a common denominator. 

Prom * subtract - *±1 Ans. Luh±t 
m y my 

In the same manner, an integer may be subtracted from 
a fraction, or a fraction from an integer. 

Fmm a subtract _ Ans. a-. . 

m m 

1 53. Or the integer may be incorporatjed with the fraction, 
as in Art. 150. 

Ex. 1. Prom - subtract m. Ans. - - m=il^. 

y y y 

2. From 4<H-- subtract Sa-* Ans. ^d+b(^-hc^ 

c d cd 

3. Prom 1+^ subtract izi An8.±L!^Z^ 

dad 

4. Prom o+SA - fb* subtract So - M-^il 



MULTIPLICATION OP FRACTIONS. 

154. By the definition of multiplication, multiplying by a 
fraction is taking a. part of the multiplicand, as many times as 
there are like parts of an unit in the multiplier, (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multipUcand is 
to be divided into such parts, as are denoted by the denom- 
mator ; and then one of these parts is to be repeated, as 
many times, as is required by the numerator. 



■I 
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SuppoBe a is to be multiplied by ... 

4 

A fourth part of a is 7* 

4 

This taken S times is % 4.- 1 1=?^ (Art. 148 ) 

4 4 4 4 

Again, suppose ^ is to be multiplied by j« 

One fourth of ^ is ^- (Art. 138.) 

This taken 3 times is S+i5+S=4i* 

the product required. 

In a similar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denominator ; and one 
of the parts may be repeated, by multiplying the numerator. 
We have then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE NUMERA- 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENOMI- 
NATORS TOGETHER, FOR A NEW DENOMINATOR. 

Ex. 1. Multiply — into^r— Product ^r — • 

c Zm Zcm 

2. Multiply 5^ into — r- Product — i^ — 
^^ y wi-2 t»y-2y 

8. Muluply '^±^ into ^^y Product "i^^- 

4. Mult |±5into|^ 6. Mult. -jIg; mto|. 

156. The method of multiplying is the same, when there 
axe more than two fractions to be multiplied together. 

Multiply together p j> and — • Froduct g^. 

For ?Lx t is, by the last article —, and this into 5 is ^. 
b d ^ bd y bdy 



S.Multiply^,^Zi[,^andJL. Product 
m V c r-l 



Zabh ^ 2abd 
cnury «- any 
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8, Mult ?±?,4aud J^. 4. Mult. f!i, fL:*, imd|. 

157. The multiplication may sometimes be shortened, by 
rejecting equal factors, from the nmnerators and denomina. 
tors. 

1. Multiply - into - wid — Product — . 
^ ay ry 

Here a, being in one of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be — . But this reduced to lower terms, by Art. 145, 
ary 

will become — as before. 

«. Multiply ^ into !? and?*. Product f*. 
m Sa 2d 6 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re- 
tained in one of the numerators. 

S. Multiply ±ti into !?3f . Product ^"H-^n 

y ah ah 

Here, though the same letter a is in one of the numerators, 
and in one of the denominators, yet as it is not in every term 
of the numerator, it must not be cancelled. 

4. Multiply ^^ into * and ^. 

h m &a 

If any difficulty is found, in making these contractions, it 
will be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

158. When a fraction and an integer are multiplied to- 
gether, the numerator of the fraction is multiplied mto the 
integer. The denominator is not altered ; except in cases 
where division of the denominator is substituted for multipli- 
cation of the numerator, according to Art. 139. 
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Thus oX-= -. For a=^ : . and £ X-=— • 

So rx§x5+l=*:^ And axi=f. Hence, 
a o oa b b 

169. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOMINATOR, B7 CANCELLING THE DENOMINATOR. 

Thus ^X6=a. For ?.x6=— . But the letter J, being 
6 b b 

in both the numerator and denominator, may be set aside. 
(Art. 145.) 

So J!!Lx(a-y)=3«i. AndH^x{S+m)=^h+Sd. 
a-y 3+m 

On the same principle, a fraction is multiplied into any 
factor in its denominator, by cancelling that factor. 

160. From the definition of multiplication by a fraction, it 
follows that what is commonly called a compound fraction^* 

is the product of two or more fractions. Thus — of ^ is 

4 b 

|xr- For, * of ?, is 1 of - taken three times, that is, 
4 6 4 6 4 6 

~+^ +— . But this is the same as - multipliedby ^. 
46 46 46 6 4 

(Art. 164.) 

Hence, reducing a compound fraction into a simple one^ if the 
same as mtdtiplying fractions into each other. 

Ex. 1. Reduce | of -JL. Ans. ^^^\ , 

f S+g 76+14 

2. Reduce ^ofiof±i±. Ans. J^^. 
8 6 2a--m 30a --16m 

8. Reduce loflof . ,. Ans. * 



7 8 8-d 168 -Sid 



* By a compound fraction is meant a fiaction of a, fraction, and not a ftaetkm 
whom numerator or denominator is a compound quantity. 
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161. The expression io, ib, iy^ &c. are equivalent to 

^ 1, ^. For ia is f of 0^ which is equal to ^x«= • 
3 6 7 8 S 

(Art 168.) So J6=ix6=-. 

6 



DIVISION OP FRACTIONS. 

163. To DIVIDE ONE FRACTION BY ANOTHER, INVERT THE 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION. (Art. 
165.) 

Ex.1. Divide ?Lby4 Ans. ?[x-=?^. 

b a b c be 

To understand the reason of the rule, let it be premised, 
that the product of any fraction into the same fraction inverted, 
is always a imit. 

Thus «x*~^?i=l. And ^x^=l. 
b a ah h^y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 
be equal to the dividend. Now, by the definition, (art. 116,) 
** division is finding a quotient, which multiplied into the di« 
visor will produce the dividend." And as the dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly foimd by the rule. 

This explanation will probably be best understood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the quotient into 
the divisor. This will present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself. 

2. Divide HL by !*. Ans. "1 x^=^!!^ 

Proof. ^,x— =— . the dividend. 
6dh y 2d 

3. Divide ?HM by ^ Ans. f±^xi^=Stt!&. 

r y r 5d Sdr 

Proof. 3(+^x5^=^. 
Sdr y r 
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4. Divide *^ by ^ Ans. i^x— =?i 
X a X Akr rx 

Proof. ?^X—=— the dividend. 
rx a x 

6. Divide i?^ by i?L Ans. iMxl^=l^ 
5 lOy 5 18& & 

6. Divide fHl by f!*zi 7. Divide ^Z^JSf by -i-. 

163. When a fraction is divided by an integer^ the detiomi- 
nator of the fraction is multiplied into the integer. 

Thus the quotient of f divided by m, is — . 

b bm 

For m=^ ; and by the last article, ?-i.?^=?X-=— • 
So-Lj-iJi=:-i_xl=-l-. And?^6=:*=l. 

In fractions, multiplication is made to perform the office 
of division ; because division in the usual form often leaves a 
troublesome remainder : but there is no remainder in multi- 
phcation. In many cases, there are methods of shortening 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

164. By the definition, (art. 49,) ^Hhe rectprocal of a 
quantity, is the quotient arising from dividing a unit by that 
quantity.** 

Therefore the reciprocal of - is l-f-i=: 1 X-=~. That is, 

6 b a a 

The reciprocal of a fractum is the fraction incerted. 
Thus the reciprocal of is ^^^T^ ; the reciprocal of 

^ is ^ or 3y ; the reciprocal of i is 4. Hence the recip- 

rocal of a fraction whose numerator is 1, is the denominator 
of the fraction. 

Thus the reciprocal of -. is a ; of -, is a4-(» &e. 

a 0+0 
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65. A fraction sometunes occurs in the ntimerator or de- 

nominator of another fraction, as ^ It is often conyenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frac* 
tion, or the contrary. That this may be done without alter- 
ing the value, if the fraction transferred be inverted^ is evi- 
dent from the following principles : 

First, Dimding by a fraction, is the same as rnidtiplying by 
the fraction inverted. (Art. 162.) 

Secondly, Dmdmg the numerator of a fraction has the 
same effect on the value, as m/ultiplymg the denominator; and 
multipljring the numerator has the same effect, as dividing 
the denominator. (Art. 139.) 

Thus in the expression I? the numerator of i! is multiplied 

X X 

into |. But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by |, that is, 
multiply the denominator by |. 

Therefore 1^=^. So ^=1* 

X ix mm 

And Jl=_J_=— V And fLif =:iizi^ 

166. Multiplying the numerator^ is in effect multipljdng the 
value of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which'occurs 
in its numerator. 

Thus l?=lxr=^. Andl?=lxi=^ 
b 6 6b y 6 y by 

And ^I±y^=lx^±lj!±l. And if=il. 
m 3 m 3m 5a 20a 

On the other hand, ^=?.X-=t?. 

IX 1 X X 

And i=lx?=i?. And ^^ = J?L. 
3j^ 3 y y 6d+6x d+x 

167. But multiplying the denornnatOTi by another fraction, 
lb in effect dimding the value ; (Art. 138.) that is, it is mtd/t- 
plying the value by the fraction inoerted. The principal frac- 
tion may therefore be cleared of a fractional co-efficient, 
which occurs in its denominator. 
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io b 6 b S Sb ix ix 

And tB«??H:9'i. ABd?*=?)L\ 

jy Sy ^m 4m 

On the other hand, — =^ 

And «y+8^^g±Jl And ?f = * 

67. 6. The numerator or the denominator of a firaction^ 
may be itself a fraction. The expression may be reduced to 
a more simple form, on the principles which have been c^plied 
in the preceding cases. 
a 

^, b a e ad 
d 
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SECTION VII. 



SIMPLE EaUATIONS. 



Art. 168. The subjects of the preceding sections are m- 
troductoiy to what may be considered the peculiar province 
of algebra, the investigation of the values of unknown quan- 
tities, by means of equations* 

An equation is a proposition, expressing in algebraic 
characters, the equality between one quantity or set 
of quantities and another, or between different ex- 

7 
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PRESSIONS FOR THE SAME (JtJANtlTf .* Thus X'^a=zb'{-C^iB 

an equation, in which the sum of x and a, is equal to the sum 
of b and c. The quantities on the two sides of the sign of 
equality, aie sometimes called the members of the equation ; 
the several terms on the left constituting the first member, 
and those on the Hghty the second member. 

169. The object aimed at, in what is called the resolution 
or redmtion of an equation, is to find the value of the unknown 
quantity. In the &'st statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. But 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equaUty of the sides. 

170. The reduction op an equation consists, then, 
in bringing the unknown quantity by itself, on one 
side, and all the known quantities on the other side, 
without destroying the equation. 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the same or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted from each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. 3. 
if each be divided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
unknown quantity is connected with others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by dhnsiony &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The known quantities may be ex- 
pressed either by letters or figures. The nnX^notim quantity 
is represented by one of the last letters of the alphabet, gen- 
erally Xj y, or z. (Art. 27.) The principal reductions to 

♦ B<« Note D. 
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be considered in this section, are those which are efifecied'by 
transpositwriy mtdtiplicatwny and division. These ought to b^ 
made perfectly familiar, as one or more of them will be ne- 
cessary, in the resolution of almost every equation. 

• 

TRANSPOSITION. 

172. In the equation 

a:-7=9, 
the number 7 being connected with the unknown quantity s 
by the sign -, the one is subtracted from the other. To re- 
duce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

ar- 7+7= 94.7. 

The equality of the members is preserved, because one is 
as much increased as the other. (Axiom 1.) But on one 
side, we have - 7 and -(- 7. As these are equal, and have 
contrary signs, they balance each others and may be cancel- 
led. (Art. 77.) The equation will then be 

a;=9+7. 
Here the value of x is found. It is shown to be equal to 
9-f-7, that is to 16. The equation is therefore reduced. 
The unknown quantity is on one side by itself, and all the 
known quantities, on the other side. 

In the same manner, if a; - &=a 

Adding b to both sides x ^,b-\-b^a^'b 

' And cancelling (- 64-6) xso+ft* 

Here it will be seen that the last equation is the same as 
the first, except that b is on the opposite side, with a contra* 
ry sign. 

Next suppose y4.e= J. 

Here c is added to the unknown quantity y. To reduce the 
equation by a contrary process, let c be subtracted from both 
sides, that is, let - c, be applied to both sides. We then have 

y+c-c=d~c. 

The equality of the members is not affected, because one 
is as much duniniahed as the other. When {-{-c-c) is can- 
celled, the equation is reduced, and is 

y=d^c. 

This is the same as y^c^id^ except that c has been trans- 
posed, and has received a contrary sign. We hence obtain 
the following general rule : 
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173. Wrbk knowkt quantities are connected with the 

UNKNOWN quantity BT THE SIGN -j- OR - , THE EQUATION 19 
REDUCED BT TRANSPOSING THE KNOWN QUANTITIES TO 
THE OTHER SIDE» AND BREFIZING THE CONTRARY SIGN. 

This is called reducing an vmation by addition or subtrae* 

tioHf because it is, in effect, abiding or subtracting certain 

quantities, to or from, each of the members. 

Ex. 1. Reduce the equation a?4'3&<-m=:&*-d 

Transposing4-3b, we have ap-m=fc-d-S6 

Aiid transposing - m, «= A -d - St+m. 

174. Wlien several terms on the same side of an equation 
are dUke, they may be united in one, by the rules for reduc- 
tion in addition. (Art. 72 and 74.) 

Ex. 2. Reduce the equation X'^-5b - 4&=7b 

Transposing 66 - 4A «= 76 - 5fr*4-4& 

Uniting 76 ~ 56 in one term x^2b'\-4lL 

175. The unknown quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate* ' 
rial on which side it is finally placed. For if :d=3, it is evi* 
dent that Sz=iX. It may be well, however, to bring it on thai 
side, where it will have the affinnative sign, when the equa^ 
tion is reduced. 

Ex.3. Reduce the equation ix+&h=:h+d+S9 

By transposition 2& - A - d=zSx - 2x 

And h'-dzzzx. 

176. When the same term, with the same sign, is on oppo^- 
nte sidii of the equation, instead of transposing^ we may ex» 
}H»ig« it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. S.) 

Ex. 4. Reduce the equation x^Shr^dszh'^Sh'\-7d 

Expunging 3& x+d^b-^ld 

And a;r=:6-f6i. 

177. As all the terms of an equation may be transposed, 
or supposed to be transposed ; and it is inmiaterial which 
member is written first ; it is evident that the s^ns ofaUthe 
terms may be changed, without affecting the equaUty. 

Thus, if we have a;-6=s(2-(t 

Then by transposition - d+a= - x +6 

Or, inverting the members - x-^-b^ - d-f-o. 

< 178. If all the terms on one side of an equation be trans- 
posed, each member will be equal to 
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Thus, if x^bszdy then x+b - £{=0. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative terms balance each 
other. In the example just given, x-\-b is balanced by - d* 
For in the first of the two equations, x^b is equal to d, 
Ex. 6. Reducea-f2a?-8=6-4+ar-fa. "H-^ ^ f=^(f 

6. Reduce y +06 -fcm= 0+21/ -ot-j-foii. J^i.^ %Ly^- ^ It* 

7. Reduce A+304-7«=:8-6A+6a?-d+6.7642^t)i--«^"''^ ^ 

8. Reduce 6fc+21-4a;+(f= 12 -Saj+d- 76&. ^> - ^ 7 

REDUCTION OF EQUATIONS BY MULTIPLICATION, 

179. The unknown quantity, instead of being connected 
with a known quantity by the sign 4- or -^ may be iMdtd 

by it, as in the equation 1=6. 

a 

Here the reduction cannot be made, as in the jHreceding 
instances, by transposition. But if both members be mti{H«> 
pfieil by 0, (Art. 170,) the equation wUl become, 

X'^.aJb. 

For a JracHon U multiplied into Us denominator^ by removing 
the denominator. This has been proved from the properties . 
of fractions. (Art. 159.) It is also evident from the sixth 
axiom. 

Thus ^^f^_^ J<»+b)Xx _dx+5x ^^ For in each 
a "^ S "" c4-6 "" d+5 

of these instances, x is both multiplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantitv is DIVIDED by a 

KNOWN <IUANTITT, THE EQUATION IS REDUCED BT MULTI- 
PLYING EACH SIDE BY THIS KNOWN QtJANTITY. 

The same transpositions are to be made in this caae, as in 
the preceding examples. It must be observed also, that every 
term of the equation is to be multiplied. For the seversd 
terms in each member constitute a compound multipUcand, ' 
which is to be multipUed according to Art. 98. 

Ex* 1. Reduce the equation _f a=o4-a 



c 



Multiplying both sides by 



The product is ap-4-ac=6c+^ 

And ^ x=bc+ed ^.ac. 
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S. Reduce the equation fnf^-SsSO 

Multiplying by 6 « - 4+30= 1 20 

And ar= 1 20+4 - 30= 94. 

3. Reduce the equation , ^ 4"^=^ 

Multiplying by o-f-^ (Art. 100.) x-^-ad^bdzzzah+bh. 
And x=:ahr^bh''ad'-bd. 

181. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar manner, by mul- 
tiplying the equation by this denominator. 

Ex. 4. Reduce the equation .-Z — 1-7=8 

10-a? 

Multiplying by 10 - a: 6+70 ^ 7«=80 - 8x 

And a;x=4. 

182. Though it is not generally neeessaryj yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of known quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction^ 
which contains the unknown quantity. 

Take for example -=^- 

a b e 

Multiplying by a »=?^+2* 

be 

Multiplying by 6 bxzzod+^flt 

c 

Multiplying by e beissacd+abh. 

Or we may multiply by the product of aU the denomina- 
toxs at once. 

X d h 

In the same equation .r=-^^ 

a b c 

MulUplying by abc ^^M_^abeh 

a b c 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcxssocd^abhf as before. Hence, 

183. An equation mly be cleared of FRACTIONS bt 

MULTIPLYINO EACH SIDE INTO ALL THE DENOMINATORS. 
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Thus the equation £ =*-+! - * 

a d g m 

is the same as dgmx= abgm+adem - odgK 

2.4.6 



And the equation f.=~4--. . 

^ - S 5 2 



is the same as 80^=40+484.180. 

In clearing an equation of fractions, it wiU be necessary 
to observe, that the sign -prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 14S,) which is 
done by changing the signs of all the terras in the numerator* 

The equation -1—!:= c - 

X r 

is the same as ar'^dr=:crX'^Sbx'\-2hmx-^6nx. 
REDUCTION OP EQUATIONS BY DIVISION. 
184 When the unknown quantity is MULTIPLIED 

INTO. ANT KNOWN QUANTITY, THE EQUATION IS REDUCED BT 
DIVIDING BOTH SIDES BT THIS KNOWN QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation ax-{'b'^Sh=d 

By transposition ax=z i{-|-S& - b 

Dividing by a «=^±!L±. 

n tl 

2, Reduce the equation 327== ~ - — +46 

c h 

Clearing of fractions %ihx=ah-ea-^^btK 

Dividing by 2cA *=°*"lt*^^ 

185. If the unknown quantity has co-efficients in several 
UrmSf the equation must be divided by all these co-efficients, 
connected by their signs, according to Art. 121. 

Ex. 3. Reduce the equation Sx^bx^a-^d 

That is, (Art. 120.) (8-i)x«=a-rf 

Dividing by S - 6 g=s^""^ 

4. Reduce the equation ar-f-fl?=&-4 

Dividing by o-f-l a:=. "" 



a+V 



p' 
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Ex. 6. Reduce the equation gg-^Zf =^ . 

Cleajring of fractions 4hx - 4tx=iah+dh - 4b 

Dividing by 4A-4 g=^^*-^^ 

4A — 4 

186. If any quantity, either known or unknown, is found 
as a factor in every termf the equation may be dkAded by it. 
On the other hand, if any quantity is a clivuor in every temi| 
the equation may be mtitti^fied by it. in this way, the factor 
or divisor will be removed, so as to render the ezpresaicn more 
simple. 

Ex. 6. Reduce the equation 0x4-^06 =:6aii4-a 

Dividing by a x+ih^6i+\ 

And x=6(I4-l -. 36. 

7. Reduce the equation fjbl - £-= 

X s X 

Multiplying by x (Art. 1S9.) ^r+l -. 6=/^ - g 

And «=fc-d+6-l. 

8. Reduce the equation «X (a+^) -" ^ " 6=:<2X (o+i) 

Dividing by a+6 (Art. 118.)»- I=i 
And d?=:d4-l. 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of ekpnporlkn. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, eo &r as 
to admit the principle thaf when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :" a i)rinciple which is at 
the foundation of the Rule of Three in anthmetio. See 
Arithmetic. 

Thus, if a : 6 : : c : d, then ail=6c. 

Andif 3:4::6:8, then 3x8=4x6. Hence, 

188. A PROPORTION IS CONVERTED INTO AN EQUATION BT 
MAKING THE PRODUCT OF THE EXTREMES, ONE SIDE OF THE 
equation; AND THE PRODUCT OF THE MEANS, THE OTHER SIDE. 
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Ex. 1. Reduce to an equation ax:b::ek:d» 

The product of the extremes is €idx 
The product of the means is hdi 
The equation is, therefore adx:=:beK 

S. Reduce to an equation a^b : e: : &-m : y. 

The equation is ay-^-byzsich^cm 

189. On the other hand, an equation mat be con- 
verted INTO A PROPORTION, BT RESOLVING ONE SIDE OF THE 

EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
VOR THE EXTREMES. 

As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abe=:zdeh. 

The side tAe maybe resolved into axbe^ or abxc, or acxb. 
And deh may be resolved into dx^A, or dexK or dhx^* 

Therefore a:d::eh:be And ae:dhi:e:b 

And ab:de::h: c And acidiiehiby &c. 

For in each of these instances, the product of the extremes 
is nbCf and the product of the means deh. 

2. Reduce to a proportion ax-\-bx=zcd^eh 

The first member may be resolved into xx O^b) 
And the second into cxid-n) 

Therefore x: eiid^kta-^-b AxkAd^h:x::a+b: e, be. 

190. If for any term or terms in an equation, any other ex- 
pression of the same value be substiMedf it i? oiaiiifest that 
the equality of the sides will not be affected. 

Thus, instead of 16, we may write SxS? or IT, or 26 -9, &c. 

4 

For these are only diflerent forms of expression for the same 
quantity. 

191 . It will generally be well ta have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 173, 4, 5.) 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184, 5.) 
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•^ I Reduce the equation ??4-6=:~^+7 

Clearing of fractions 24a;-f 1 92 = 20«-|-2S4 
Transp. and uniting terms 4x= 32 
Dividing by 4 «= 8. 

2. Reduce the equation f.-j-A=?.-?.+d 

a be 

Clearing of fractions 6ca;-{-^^*aca;s=a6c(2~a&c& 
Dividing " ^_ abcd--abch 

3. Reduce 40-6a:- 16=120- 14ar. Ans. a?=12. 

4. Reduce l;i+|=20.1li9. Ans. a:=:i^. 

2 ^3 2 4 

6. Reduce |4.f.=20-l. 6. Reduce izl-4=5. 

5 6 4 « 

7. Reduce -L—2=8. i 8. Reduce Jf_=l. 

*+4 «-f.4 

9. Reduce »+f.+l= 1 1. 10. Reduce 1+1 -1=1. 

2 3 2^8 4 10 

11. Reduce izi+6«=?§i-f. 

18. Rp.rtiir.^ .S>-t.g«+6-g I ll»-37 . '; 

5 ^2 

IS. Reduce ?£zl-2=15z^4.«. '''^ 

3 3^ 

14. Reduce ai i 3ar-ll _5j-g , 97-7« ^ 

16 8^2 

15. Reduce 3a:-izi-4=5ltl*-i '- 

4 3 " 



16. Reduce !^-H±ff+6=?f±* ' 

3 5^2 

17. Reduce !I:i!£-!f±5=6-6«4-^*+*i ' 

5 3 3 

la Reduce »,3j-3 , ^_ 20-a; _6a;-8 ■_ 4»-4 

5 2 7^6 
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19. Reduce 6H:I+I^jd?=Mi. K ^4 

2aReduce^±!:i:15zf.::7:4. . .r ^ 

2 4 



SOUJTION OF PROBLEMS, 

192. In the solution of problems, by means of equations^ 
two things are necessary : First, to translate the statement of . 
the question from common to algebraic language, in such a 
manner as to form an equation ; Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a system of definite rules. Practice, 
however, will soon remove a great part of the difSculty. 

193. It is one of the principal peculiarities of an algebraic 
solution, that the quantity sought is itself introduced into the 
operation. This enables us to make a statement of the con 
ditions in the same form, as though the problem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the KfiAiTiotim quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remain* 
der will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions as wiU form an equa^ 
tion. 

Let the price of the watch be represented by x 
This price is to be mult'd by 4, which makes 4x 
To the product, 70 is to be added, making 4a;-}-70 
From this, 50 is to be subtracted, making 4a:-(-70- 50 
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Here we have a number of the eonditions, expressed in 
algebraic terms ; but have as yet no eqwiiUm. We must ob- 
serve then, that by the last conditicm of the problem, the pre- 
ceding terms are said to be tqtwl to 220. 

We have, therefore, this equation 4x'\^70 - 50=220 

Which reduced gives xzsSO. 

Here the value of a; is found to be 50 dollars, which is the 
price of the watch. 

194. To prow whether we have obtained the true value of 
the letter which represents the unknown |f uantity, we have 
only to substitute this value, for the letter itself in the equa- 
tion which contains the Qxst statement of the conditions of 
the problem ; and to see whether the sides are equal, alter 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought Thus, in the 
preceding example, 

The original equation is 42;-f 70 - 50=220 

Substituting 50 for or, it becomes 4 X 50-4-70 - 60= 220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add- 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself? 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ix is the same as 

t ; that fo=- , &c. (Art. 161.) 
S 5 

In this problem, let x be put for the number required. 

X X 

Then by the conditions proposed, of+g- -^ 20=^ 

And reducing the equation x=z 16. 

Proo^ 16+1? -20=**. 

^ ^2 4 

Prob. 3. A father divides his estate among his three sonsL 
in such a manner, that. 
The first has $1000 less than half of the whole ; 
The second has 800 less than one third of the whole ; 
The third has 600 less than one fourth of the whole ; 
What is the value of the estate 1 
If the whole estate be represented by x, then the several 

shares will be |- -1000, and |- - 800, and ^ -600. 

2 3 4 
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And as these constitute the whole estate, they are together 
equal to x. 

We have then this equation f - lOOO-f-f-800-ff ~600=s«. 

% S 4 

Which reduced gives flr=r 28800 

Proof !2i522- 10004^99-8004-?®^ -600=2880a 

195. To avoid an unnecessary introduction of unknowa 
quantities into an equaticm, it may be well to observe, in this 
(dace, that when the nun or difftren/ce of two quantities is 
given, both of them may be expressed by means of the same 
letter. For if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. Ajid if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two niunbers be tO 

And if one of them be represented by x 

The other will be equal to 20 - rr. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, ii xht put for the smaller part, the greater will be 
48-«. 

By the conditions of the problem ~-{ Zf =9. 

4 6 

Therefore ap=12, the less. 

And 48 - a:=86, the greater. 

196. Letters may be employed to express the known quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they are introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7399 
divided by 462. What is that number? 

Let 07= the number required. 

a=720 rf=7892 

6=125 A=462 

8 
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Then by the conditions of the problem flll?=l « 

6 h 

Therefore «=*lzf* 

tt^n»»C«K K..^ .-(l^X7892)-(720x462)_,,^ 

197. When the resolution of an equation brings out a 
negatwe answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. See Negative Quan* 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 doU 
lars, by the three together. How much did he gain or lose 
bv the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art. 
57.) If the profit is marked 4*, the loss must be - . 

Let x= the sum required. 

Then according to the statement x-f 350 - 60= 200 

And a:=-90 

The negative sign prefixed to the answer, shows that there 
was a loss in the first bargain ; and therefore that the proper 
sign of X is negative also. But this being determined by the 
answer, the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
What was her latitude at starting 1 

Let x= the latitude sought. 

Then marking the northings +, and the southings - ; 
By the statement a:+4 -13+17-19= -11 

. And a?=0. 

The answer here shows that the place firom which the ship 
started was on the equator, where tne latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number ? 
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Let s=s the number aoaght 
Then .f-+«+l«=64. 

And *-!!f=48. 

13 

J^ Prob. 9. An estate is divided among four children, in such 
a manner that 

The first has 300 dollars more than i of the whole, 
The second has 340 dollars more than i of the whole, 
The third has 300 dollars more than ^ of the whole. 
The fourth has 400 dollars more than i of the wliole. 
What is the vulue of the estate 1 Ans. 4800 dollars, 

Prob. 10. What is that number which is as much less than 
500, as a fifth part of it is greater than 40 1 Ans. 450. 

Prob. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the num- 
bers 1 Ans. 240 and 200. 

Prob. 12. Three persons, jJ, -S, and C, draw pnzes in a 
lottery. .4 draws 200 dollars ; B draws as much as •/}, to- 
gether with a third of what C draws ; and C draws as much 
as A and B both. What is the amount of the three prizes 1 

Ans. 1200 dollars. 

Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 ] Ans. 8. 

Prob. 14. A ship and a boat are descending a river at the 
same time. The ship passes a certain fort, when the boat is 
IS miles below. The ship descends five miles. While the 
boat descends three. At what distance below the fort will 
they be together 1 Ans. 32^ miles. 

Prob. 15. What number is that, a sixth part of which ex* 
ceecb an eighth part of it by 20 ? Ans. 480. 

Prob. 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1 125, and 875. 

Prob. 17. What sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 dol 
lars t Ans. 120 daUais. 
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J Prob. 18. Two travellers, A and J?, 360 milea apart, trarel 
towards each other till they meet. j3*s progress is 10 miles 
an hour, and B*s 8, How far does each travel before they 
meet? Ans. A goes 200 miles, and B 160. 

J^ Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what age did he 
live 1 Ans. to the age of 48. 

-T^ Prob. 20. What number is that \ of which is greater than 
i of it by 96? /^^^ 

, Prob. 21. A post is^n the earth, ? in the water and 13 
^ feet above the water. What is the length of the post ? 

Ans. 35 feet. 

Prob. 22. What number is that, to which 10 being added, 
' } of the sum wiU be 66 1 /^^ 

,1 Prob. 23. Of the trees m an orchard, f are apple trees, rt 
pear trees, and the remainder peach trees, wnich are 20 
more than \ of the whole. What is the whole number in 
the orchard ? Ans. 800. 

Prob. 24. A gentleman bought several gallons of wine for 
94 dollars; and after u«ng 7 gallons himself^ sold \ of the 
remainder for 20 dollars. How many gallons had he at first 1 

Ans. 47. 

• 

Prob. 25. A and B have the same income. A contracts 
an annual debt amounting to ^ of it ; B lives upon 7 of it ; 
at the end of ten years, B lends to A enough to pay ofi* his 
debts, and has 160 dollars to spare. What is the income of 
each ? Ans. 280 doUais. 

Prob. 26. A gentleman lived single \ of his whole life ; 

T and after having been married 5 years more than \ of his 

life, he had a son who died 4 years before him, and who 

reached only half the age of his father. To what age did 

the father live 1 Ans. 84, 

Prob. 27. 'WTiat number is that, of which if J, i, and ? be 
' added together the sum will be 73 ? Ans. 84. 

Prob. 28. A person after spending 100 dollars more than j 
of his income, had remaining 35 dollars more than | of it. 
Reqmred his income (, 
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Prob. 29. In the composition of a quantity of gunpowder 
The nitre was 10 lbs. more than J of the whole, 
The sulphur 4i lbs. less than ^ of the whole, 
The charcoal 2 lbs. less than { of the nitre. 

What was the amount of gunpowder 1 Ans. 69 lbs. 

Prob. 30. A cask w^hich held 146 gallons, was filled with 
a mixture of brandy, wine, and water. There were 16 gal- 
lons of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there of 
each? i* 

. Prob. 31. Four persons purchased a farm in company for 
.4755 dollars ; of which B paid three times as much as ^; 
C paid as much as A and B; and D paid as much as C and 
B. What did each pay 1 Ans. 317, 961, 1268, 2219. 

Prob. 82. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

Let x=s the first part. 
Then x^Ssz the second, a: - 9= the fourth, 

jr+lOis the third, a:+16=r the fifth. 

Therefore »+x - 3+a?+10+ar - 9-f «+16=99. 

Anda?=17. 

Prob. 33. A father divided a small sum among four soiis. 
f The third had 9 shilUng;s more than the fourth ; 
The second had 12 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whole sum was 6 shillings more thfm 7 times the 
sum which the youngest received. 
What was the sum divided 1 Ans. 163. 

Prob. 34, A farmer had two flocks of sheep, each contain- 
mg the same number. Having sold from one of these 89, 
and firom the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain) ., v ~ 

Prob. 36. An express, travelling at the rate of 60 miles a 
day, had been dispatched 5 days, when a second was sent 
after him, travelline 76 miles a day. In what time will the 
<me overtake the other 1 , Ans, 20 days. 

Prob. 36. The age of jJ is double that of J?, the age of B 
triple that of C, and the sum of all their ages 140. What is 
^the age of each 1 ^ . q» 
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Proi). S7. Two pieces of cloth, of the same price by the 
yard, but of different lengths, were bought, the one for five 
pounds, the other for 6^. If 10 be added to the length of 
each, the sums will be as 5 to 6. Required the length of each 
piece. ; ;, , C, 

Prob. 38. «4 and jB began trade with equal sums of money. 
Tbc> first year, ^ gained forty pounds, and B lost 40. The 
second year, Jl lost ^ of what he had at the end of the first, 
and B gained 40 pounds less than twice the sum which jI 
had lost. B had then twice as much money as Jl, What 
sum did each begin with ? Ans. 320 pounds. 

Prob. 39. What number is that, which being severally ad- 
ded to 36 and 52, will make the fcHmer sum to the latter, as 
Sto4] 

Prob. 40. A gentleman bought a chaise, horse, and bar- 
ness, for 360 dollars. The horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each 1 -/ ' 

Prob. 41. Out of a cask of wine, from which had leaked 
i part, 21 gallons were afterwards drawn ; when the cask was 
found to be half full. How much. did it hold? / '' 

' Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each % 

Prob. 43. Divide the number 49 into two such parts, that 
the greater increased by 6, shall be to the less diminished by 

11, as 9 to 2. . X' f :- / ^ 'V*;; c» • ^ 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 1 , , '; 

Prob. 45. A person bought two casks of porter, one of 
which held just 3 times as much as the other ; fiom each of 
these he drew 4 gallons, and then found that there were 4 
tunes as many gallons remaining in the larger, as in the other. 
How many gallons were there in each ? 

Prob. 46. Divide the number 68 into two such parts, that 
the difference between the greater and 84, shall be equal t< 
3 times the difference between the less and 40. s. / . ,. ^ 

Prob. 47. Four places are situated in the order of the let- 
ters Jt. B. C D. The distance from Jl to D is 34 miles! 
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The distance from -A to J9 is to the distance from C to /> as 
t to S. And i of the distance from A to B^ added to half 
the distance from C to D^ is three times the distance from 
B to C. What are the respective distances 1 

Ans Frcmi A to J7=12; from B to C=4; from C to2>=ia 

Prob. 48. Divide the nmnber 36 into 3 such parts, tha^ 1 
of the first, ^ of the second, and \ of the thud, shall be eqiiaJ 
to each other. ^^ /l,, iJi 

Prob. 49. A merchant supported himself 3 years, for 50 
pouiftds a year, and at the 6nd of each year, added to that 
part oi his stock ivhicn whs :iot thus expended, a sum equal 4 
to one third of this part. At the end of «he third yeai*, his 
original stock was doubled. What was that stock 1 

Ans. 740 pounds. 

Prob. 60. A general having lost c^' battle, found that he 
had only half of his army-)-3600 men left fit for action ; J of 
the army-f-600 men being wounded : and the rest, who were 
i of the whole, either slain, taken prisoners, or missing. Of 
now many men did his army consist ? Ans. 24000. 

For the solution of many algebraic problems, an acquaint- 
ance with the calculations of powers and radical quantities is 
required. It will therefore be necessar}'^ to attend to these 
before finishing the subject of equations. \ 



SECTION VIII. 

INVOLUTION AND POWERS. 



Art. 198. WHEN a quantity is multiplied into IT 
BELF, the product is called a POWER. 

Thus 2 x2=4, the square or second power of 2 

2x2x2=8, the cube or third power. 
2X2x2x2=16, the fourth ^wer, &c. 

So 10 X I0b=100, the second power of iO. 

lOx lOx 10=1000, the third power. ) 
10xlOxlOxlO=-.10000, the fourth power, &|c 
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And axa==aai the second power ol a 

ax<iX<'^=^fMa, the third power 
aXAXaX<>s=aaa(iy the fourtk power, &o 

199. The original quantity itself though noi, like the pow^ 
ers proceeding from it, produced by multi[dication, is never- 
theless called the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge* 
nerally adopted. The root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele^ 
vated, to signify how many times the root is employed as A 
^actoTy to produce the power. This numbet or letter is called 
the index or exponent of the power. Thus a' is put for aX^ 
or aoy because the root a, is twice repeated as a factor, to 
produce the power aa. And a' stands for aaa; far here a 
18 repeated three times as a factor. 

Tne index of the first power is 1 ; but this is conmionly 
omitted. Thus a^ is the same as a. 

201. Exponents must not be confounded with co^Jicients. 
A co-efficient shows how often a quantity is taken as a part 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product. 

Thus 4a=a-|-a-f o-l-o. But a^=zaX^XaXa. 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose the index is a letter^ instead of a numerical 
figure, in the solution of a problem, a quantity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression <f, the index 
X denotes Uiat a is involved to some power, though it does not 
determine what power. So IT and a" are powers of b and d ; 
and are read the mth power of 6, and the nth power of d. 
When the value of the index is found, a mmber is generally 
substituted for the letter. Thus if m=:S then&"=6^; but 
if m9-=5, them hr=zb\ 

SOS. The method of expressing powers by exponents is 
of great advantage in the case of compound quantitiea 



also 
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Thus a+b+4^ 6r 0+6+/ or (a+i+df)'^ is (a+6-fd)x 
(a+6+d) X (a+b+d) that is, the cube erf (a+fc+d). But 
this involved at length would be 

o»+Sa'6+Sa*£j+Sa6^+6aM+S(ui»+6'+36'rf+SW*+d'. 

204. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common multipliery or decrease by a common di- 
visor; and that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series oaoiMy aaaOy aaoy aoy a ; 

Or a* a^ a^ a' a' ; 

the indices counted from right to left are 1, 2, 3, 4, 5; and 
the common difference between them is a unit. If we be- 
gin on the right and mtdtiply by a, we produce the several 
powers, in succession, from right to left. * 

Thus axo=«* the second term. And a'x<»=«*- 
a* X«=tt' the third term. a* x«=«% &c 

If we be^ on the lefty and dimde by a, 
We have a^'i-azrza^ And a'-j-a=a* 



«*.!.«= a^ a*.4-a=aV 



205. But this division may be carried still farther ; and 
we shall then obtain a new set of quantities. 

Thus a-^.a=2.= I. (Axt.128.) l-j.a=JL (Art 163.) 

a a aa 



a aa aaa 

The whole series then 

is 00000, aaaa^ aaa, aa, o, 1, —, — , , &c. 

o aa aaa 

Or o% a\ a% o% o, 1, -, -, -, &c. 

a o* a^ 

Here th.e quantities on the right of 1, are the redprocah of 
those on the left. (Art. 49.) The former, therefore, may be 
roperly called redprocal powers of a; while the latier may 
e termed, for distinction's sake, direct powers of o. It may 
be added, that the powers on the left are also the reciprocal 
of those on the right. 

* Note. — ^Thd term series is applied to a number of quantities succeeding 
each other« in some regular order. It is not confined to any particular law ot 
increase or decrease. 
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For 1^=1 xi=a. (Art 162.) And l-f-i=a»- 

1^ =1 x^=a-. 1-rl =a% &c. 

or I a* 

206. The same plan of notation is applicable to compound 
quantities. Thus from a-|-6, we have the series, 

(•+')■• w)'- (*+»)• '• (^.)' w wr'" 

f 

207. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 

Accordmg to this, — or — =a"*. And — or — =a"*. 

9 a or aaa tr 

1 or \ =a-^ J— or l=:a-*, &c. 
aa tr aaaa (t 

And to make the indices a complete teries, with 1 for the 

common diflerence, the term fLor 1, which is considered as 

a 

no power, is written (f. 
The powers both direct and reciprocal* then, 

Instead of aaaa, aaOf oo, a, i, 1, JL, — , , &c. 

a a aa aaa aaaa 

WiU be rf, a», c?, a\ rf, a-^a"^, a-», a-*, &c. 

Or 0+^, tf^, a^, a^\ rf, a"*, a"*, a""*, a""*, &c. 

And the indices taken by themselves will be, 

+4,+S,+g,+I,0,-l,-2,-S,-4, &c, 

208. The root of a power may be expressed by more let- 
ters than one. 

Thus oax^tOs or aa? is the second power of aa. 

And aaX^MXaa, or aa\^ is the third power of aa^ &c. 

Hence a certain power of one quantity, may be a different 
power of another quantity. Thus a* is the second power of 
a\ and the fourth power of a. 

209. All the powers of 1 are the same. For lxl> or 
IX^Xh &c. is still 1. 



See Note £. 
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SIO. Involution is finding any power of a quantity, by 
multiplying it into itself. The reason of the following gene* 
ral rule is manifest, from the nature of powers. 

MULTIPLT THE QUANTITT INTO ITSELF, TILL IT IS TAKEN 
AS A FACTOR, AS MANY TIMES AS THERE ARE UNITS IN THE 
INDEX OF THE POWER TO WHICH THE QUANTITY IS TO BE 
RAISED. V 

This rule coti^rehends all the instances which can occur 
in involution. But it will be proper to give an explanation 
of the manner in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as many times, as there 
are units in tnat index. 

The 4th power of a, is a* or aacta. (Art. 198.) 

The 6th power of y, is y* or yyt/y^. 

The nth power of a?, is af" or xxx. . .n times repeated. 

212. The method of involving a quantity which consists 
of several factors^ depends on the principle, that the power of 
the product of several factors is equal to the product of thdt 
vowers. 

Thus {ayY^c^ y*. For by Art. 210 ; (ay)'=ay X«y. 

But ayXay=oyay=^!W=«^y'* 

So (6ina?)'=6ma?xfcwwfX^a:=66fctiMntnxiBa?r=6'my. 

And (adyy=zadyX<^yXody.,,niime8=:a"d''y\ 

In finding the power of a product, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in* 
to each oUier. 

Ex. 1. The 4th power of rf/iy, is {dhy)\ or rfWy*. 

2. The 3d power of 46, is {4b)% or 4^b\ or 646'. 

3. The nth power of 6ad, is (6ad)\ or 6^a"rf". 

4. The 3d power of Smx^y, is (3mx2y)', or 27m'x8j»'. 

213. A compound quantity consisting of terms connected 
by 4- Q'Ud -, is involved by an actual multiplication of its 
several parts. Thus, 
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(a-^byzso^b, the first power. 

(f+ab 
+ab+V 



{a^byss^-^iab+i^f the second power ci (0-4*6*) 
a+b 

if+2(jeb+ ab* 
+ <^b^2ab^+V 



(a+6)'=a?+8c?6+Sa6«+i", the thkd power. 
a+ b 



4- (fb- 



3(^6^. 



SaV+b* 



ra+6)*=a'+4a?6+6rfi^+4a6^+6*, the 4th power, &c. 

2. The square of a -6, is o'-Zoft+i^. 

5. The cube of o+l, is a'+S(y*+3a+l. 

4. The square of a+6+A, is (f!\.2ab+2ah+b''+ibh+tf 

^ 5. Required the cube of o-j-^d-f-S. 

6. Required the 4th power of 6+2. 

7. Required the 5th power of x-f-l* 

8. Required the 6th power of 1 -6. 

214. The squares of hmomial and residtuil quantities occur 
so frequently in algebraic processes, that it is important to 
make them famiUar. 

If we multiply o-f fc into itself, and also a - A, 
We have o+fc And a- A 






a'+goA+Al c? - 2aA+A'. 

Here it will be seen that, in each case, the first and last 
terms are squares of a and A ; and that the middle term is 
twice the product of a into A. Hence the squares of bino- 
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mial and readual quantities, without multiplying each of the 
tenns separately, may be found, by the following proposition.*^ . 

The square of a binomial, the terms of which ark / 

BOTH positive, IS EQUAL TO THE SQUARE OF THE FIRST TERM /- 
-f-TWICE THE PRODUCT OF THE TWO TERMS, -[-THE SQUARE '• 
OF THE LAST TERM. "^ <' 

And the square of a residual quantity, is equal to the 
square of the first term, - twice the product of the two terms, 
-f- the square of the last lerm. 

Ex. 1. The square of 2a+b, is 4a'4-4ai-f 6^ 
2. The square of A+1, is A»+2A+1. 
8. The square of ab+cd^ is a»fc«4-2aicd4.cV. 

4. The square of 6y+3, is S6y«+36y+9. 

5. The square of 3d - A^ is 9(2* - 6dhr\-ff. 

6. The square of a - 1, is a* - 2a-|-l 

For the method of finding the higher powers of bincHnials, 
see one of the succeeding sections. 

215. For many purposes, it will be sufficient to express the 
powers of compound quantities by exponents^ without an actual 
multiplication. 

Thus (he square of o-fij is a-}-fc|*, or (o+J)*. Art. 203. 
The nth power of Jc-f-S-fa?, is (ftc+S+a?)"- 

. n cases of this kind, the vinculum must be drawn over alt 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors^ the vincu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factors 
separately, as convenience may require. 



Thus the square of a+bx^+df is either 

a+bxc+d\ or o+Fj xc+3| 

For, the first of these expressions is the square of the pro* 
duct of the two factors, and the last is the product of their 
squares. But one of these is equal to the other. (Art. 212.) 

The cube of axb+d, is (axb+dj\ or a»x(i+*)*- 



* Euclid's Elemonts, Book H. prop. 4. 

9 
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217. When a quantity whose power has been expressed by 
a vinculum 'a.id an index, is afterwards involved by an actusd 
multiplication of the terms, it is said to be expandea. 

Thus («-4-^)*> when expanded, becomes a'+2a6-)-i*. 
And (a+6+A)*, becomes a«+2a6+2afc+6«+26A+fc«. 

18. With respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when the 

ROOT IS POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE. 

For the proof of this, see Art. 109. 

The 2d power of - a is+c^ 
The 3d power is - a* 

The 4th power is + ** 
The 6th power is - a', &c. 

219. Hence any odd power has the same sign as its root. 
But an even power is positive, whether its root is positive or 
negative. 

Thus+aX+o=o* 

220. A QUANTITY WHICH IS ALREADT A POWER, IS INVOLV* 
ED BT MULTIPLYING ITS INDEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. The Sd power of a\ is a* » *:=:a*. 

For a^=iaa: and the cube of oa is aax<MXfM^f^u^a^i(M=:af; 
which is the 6th power of a, but the 8d power of a\ 

For the further illustration of this rule, see Arts. 2SS, 4. 

2. The 4th power of aW, is a'^*6«^*=a» « bK 
S. The Sd power of 4 a% is 64 a««». 

4. The 4th power of 2a?x&^d^ is 16a>*x81a;»i«. 

5. The Sth power of (a+6)», is (a+b) » •. 

6. The nth power of a\ is a'". 

7. The nth power of (x - y)% is (a?- y)*\ 

8. S+fc»«=a«+2a»6»+6*. (Art. 214.) 

9. i?xV\t =:a^x6*. 10. (a'6W)*=«^*W. 



rt. 






^ 'I ^ , ^ 
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221. The rule is equally applicable to powers whose expo- 
nents are negative. 

Ex. 1. The Sd power of cr*, is ar*^=zar*. 
For a-*=-L, (Art. 207.) And the Sd power of this is 

CM 

aa aa aa aaaaaa or 



o» 



2. The4thpower of o'fc-*isa*6-**, or_. 

5. The cube of 2a;Y^, is 8a*^*". 
4. The square of 6^ar% is 6*ar*. 

6. The nth power of ar "*, is ar**, or — . 

222. It must be observed here, as in Art. 218, that if the 
sign which is prefixed to the power be -, it must be changed 
to +» whenever the index becomes an even number. 

Ex. 1. The square of -a®, is +<**• F<5r the square of 
- a', is - a' X - ^S which, according to the rules for the signs 
in multiplication, is-f-^'* 

2. ButthectftJcof-o*is-a*. For-a?x-a*X -«•—-«•• 

3. The square of - af*, is 4-a?**. 

4. The nth power of - a*, is +(f** 

Here the power will be positive or negative, according an 
the number which n represents is even or odd. 

223. A FRACTION is involved by involving both 

THE NUMERATOR AND THE DENOMINATOR. 

1. The square of - is -_. For, by the rule for the multi- 

b 0* 

plication of fractions, (Art, 155.) 

9. The 2d, 3d, and nth powers of 1, are 1*1. and JL 

a 0? a^ iC 

8. The cube of 5^, is !£!!:* 

3y 27y» 

4 The nth power of ?-^is 



r- 
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6. The square of -«'X(J+<^ j, f^^'. 



- 0^* .• - «' 



6. The cube of ZJL-, is Z!L. (Art. 221.) 






) 



S24. Examples of bmomicds^ in which one of the terms is 
a fraction. 

1. Find the square of a?4*)» ^^'^ x - j, as in art. 214. 

2. The square of a +?, is <f+^+t 

o 3 9 

/ S. The square of tf+^j is a?+ia?4--.. 

2 4 

4. The square of a:- — , is a*- _4.1». 

m 111 fir 



225. It has been shown, (Art 165,) that a Jractiimal co^ 
efficient may be transferred from the numerator to the de- 
Q(»ninator of a fraction, or from the denominator to the nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be transferred, if the sign of its index be changed, 

i Thus, in the fraction — , we may transfer x from the 

y 

numerator to the denominator. 

2. In the fraction ~ we may transfer y from the deno- 
minator to the numerator. 
For JL -*vi.=* vv^- ^ 
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226. In the same manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index in 
the denominator. 

1. Thus "T"=r"^5"' For a^ is the reciprocal of a?, 

1 (M^ a 

(Arts. 205, 207,) that is, a:*=-r=r- Therefore, "^= jj^' 

227. Hence the denominator of any fraction may be en- 
tirely removed, or the numerator may be reduced to a umt, 
without altering the value of the' expression. 

1. Thus -r=r-ri, or ab"^. 

2. "!:=;== ^TTj or 6"ar", , #► 

6-" ar6^' ' /j^ 

a?*ar" 1 

ADDITION AND SUBTRACTION OP POWERS. 

228. It is obvious that powers may be added, like other 
quantities, by writing them one cfier (mother wUh their signs, 
(Art. 69.) 

Thus the sum of <f and 6', is a'+6*« 

And the sum of a* - 6" and h'^ -d*, is a« -6"+fc' - d*. 

229. The same powers of the same letters are like quantUies; 
(Art. 45,) and their co-efficients maybe added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a* and 3a*, is 5a\ 

It is as evident that tvrice the square of a, and three times 
the square of a, are five tunes the square of a, as that twice 
a and three times a, are five times a. 

9* 
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To -3aY S*" S«y -5«'** ^(a+y)- 

Add -2:ry 66* -7ay 6aW 4(a+y)- 

Bum -5:ry -4ay 7(a+y)» 

230. But powers of different letters and different powers of 
the safft^ letter^ must be added by writing mem down with 
ttieir signs. 

The sum of a* and o* is o*-4-«'- 

[t is evident that the square of a, and the cube of a, ^are 
neither twice the square of a, nor twice the cube of a. 
The sum of a»6" and 3aV, is o»6"+3a'6«. 

231. Subtraction of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
tare to be changed according to Art. 82. 

Prom 2a* -36" ' 3A«6« a»6» Ha^ 

Sub. -6a* 46" Ah^V a»6" 2 



n 



Diff. 8a* -fcV S(a-A)* 



MULTEPUCATION OF POWERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a' into 6', is o'6^ or aaa66. 
Mult. «-« A«6- Say dh^x-- a'bY 

Into a* a* -2x 46y* a^V^ 

Prod. oTar^ -6a*«2/« d^bya^b^ 

The product in the last example, may be abridged, by 
bringing together the letters which are repeated. 

It wm then become a®6y 

The reason of this will be evident, by recurring to the 
ries of powers in Art. 207, viz. 

a+*, a+S a+«, a+\ a\ <r\ o"*, cr^, or*, &c. 

Or, which is the same, 

aa«i» (WO, 00, 0, 1, -^ — , — , ^^, &c. 



u 
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By comparing the several terms with each other, it will 
be seen that if any two or more of them be multiplied to* 
gether, their product will be a power whose exponent is Uie 
Mm of the exponents of the factors. 

Thus a'Xa'=«aX<MW=oooaa=fl'. 

Here 6, the exponent of the product, is equal to 2+8, the 
sum of the exponents of the factors. 

So a" Xa*=a'^. 

For a% is a taken for a factor as many times as there are 
units in n ; 

And oT*, is a taken for a factor as many times as there are 
xmits in m ; 

Therefore the product must be a taken for a factor as 
many times as there are units in both m and n. Hence, 

233. Powers of the same root mat be multiplied, 
by adding their exponents. 

Thus (fxa*=a^=(f. And a»xa!'Xa:=a*+*^*=a?". 
Mult. 4a" 3a:* by a»6y (64.A«y)« 

Into 2a" 23^ b'y (fWy o+A-y 



Prod. 8a^ 6y {h+h-y)^ 

Mult, ^-^x^^xf-^-^ intoac-y. Ans. ic*-y*. 
Mult. 4r^-^3xj/ - 1 into 2a? - x. 
Mult. a?4-^"" ^ ^^o 2ar*+a:4-l« 

234. The rule is equally applicable to powers whose expo- 
nents are negaXkt. 

m 

1. Thus a-*xa-*=a-». That is Ix— = * 



aa aaa aaaaa 
2. y-"xr*=y''"~* That is JLx4=-4:=- 

y" r yT 

8. -a-*xo~'=-a""^ 4. a-'Xfl^=a'"'=a*. 
6. a-"xa"=a""'*. 6. y-"xy''=y"=:l- 

235. If a-f 6 be multiplied into a - (, the produet will be 
fl?-6* : (Art. 110,) that is 
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The product of the sum and difference of two 
quantities, is equal to the difference of thedl 

SQUARES. 

This is another instance of the facility with which generau 
truths are demonstrated in algebra. See Arts. 28 and 77. 

If the sum and difference of the squares be multiplied^ 
the product will be equal to the difference of the fourth 
powers, &c. 

Thus (a-y)x(a+y)=a*-yl 

(a*-y^)X(^+y*)=a»-j/«,&c. 



DIVISION OP POWERS. 

236. Powers may be divided, like other quuitities^ by re- 
jecting from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividend, in the form of a frac- 
tion. 

Thus the quotient of tfb* divided by &^, is cf. (Art. 116.) 

Divide 9(iy 126V (fb+Say dx(a-M-y)* 
By -3a» 26' o« (a-fc+y)' 

Quot. -3y* rr^ b+9y* . d 



The quotient of a^ divided by e^, is — But this is equal 

to V. For, in the series 

cr+^, o+S a+\ o+^ a\ a"', a-*, a-', a~*, &c. 

if any term be divided by another, the index of the quotient 
will be equal to the dUfferenu between the index of the divi- 
dend and that of the divisor. 

Thusa'-»tf=^*^^=a^. And £r.^rf'=^=«— . 

aaa (f 

Hence, 

. 237. A POWER MAT BE DIVIDED BT ANOTHER POWER OF 
THE SAME ROOT, BY SUBTRACTING THE INDEX OF THE DI- 
VISOR FROM THAT OF THE DIVIDEND. 



J 
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Thus »*-fy =S*^=w*. That is M=y- 

And a^*-i-a=:a^*-*=<r. That ie — =iir. 

a 

Aiid«*-t.«^=«*-*=«"=l. That is -=1. 

Divide y«* i' 8a»+- a*^* 12(6+y)" 
By y- y 4cr a« 3(6+y)» 



Quot y" ^ 2(if ^^^ 4(6+y)""' 

238. The rule is equally applicable to powers whose ex* 
ponents are negative. 

The quotient of cr* by a**, is o*^. 



oaaoa aaa aaaaa 1 aoaoa oa 

8. -*-*^-»=-*-«. That i8_L,-s-l=-4=4r 

-a" «• -«• -a* 

8. Ji,»^&-'=«»<-'=A^. That is tf^=A»X7=tf. 

A 1 



4 6rf'-f.2(r'=Scr+». 6. 6rf-f-a=6aP. 

The multiplication and diviedon of powers, by adding and 
subtracting their indices, should be made very familiar ; as 
they have numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OP FRACTIONS CONTAININa POWERa 

239. In the section on fractions, the fdlowing examjdes 
were omitted for the sake of avoiding an anticipation of the 
subject of powers. 

1. Reduce ?5L to lower terms. Ans. ?.. 

3a' S 

p^j 6^^6aaaa^6aa /^rt 145 x 
8a" 3aa 8 ^ ^ 

2. Reduce -._ to lower terms. Ans. 4- o^ 2^ 

Ssf 1 
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> ' 8. Reduce ^^±^ to lower terms. Ans. ?±±±1 

M 5 

4. Reduce ^-]^+^ u> lower terms. . .-> . -^ 
Ans. — ^ I V" ^ ob^^cd by dividing each term by Sqf. 

6. Reduce — and — ., to a common denominator, 
a' a- 

0* X»"* is a"'^,the first numerator. (Art. 146.) 
11^ Xfl~' is a**=l, the second numerator. 
tf X^"* is a*"*, the common denominator. 



~s 



The fractions reduced are therefore ^ — and 



1 



a-' a-' 



\ 2a* a' 

^ \ 6. Reduce — and — , to a common denominator 

Aiis. ^ and ^ or ?^ and -A.. (Art. 145.) 
5a' 57 6a' da"" ^ ' 

7. Multiply -,, mto _, Ans. „ =_. ^^ 

8. Multiply ^, into izi.-^^^--,,^ 
-9. Multiply ^±L, into ** - * ^' " - ' • 



< L 



10. Multiply — into *l!, and J^ 

a""' a? y* 

1 1. Divide ±, by ^. Ans. 55^= -?. 

12. Divide 5^ by ^"^"\ ♦ - ^' 

a' a , . 

13. Divide iziC!, by ?y±l* 

14. Dmde^',byi?!+i. 

(P h 
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SECTION IX. 



EVOLUTION AND RADICAL aTTANTITIES.* 



Art. 240. If a quantity is ihultiplied into itself, the pro- 
duct 16 a power. On the contrary, if a quantity is resolved 
into any number of equal factors^ each of these is a root of 
that quantity. 

Thus b is the root of bbb; ber,ause bbb may be resolved 
into the three equal factors, 5, and 6, and b. 

In subtraction, a quantity is resolved into iieo parts. 

In division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into eqtud factors. 

241. A ROOT OF A QUANTITT, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 
to produce the given quantity, is denoted by the name of the 
root. 

Thus 2 is the 4th root of 16; because 2x2x2x2=16, 
where two is taken four times as a factor, to produce 16. 

So 0* is the square root of o^ ; for a?x<'=a*- (Art. 238.) 

And (f is the cube root of o' ; for £;?x^X^=»'« 

And a is the 6th root otcf; for aXflXaX«XoXa=af. 

Powers and roots are correlative terms. If one quantity 
is a power of another, the latter is a root of the former. Am 
6' is the cube of b, b is the cube root of b\ 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign >\/, and 
the other by a fractional index. The latter is generally to 
be preferrea ; but the former has its uses on particular occa* 
sions. 






* Newton*8 Arithmetio, Madaurin, fimeraon, Euler, Saundenon, and 
Simpion. 
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When a root is expressed by the radical sign, the sign is 
placed over the given quantity, in this manner, ^a. 

Thus X/a is the 2d or square root of a. 

\/a is the 3d or cube root, 

\/a is the nth root. 

And VH-y ^ ^^® ^^ ^^^ ^^ ^V' 

243. The figure placed over the radical 8^, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that V^X V*=^' ' 

And V«XV«XV«=^ 

And V^X V^' • • •** ^imes =a. 

The figure for the square root is commonly omitted ; ^a 
being put for %ya. "Whenever, therefore, the radical sign is 
used without a figure, the square root is to be understood. 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as mtdUplied together. 

Thus 2V^ is 2x\/^ ^^^^ ^^ ^ multiplied into the root of 
a, or, which is the same thing, tvnce the root of a. 

And x^by is rrx V^> ^^ ^ times the root of 6. 

When no co-efilcient is prefixed to the radical sign, 1 is 
always to be understood ; \/a being the same as 1 V^ ^^ 
is, once the root of a. 

245. The method of expressing roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them hy fractional indices^ is derived directly from the mode 
of expressing powers by integral indices. To explain thi% 
let 0* be a given quantity, if the index be divided into any 
niunber of equal parts, each of these will be the index of a 
root of a*. 

Thus the square root of of is cf. For, according to the 
definition, ^Art. 241,) the square root of n^ is a factor, which 
multiplied mto itself will produce c^. But 0^x0^=0^- (Art. 
233.) Therefore, a* is the square root of a*. The index of 
the given quantity a*, is here divided into the two equal 
parts^ 3 and 3. Of course, the quantity itself is resolved into 
the two equal factors, a' and a'. 
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The cube root of tf is cf. For €?x«^Xfl^=o^* 

Here the index is divided into three equal parts, and tlie 
quantity itself resolved into three equal factors. 

The square root of cf is o* or a. For ax a=^^' 

By extending the same plan of notation, fractumal in^Bces 
are obtained. 

Thus, in taking the square root of a^ or a, the index 1 10 
divided into two equal parts, i and | ; and the root is a^* 
On the same principle. 
The cube root of a, is ar^\/a. 
The nth root, is a'':=\/a^ &c. 
And the nth root of o-f-a?, is (a-f-a:)"= VM"** 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. 

,^wv««vw x« X«*=«« And a" Xa"..-.n times =0* 

247. It follows from this plan of notation, that 

a^ Xo^=a^"^^. For (^'^^z=za> or a. 

a*Xo*Xa*=a*+»+t=a», &c. 

where the multiplication is performed in the same manner 
as the multiplication of powers, (Ait. 233,) tliat is, by adtiang 
the indices. 

248. Every root as well as every power of 1 is 1. (Art. 
209.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro- 
duce 1, by being multiplied into itself. 

So that 1", 1, V^} V^> ^^' ^^ ^ equal. 

249. Negative indices are used in the notation of roots, as 
well as of powers. See Art. 207. 

1 1 1 

Thus-x=^ -T=(H- — =cri 
a« o^ a- 

10 
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POWERS OF ROOTa 

250. It has been shown m what manner any power or 
root may be expressed by means of an index. The index 
of a power is a whole number. That of a root is a fraction 
whose nmnerator is 1. There is also another class of quan- 
tities which may be considered, either as powers of roots, 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated 
three times as a factor. 

The product a^+i+i or a* (Art. 247,) is evidently the 

cube of a^, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

Thus or is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a , and a , and a . And the numerator shows 
that four of these are to be multiplied together ; which will 

produce the fourth power of a' ; that is, 

i i i i i 
a'^Xa X« Xa =a • 

I- 

251. As oris a power of a root, so it is a root of a power. 

Let a be raised to the third power a?. The square root of 

this is a . For the root of a? is a quantity which multiplied 
into itself will produce a". 

But according to Art. 247, a*=o*xa X^ ; ai^d this 
multiplied into" itself, (Art. 103,) is 

a*Xa*Xa^Xa*Xa^Xa*=o». 
Therefore a* is the square root of the cube of a. 

In the same manner, it may be shown that <t is the mth 
power of the nth root of a; or the nth root of the mth pow- 
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er : that is, a root of a power is equal to the same pouter of the 
same root. For instance, the fourth power of the cube root of 
a, is the same as the cube root of the fourth power of a. 

252. Roots, as well as powers, of the same letter, may be 
multiplied by adding their exponents. (Art 247.) It will be 
easy to see, that the same principle may be extended to pow- 
ers of roots, when the exponents have a common denomi- 
nator. 

Thus a' xa' =a^'T"' =a\ 

J. 
For the first numerator shows how often a^ is taken as afac 



tor to produce a\ (Art. 250.) 



And the second numerator shows how often a'' is taken as 

a factor to produce a . 

The sum of the numerators therefore, shows how often the 
root must be taken, for the product. (Art. lOS.) 

^ , A JL i 

Or thus, a'=o'x<»'. 

Z. X X ± 

And a'=o'x«'Xa'- 

AS.XXXXXJL 

Therefore 0^X0/=^^ Xa' X«' XorXa^ =a . 

258. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator 
are equal 

4 A ;• 

Thusa=a*=a"=o". For the denominator shows that 
a is resolved into a certain number of factors ; and the nu- 

merator shows that all these factors are included in a*. 
Thus a*=:a''xa X« > which is eoual to a. 

J^ X X X 

And a«=a"x«"Xfl".—*» times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by rqecting the index. 

Instead of a», we may write a. 

254. The index of a power or root may be exchanged, foi 
any other index of the same value. 

A JL 

Instead of a , we may put a • 
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For in the latter of these expressdons, a is supposed to be 
resolved into Itoice as many factors as in the former ; and the 
numerator shows that twice as many of these factors are to be 
multiplied together. So that the whole value is not altered. 

Thus ar^=zar*=a?*, &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

So a^ =a =a' =a » . For the value of each of these in- 
dices is 2. (Art. 135.) 

255. From the preceding article, it will be easily seen, 
that a fractional index may be expressed in decmals. 

± 5 

I . Thus a* = a'^, or a° • * ; that is, the square root is equal to 
the 5th power of the tenth root. 

i. a^sra""^, or cf-^^; that is, the fourth root is equal to 
the 25th power of the 100th root. 

8. J^za'^' 5. a*=a''* 



4. a*=rf» 6. a^=rf 



.75 



In many cases, however, the decimal can be only an o^ 
froxmoHon to the true index. 

Thus oTszct'^ nearly. a'=a"*-*'"* very nearly. 

In this manner, the approximation may be carried to any 
degree of exactness which is required. 

Thus a*=a»-""». a^=o' •"»*•. 

These decimal indices form a very important class of num- 
bers, c€dled logarithms. 

It is frequently convenient to vary the notation of powers 
of roots, by making use of a vinculum, or the radical sign \/« 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denominator of a fractional exponent expresses a 
rootf and the numerator a power. (Art 250.) 

Instead, therefore, of o , we may write (a*)*, or (a*) , or 
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The first of these three forms denotes the square of the 
cube root of a; and each of the two last, thecube root of the 
square of a. 

Soa-=a-» =ap=^rf". 

And (6rr)^=(6V)i=^7tv: 
And54y=^^ii=»^^^ 



\ 
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257. Evolution is the opposite of involution. One is find- 
ing a power of a quantity, by multiplying it into itsell The 
other is finding a root^ by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tors, by dividing its index into as many equal parts ; (Art. 
245.) 

Evolution may be performed, then, by the following gen- 
eral rule ; 

Divide the index of the quantity by the number 

EXPRESSING the ROOT TO BE FOUND. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of a* is o*. For a«xa*Xfl^=fl^. 

Here 6, the index of the given quantity, is divided by 8, 
the number expressing the cube root. 

2. The cube root of a or a', is o* or \/a. 

For a» xa*xa*, or V»X V«X V«=«- (-^^^- 243, 246.) 

3. The 6th root of a6, is {aby or J^oi. 

4. The nth root of rf is a" or ^rf. 

6. The 7th root of U - ar, is (2d - af)'^or l/U'-x. 
6 The Sthrootof a-a;|, isa-x|^ or 'va-a;|. 

7. The cube root of a% is a*. (Art. 163.) 

8. The 4th root of a"* is o"-^' 

» -I 

9. The cube root of a' is a*. 

10. The nth root of af", is «». 

10* 



I 
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258. According to the rule just given, the cube root of the 
square root is found, by dividing the index | by S, as in ex- 
ample 7th. But instead of dividing by S, we may multiply 
by i. For i^S =i-H=i X*. (Art. 162.) 

So — 1^=— x— Therefore the mth root of the nth 
m m n 



1 ^x^ 
root of a IS equal to a" ". 

That is, an =o-^^=o*^. 

Here the two fractional indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to reverse this process ; to resolve 
an index into two factors. 

Thus x*=ix^^^ =:x Thai is, the 8th root of « is equal 
to the square root of the 4th root. 

X n i 



mn —,.,., ^ 



J. 

II 



goa+6| =o-f6| =a+b\ 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quantity into 
factors. The latter is effected, by dividing the index into 
parts. 

269. The rule in Art. 257, may be applied to every case 
in evolution. But when the quantity wnose root is to be 
found, is composed of seoerai factors, there will frequently 
be an advantage in taking the root of each of the factors 
separately. 

This is done upon the principle that the root of the product 
of several factors, is equal to the product of their roots. 

Thus \/^= V^ X V^* P^^ ^^ch member of the equation 
if involved, will give the same power. 

The square of j^ab is ah. (Axt. 241.) 

Thesquareof VaX\/^i3V^XV^XV*X\/*'(Art.l02.) 

ButyaxV<*=<*- (Art. 241.) AndV*XV*=** 
Therefore the square of \/®XV*=V<*XV^XV^XV'^ 
xssob, which is also the square of ^ab. 

On the same principle, (a6)" ^oTb*. 
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When, therefore, a quantity consists of several factors, we 
may either extract the root of the whole together; or we may 
find the root of the factors separately, and then multiply them 
into each other. 

Ex. 1. The cube root of rcy, is either {xyy or x*y^* 

2. The 5th root of 3j/, is \/&y or \/S X VV- 

3. The 6th root of abh, is (at A)*, or a*6*A*. 

4. The cube root of 86, is (86)*, or 26*. 

5. The nth root of rc^, is (a:^)" or ay". 

260. The. ROOT OP A FRACTION IS EQUAL TO THE ROOT 
OP THE NUMERATOR DIVIDED BY THE ROOT OF THE DENO- 
MINATOR. 

1. Thus the square root of ?=5L. For— X-t=t- 

^ 6* 6* 6* * 

2. So the nth root of ?=V Forl-X^..» times =^ 

* 6- 6- 6- * 

X aJx /^ V^ . 

8. The square root of — , is -^. 4. S/ ZJ^aJ^ 

ay ^ay ^ ^^ 

261. For determining what ngn to prefix to a root, it is 
important to observe, that 

An odd ROOT OF ANY QUANTITY HAS THE SAME SIGN AS 
THE QUANTITY ITSELF. 

An EVEN ROOT OP AN AFFIRMATIVE QUANTITY IS AM- 
BIGUOUS. 

An even root op a negative quantity is impossible. 

That the Sd, 6th, 7th, or any other odd root of a quwitity 
must have the same sign as the quantity itself, is evident 
from Art. 219. 

262. But an et>m root of an (Mrmatwe quantity may be 
either affirmative or negative. For, the quantity may be 
produced firom the one, as well as from the other. (Art. 219.) 

Thus the square root of c^ is .+a or -a. 
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An even root of an affirmative quantity is, therefore, 
to be anMgttouSf and is marked with both 4- ^^^ '-'• 

Thus the square root of 35, is ty/Sb. 

The 4th root of x'^ is ±a:*. 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

263. Rut no even root of a negative quantity can be found. 
The square root of -a* is neither -fa nor -a. ^ ' 
For 4-ax+a=+a*- And -ax --a^+a^ also. 

An even root of a negative quantity is, therefore, said to be 
impossible or maginary. 

There are purposes to be answered, however, by applying 
the radiccd sign to negative quantities. The expression 

^ -a is often to be found in algebraic processes. For, al* 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi- 
plied into itself, its product is - a, because z^/ - a is by notation 
a root of -a, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^^^ is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres* 

sion ^-a is not equivalent to -^a. The former is a root 
of -a; but the latter is a root of-^a: , 

For -y/ax -y/a=z^aa=a. 

The root of - a, ho weve r,, may be ambiguous. It may be 

either -f- V - a, or -^ - a. 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be^ required to divide the number 14 
mto two such parts, that their product shall be 60. If one 
of the parts be x, the other will be 14 -x. And by the sup- 
position, 

«X(14-«)=60, or 14a:-ar»=60. 
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This reduced, by the rules in the following section, wili 

give a?=:7JV^n. 

As the value of x is here found to contain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem : that the number 14 cannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But 
there is one class of these, the squares of bmomud and re- 
ridud quantities, which it will be proper to attend to in this 

Elace. It has been shown (Art. 214,) that the square of a 
inomial quantity consists of three terms, two of which are 
complete powers, and the other is a double product of the 
roots of these powers. The square of a^b, for instance, is 

two terms of which, c^ and 6^ are complete powers, and 2ab 
is twice the product of a into 6, that is, the root of a' into the 
loot of 6*. -^ 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign -f . The other term disappears in the root. Thus, to 
find the square root of 

a»+2xy+f, 
take the root of a;", and the root of y*, and connect them by 
the sign 4-* The binomial root will then be x-^-y. 

In a reridiud quantity, the double product has the sign - 
prefixed, instead of +. The square of a -6, for instance, is 
(f'-2ab+b\ (Art, 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
'square root of a^ -2a;y4-J/* j^ ^ -y« Hence, 

266. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1. To find the root of ar^+2a?4.1. 

The two terms which are complete powers are a^ and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, a?+l. 

* See Note F. 
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6« . b 



6" b 

6. The square root of (fJ^ab'{'jj is ^H-F 



2ab b"^ b 

6. The square root of a'+ — +?> ^^ a+T 



266. A ROOT WHOSE VALUE CANNOT BE EXACTLT EXPRESS- 
ED IN NUMBERS, IS CALLED A SURD. 

Thus ^2 is a surd, because the square root of 2 cannot be ^ 
expressed in numbers, with perfect exactness, 
in decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity when taken alone, yet by multiplying it into itself, or 
by combining it with other quantities, we may produce ex- 
pressions whose value can be determined. There is, there- 
fore, a system of rules generally appropriated to surds. But 
as all quantities whatever, when under the same radical sign, 
or having the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther, under the general name of Radical Quaniitiea ; under- 
standing by this term, every quantity which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be 
ToHonaL But for the purpose of distinguishing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not appear under a 
radical sign, and which have not a fractional index. 

REDUCTION OP RADICAL aUANTITIES. , 

268. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

Firstf to reduce a rational quantity to the form of a radi- 
cal; 

Raise the quantitt to a power of the same name as 
the given root, and then applt the corresponding 
radical sign or index. 
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Ex. 1. Reduce a to the form of the nth root* 

The nth power of a is a\ (Art 211.) 

Over this, place the radical sign, and it becomes \/(t. 

It is thus reduced to the form of a radical quantity, with* 

n 

out any alteration of its value. For ^/tf^zo^szo. 

2. Reduce 4 to the fbrm of the cube root. 

Ans. ^64 or (64)*. 

3. Reduce Sa to the form of the 4th root 



Ajis. {/8la*. 

4. Reduce iab to the form of the square root 

Ans. (ia«6»)*. 

5. Reduce 3 x ^ - ^ to the form of the cube root 

Ans. VgTxa-irl'. See Art 812. 

6. Reduce a* to the form of the cube root. 
The cube of a» is a*. (Art. 220.) 

And the cube root of a' is \/a*=:a'| . 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the given letter^ but of the power of the letter. 

Thus in the example, a* is the cube, not of a, but of a*. 

7. Reduce a' 6* to the form of the square root 

8. Reduce (f to the form of the nth root 

269. Secondly f to reduce quantities which have different 
indices, to others of the same value having a common index; 

1. Reduce the indices to a conmion denominator. 

2. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

3. Take the root denoted by the common denominator. 

Ex. 1. Reduce a* and i* to a conmion index. 

1st. The indices i and i reduced to a common denomina- 
tor, are A and ^. (Art 146.) 

2d. The quantities a and b involved to the powers express- 
ed by the two numerators, are a' and 6*. 



f ^ 
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Sd. The root denoted by the common denominator is i\« 

The answer, then, is a'|** and ft*!**. 

The two quantities are thus reduced to a common index, 
without any alteration in their values. 

For by Art. 264^ a^^a^, which by Art. 258, ^7]^. 

And universally a" =(f " =a"*|**. 

2. Reduce (r and bx^ to a common index. 

The indices reduced to a common denominator are { 
and f. 

The quantities then, are a* and (to) , or a'| , and 4*a?*|* 



3. Reduce a' and 6". Ans. a**|* and 6". 

4. Reduce a:" and y". Ans. a;^|*" And j/"]"*". 
6. Reduce 2* and 3* Ans. 8* and 9^. 

6. Reduce (a-}-^)*8.nd (a? -y)*. Ans. o+i | andd?-y I • 

7. Reduce a' and 6*. 8. Reduce x^ and 5*. 

270. When it is required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and set the given index ovei 
the whole. . ^"^ 

This is merely resolving the original index into two factors, 
according to Art. 258. 

Ex. 1. Reduce a° to the index J. 

By Art. 162, i^i=ixf =t=i. 
This is the index to be placed over a, which then becomes 

a* ; and the given index set over this, makes it a^\ , the an- 
swer. 

2. Reduce a* and ar to the common index i. 

2-^J=2 XS=6, the first index > 
i-f-i=iX3=|, the second index J 

X ^ X 

Therefore (a')' and {x'y are the quantities required. 
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1 1 JL 

S. Reduce 4^ and 8^, to the common index ■ 
Answer, (4')*and (3*)* 

271. Thirdly^ to remove a part ci a root from wider the 
radical sign ; 

If the quantity can be resolved into two factors, one of 
which is an exact power of the same name with the root ; 

FIND THE ROOT OF THIS POWER, AND PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from >\/8. 

The greatest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and 2. For 4x^=8. 

The root of this product is equal to the product of the roots 
of its factors ; that is, >\/8=\/4x\/^* 

But \/4= 2. Instead of >\/4, therefore, we may substitute 
its equal 2. We then have 2 X V^ ^^ 2\/2. 

This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at once 
perceive, that 2\/2 is a more simple expression than j\/S. 

I 2. Reduce \fa^x, Ans. \/^''XV^=^X V^=^*V** 

/ 3. Reduce V^- Ans.V9x2"=V9XV^=3V2. 

4. Reduce \/mFc. Ans \/QWxX/c=z^\/c. 

5. Reduce \/ Ta; Ans. cS/ cd' (Art. 260.) 

. J. 

6. Reduce J^a^^b. Ans. aJ^h^ or ah*. 

7. Reduce (rf-a»6)i Ans. a (a -6)^. 

8. Reduce (54rf6)*. Ans. 3a»(26)^. 

9. Reduce \/§8?ar. 10. Reduce X/c^+t^l^.' 

11 
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272. By a contrary process, the co-efiicient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, aJ^b=J^/cFb7 

For a= ^flT or a». (Art. 253.) And\;ya"X\/fr=\/5*r 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introduced as a factor 
under the radical sign. 

3.. 2a6(2a6«)*=(16d*6')* 



4 ^[J^\^ /jD^6^U 



+6V -\<^b^+b' 

^ ADDITION AND SUBTRACTION OP RADICAL 

QUANTITIES. 

273. Radical quantities may be added like rational quan- 
tities, by i<^^^; <Aem mit after another wUh their signs. (Art. 
69.) 

Thus the sum of ^a and \/^, is \/^ V^« 

And the sum of a^ - A» and a?* - y" , is a^ - 1^+x^- f. 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of 2\/a and 3\/a is 2\/a+S\/a=:5\/a. 

For it is evident that twice the root of a, and three times 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra- 
tional partSy and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 

To 2^ay S\/a S(x+hy 66A* w\/b^h 

Add ' J^ay - 2V« 4(ar+A) ' 76fc* yA^b^ 



X 



Sum 3^ay '7{x+hy (H-y)XV*-* 
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276. If the radical parts are originally different, they may 
sometimes be made alike, by the reductions in the preceding 
articles. 

1. Add ^S to /\^50. Here the radical parts are not the 
same. But by the reduction in Art. 271, V8=2\/2, and 
V50=:5V2. The sum then is 7\/^. 

2. Add VI 66 to \/4b, Ans. 4\^b+2\^b=6\/b. 

S. Add\/a'x to>\/6*ir. Ana, a^x-\-b\/xz=i(a-^b*)x^^ 

4. Add (SBa^y)* to (25j/)*. Ans. (6a+6) XJ* 

5. Add VISa to 3V2a. 

276. But if the radical parts, after reduction, are dimrenJL 
or have different exponents, they cannot be miited m the 
same term; and must be added by writing them one after the 
other. 

The sum of SV* and 2\/a, is S\/64-2\/a- 

It is manifest that three times the root of 6, and t^vice the 

root of a, are neither five times the root of 6, nor five time^ 

the root of a, unless b and a are equal. 

The sum of X/a and j^a, is \/ar\-\/a. 

The square root of a, and the cube root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed in 
the same manner as addition, except that the signs in the sub- 
trahend are to be changed according to Art. 82. 



Prom ^ay 
Sub. S\/^ 


iya+x 


8h* 


b{x+y) -2a-- 


Diff. - 2 v«y 




-JL 

a " 



Prom V50, subtract V8. Ans. 5 V2 - 2 V2 = 8 V2: (Art. 
275.) 

From ^6* jf, subtract \/by*. Ans. (6-y)Xv'*y-" 
/ Prom J^yxf subtract iyx. 

MULTIPLICATION OP RADICAL QUANTITIES. 
278. Radical quantities may be multiplied* like other 
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quantities, by writing the factors one after another, either 
with or without the sign of multiplication between them. 
(Art. 93.) 

Thus the product of A^a into \/6, is V^X V'- 

The product of A' into y* is A'y . 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. 

Thus^apX'y/y=\/^- ^^^ ^^® ^^*^^ ^^ ^^ product *of 
sevqcal factors is equal to the product of their roots. (Art. 

269.) Hence, 

279. Quantities under the same radical sign or in- 
dex, MAT be multiplied TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.^ 

Multiply \/x into ^y, that is, a? into y. 

The quantities reduced to the same index, (Art. 269.) are 

XX X 

(a:')%and (y*)' and their product is, (a?'y')*=Jy/a?'y*. 

A XX 

Mult. \/a-\-m \/dx a* (a+y)" o^ 

X X 

Into ^a^m \/Ay xi (6+^)" ^* 





^dx 

• 


a* 

xi 


Va'-wi' 



Prod. js/a^-^m' {a'^xY x«"*")^ 



Multiply V8a:6 into V2a:6. Prod. A^XQx^b'^^Axh. 

In this manner the product of radical quantities often be- 
comes raHonal. 

Thus the product of V2 into \/18=VS6=e. 

X XX 

And the product of (a*y')*into (a'y)* = (a*y*)*^=:ay. 

280. Roots of the same letter or quantity mat be 
multiplied, bt adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 
term. (Art. 148.) 

* The case of an imagvMtiry root of a negative quantity may be considered 
an exception. (Art. S63.) 
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Thus a*xa*=a*'*"'=a*^*=«* 

The values of the roots are not altered, by reducing their 
indices to a common denominator. (Art. 264.) 

1 -a. 
Therefore the first factor a^ =a' 

And the second a^=ia 

Buta*=:a*x«*Xa*- (Art. 260.) 
And a'=a')<a'. 

± JL 4 J. JL fi. 

The product therefore is a' xa* X^ Xa' X^ =« • 

And in all instances of this nature, the common denomin* 
ator of the indices denotes a certain root ; and the sum of 
the numerators, shows how often this is to be repeated as a 
factor to produce the required product. 

Thus a"x«"*=a""Xa""=a"". 
Mult. 3i/^ a^xa* (a+6)* (a-y)" x"^ 
Into y* a* («+*)* («-y)" «"* 



^ (nJL.K\^ *"T^ 



Prod. Sy^^ (a+6) 



The product of y* into y is y*"* =y . 
The product of a" into a ", is a" "=a°=l. 

And :t"""ixa?*"""=/"*^"*=«*=l. 

J- A i i 
The product of a* into a' =a' X« =« • 

281. From the last example it will be seen, that pawen 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected J 
to the same modes of operation. ' 

X ^±X JUL 

Thus y'xy*=y^^=y . 

And apX3P*=« "=x» . -i^^ 



\ 
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The product will become rational, whenever the numera- 
tor of the index can be exactly divided by the denominator. 

Thus cf X « X a = « = a*- 

And (a4-6)*X (a+6) "*=(a+6)*=a+fe. 

SL Jk. JL 

And a* x^ =« =«• 

282. When radical quantities which are reduced to the 
same index, have rational co-efficients, the rational 

PARTS MAT BE MULTIPLIED TOGETHER, AND THEIR 'PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply a\fh into c\/(i. 

The product of the rational parts is ac. 
The product of the radical parts is J\^hd, 
And the whole product is acj^hd. 
For a\fh is ax V^- (-^^*^* ^^^0 -^-nd cj^d is cx\fd. 

By Art. 1C2, axV* ^"^ cXV^y *8 axV'XcXV^'j or 
by changing the order of the factors, 

«XcXV*XV^=^XV^^=^cV*^ 

2. Multiply ax' into 6d . 

When the radical parts are reduced to a common index, 

the factors become a(a^y and 6(<P)*. 

The product thenisai(a?W)'. 

But in cases of this nature we may save the trouble of re- 
ducing to ^ommon index, by multiplying as in Art. 278. 

Thus aa^ into bd^ is ax^bd^. 

Mult. a{b+xy oA/f a^x ax"^ x\/S 

Into yib-x)* b\/hy bA/x by"^ y{/9 



Prod. ay(6»-a:*)* abA/x^z=abx 3a;y 

283. If the rational quantities, instead of being co^ffidenU 
to the radical quantities, are connected with them oy the 
signs -|- and - -, each term in the multiplier must be multi- 
plied into each in the multiplicand, as in Art. 100. 
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Multiply o+V* f 

Into c+^d "^^ " ^ 

ac-^c^b I 

The product of a-f Vy into l+r\/yis 

1. Multiply >\/a into ^6. Ans. iya^b\ 

%. Multiply 5V6 into 3\/8. Ans. 30\/10. 
8. Multiply 2V3 into 3^4. Ans. 6^432. 
4. Multiply V^ ij^^o X/o*- Ans. Ija'h'd?. 
6. Multiply ,^/M into ^^. Ans. ^^^ . 

6. Multiply a(a - xy into (c - d) X (aa?)'- 
/ I ^ Ans. (oc - ad) X (a'a; - oa:')* . 

V^ DIVISION OF RADICAL QUANTITIES. 

284. The division of radi(|b.l quantities may be expressed, 
by writing the divisor under the dividend, in the form of a 
fraction. 

Thus the quotient of i/a divided by ^6, is Y^. 

V« 

And (o+A)* diVided by {b+x)^ is i±t!tL. 

{b+x) • 

In these instances, the radical sign or index is separately 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

Thus ^a-f->^6=5i^= r/-. For the root of a fraction 

J^b >^ b 

is equal to the root of the numerator divided by the root of 
the denominator. (Art. 260.) 
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Again, ^06-7-^6 = /y/a. For the product of this quotient 
into the divisor is equal to the dividend, that is, 

\/a X \/t = y/oh. Hence, 
X 285. Quantities under the same radical sign or index 

MAT BE divided LIKE RATIONAL QUANTITIES, THE QUOTIENT 
BEING PLACED UNDER THE COMMON RADICAL SIGN OR INDEX. 

Divide {a^y^) ' by j/^. 

X X 

These reduced to the same index are (ar^*) * and (y*)* : 

X h. X 
And the quotient is {3^) * =x^=^x^. 

Divide V6^ V^A? (a/'+ax)^ (a%)" (aV)* 
By \/Sx A^'dx a* (aa:)* (ay)^ 

Quot. j^%af (fl?+a?)* (ay)^. 



286. A ROOT IS DIVIDED BT ANOTHER ROOT OF THE 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus (^Ji^=z<^^^(?''^z:iC^z:z(^. 

For a*=a*=:a*Xfit X» and this divided by a* is 
a^Xa^ycc^ i i f + 

In the same manner, it may be shown that a^^^^'' = o"* ". 

Divide (Sa)** (oar)* ^ (*+»)* W)' 

a* (ax)* a* (fc+j)" (»^')* 



Quot. (Sa)i o^ W)"' 

Powers and rool5 may be brought promiscuously together, 
and divided according to the same rule. See Alt. 28L 
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Thus a^-i^^^a^-l^a*. For a*Xo*=«*=«"- 

So y"4-y*=jr~". 

287. When radical quantities which are reduced to the 
same index have rational co-efficients, the rationai 

PARTS MAT BE DIVIDED SEPARATELY, AND THEIR QU0TIEN1 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus ac/^bd^i-a^/b^c^d. For this quotient multiplied 
into the divisor is equal to the dividend. 

Divide MxA/ay I8dh\/bx 6y(a»a?')" 16VS2 bA/xy 
By 6 A/a 2h\^x y{axy 8V4 VJ 



' / ' 



4a?Vy b{a^x)* b^x 



Divide a6(a:«6)* by a (ar)* 
These reduced to the same index are ai(a?*i) * and a(a?*) • 

The quotient then is b (6)*= (6* )^. (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be expressed in the form of a fractioiL 

The quotient will then be ?^(^!^. 

a{x)* 

1. Divide 2\/bc by iA/ac. Ans. * V a^c 

2. Divide lOVlOS by &\/A. Ans. 2^27=6. 

5. Divide 10V27 by 2\/i. Ans. 16. 

4. Divide 8V108 by %\/Q. Ans. 12V2. 

6. Divide (a*6»d»)* by d*. Ans. {ab)K 

6. Divide (16a« - 12a*a:)* by 2a. Ans. (4a- 3ar)t . 

INVOLUTION OP RADICAL QUANTITIES. 

288. Radical quantities, like powers, are involved 
bt multipltin6 the index of the root into the index op 
the required power. 



t ' 
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1. The square of a*=a*'^=o* Pora'x« =« • 

2. The cube of a*=a^^*=:a* For a*Xa^Xa*= A 

n 

S* And univerBally, the nth power of a'*=a'*^^ =a"*. 
For the nth power of (f* = a"Xflt*. • . • w times, and the suni 

n 

of the indices will then be «• 

4. The 6th power of or y , is a'y . Or, by reducing the 
roots to a common index, 

(aV)'^*=(aV)* 
6. The cube of a'af, is a'^sT or (a'"af)«»»». 

6. The square of a*a? , is a^x. 

The cube of a" is a^^ z=za^z=a. 

And the nth power of a**, is an=za. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME NAME, 
BT REMOVING THE INDEX OR RADICAL SIGN. 



Thus tne cube of iyb+x^ is fc+o?. 

• JL 

And the nth power of (a - y) *, is (a - y.) 

290. When the radical quantities have rational co-effidentSf 
these must also be involved. 

1. The square of a\/a:, is a^J^x*. 
For aV^xa\/^=^* V^"- 

2. The nth power of a**", is a"" x\ 



S. The square of a^x - y, is a* X (« - y«) 
4. The cube of &a\/yy is 27a'y. 

291. But if the radical quantities are connected with 
others by the signs-f-- c^nd -, they must be involved by a 
multiplication of the several terms, as in Ajt. 21S. 
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Ex. 1. Required the squares of o-f \/y ^^^ <>- W* 

o+vy «-Vy 

oP-f'^^y ^' "" ^*V!y 

«Vy+y -«Vy+y 



a«4.2oVy+y a' - 2aVF+y 

2. Required the cube of a - j\/h. 

3. Required the cube of 2({-|- V^* 



292. It is unnecessary to five a separate rule for the eoo« 
luiion of radical quantities, mat is, for finding the root of a 
quantity which is already a root. The operation is the same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. (Art. 
257.) If there are rational co-efficients, the roots of tliese 
must also be extracted. 

J 4-1-2 -l 
Thus, the square root of a , is a' • =:<r» 

X , ± JL 

The cube root of a{xy) ', is a* (xy) •. 

The nth root of aiyby^ is \/ aHyby. 

293. It may be proper to observe, that dividing the frttth 
tional index of a root is the same in efiect, as mulHplying the 
number which is placed over the radical sign. For this 
number corresponds with the den(yminatar of the fractional 
index ; and a fraction is divided, by mvUiplyn^ its denomi- 
nator 

ThusV«=«** * \/a=s:€^. 

On the other hand, miib^Mng the fractional index is 
equivalent to dmding the number which is placed over the 
radical sign. 

Thus the square of \/a or a*, is X/a or or =a». 
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293. b. In algebraic calculations^ we have Bdmetimes 
occasion to seek for a factor, which multiplied into a given 
radical quantity, will render the product ratwndl. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be multiplied by the same 
root raised to a power whose index is n- 1, the product will 
be the given quantity. 

ThuB ^/xx^if^ or X x«" =«"=«. 

And (x+y) X(«+y) " =«+». 

So VaxV^=^ ^d 5v/axV^=V^=^* 

And yax W=a, &c. And (0+^)* X (a+6)*=a+6. 

And (a?+y)*x(H-y)*=«+y- 

293. c. A factor which will produce a rational product, 
when multiplied into a binomud swrd confining only the 
square rooty may be found by applying the principle, that 
the product of the sum and difference of two quantities, is 
equal to the difference of their squares. (Art. 235.) The 
binomial itself, after the sign which connects the terms is 
changed from + to-, or from- to +> will be the factor 
required. 

Thus (yo+yi) X (V« " V^) = V<»' - A/y =a - 6, which 
is free from radicals. 

So(l+V2)x(l-V2)=l-2=-l. 
And (3-2V2)x(3+2V2)=l. 

When the compound surd consists of more than two terms^ 
It may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

Thus (ylO - V2 - V3) X (V10+V24-V3) =5 - 2ve, 
a binomial surd. 

And (6-2V6)X(5+2V6) = l. 
Therefore (V10-V2-VS) multiplied into (yl04-V24- 
V3)X(5+2V6) = 1. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be * 
effected, without altering the value of the fraction, if the 
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numerator and denominator be both multiplied by a factor 
which will render either of them rational, as the case may 
require. 

1. If both parts of the fraction ^^be multiplied by \/^ 

it will become V^Xyfl ^^g^^ ^ which the numerator is a 

rational quantity. 

Or if both partsof the given fraction be multipUed by \/*, 

it will become ^^L-f?, in which the denominator is rational. 
«, The ^tion J^=i<(2±±'=*l><i±H0.' 

3. The fraction ^^=^H:f)!±!==_!!±f_. 

* a{y+x)^ a(y+x)* 



n- 1 



fi— 1 



4. The fraction 4 = -?lJL =?5^ 

6. The fraction ? 3(V5+V2) _ .^ 

V5 - V2 ( V5 - V^) ( V5+ V^) 

6_ 6x5^ _6, _ 

7. The fraction Ti^TI+f "'T'^**^ 

8. The fraction 

8 8x(V3-V2-l)(-V2) 4 ^ 

y3+V^+l (V3+V2+1)(V3-V2-1)(-V2) 
2V6+2V2. 

A 

9. Reduce — . to a fraction having a rational denominator. 

V3 

10. Reduce ^"V^ to a fraction having a rational denom- 

inator. 

293. e. The arithmetical operation of finding the proximate 
value of a fractional surd, may be shortened, by rendering 



^ 






% 
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dther the numerator or the denominator rationaL The root 
Qf a fraction is equal to the root of the numerator divided by 
(he root of the denominator. (Art. 260.) 

Thus " /?= ^. But this may be reduced to — ; f 

6 

The square root off! is ^ or JL, or ^^. 

6 ^h V^ 6 

When the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confinea either to 
the numerator, or to the denominator. 

Thus the square root of 3 Ag^VSxyT^^^ 

Examples for practice. 

1. Find the 4th root of 81a*./ 3 jl ^ 
«. Find the 6th root of (a+b) ""•. 

S* Find the nth root of (« -y) . 

4. Find the cube root of - 125a J^J 

6. Find the square root of -^jrv 

6. Find the 6th root of ??f^. 

7. Find the square root of «*-66«4-^i? -- / "' 

8. Find the square root of o^-f-ii^-l-^'" 

9. Reduce aa? to the form of the 6th root. / -^ ' 

10. Reduce -3y to the form of the cube root. 

1 1 . Reduce a^ and a' to a common index. ^ <-• 

12. Reduce 4^ and 5^ to a common index. . / •^ 

13. Reduce a^ and 6^ to the common index . 

14. Red ice 2' and 4^ to the common index • 



^ i. 



a.-i 



'' c 
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15. Remove a factor from \^294t 

16. Remove a factor from j^x^-^.aV. " ^ 

17. Find the sum and difference of j^l6a^x and ^iPi* 

18. Find the sum and difference of \/l§2 and \/SA. r 

19. Multiply 7V18 into 6^4. 
80. Multiply 4+2V2 into 2 -V^. 

21. Multiply a{a+A/c)^ into 6(a-. VO* 

22. Multiply 2(a+6)- into 3(a+6)-. . 

23. Divide 6a/S4 by Sy^. ^ ^t/^ 
^24. Divide 4\/n by 2^18. c- Ij^f^ 

26. Divide ^7 by \/7. \^ J-h 

26. Divide8V612by4V2. X/^Xi^A 
> 27. Find the c^be of 17V2i. J/ f j^ 4^2 ^ / 

28. Find the square of 6+ V*. % ( ">^?j^i2' , 
-^ 29. Find the 4th power of iv^B. -^ 

SO. Find the cube of V*- V6. ^ //f^ ^ Ir^Y^ 
^81. Find a factor which will make \/y rational 

82. Find a factor which will make y/S^j^x raUonaL "XsST-./^ 

88 Reduce^i-^ to a fraction having a rational numerator. ^iSb-. ... 

84. Reduce — y ^ to a fraction havine a rational de» 
nominator. . ^ I 
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SECTION X. 



REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. 

Art. 294. IN an equation, the letter which expresses the 
unknown quantity is sometimes found under a radical sign. 
We may have ^x=za. 

To clear this of the radical si^, let each member of the 
equq^on be squared, that is, multiplied into itself. We shall 
then have 

^xXV^=aa. Or, (Art. 289,) x=z(f. 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicable to any root whatever. — 
If i^x=a ; then x=a\ For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknown quantity is under a radical 
sign, the equation is reduced bt involving both sides, 
to a power of the same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one side 
of the equation. ^ 

Ex. 1. Reduce the equation \/^+^=^ 

Transposing -|-4 V^=^"'4=^* 

Involving both sides « = 6*= 26. 

• Reduce the equation a+y/x-b^szd 

By transposition, \/x= d-\-b - a 

By involution, «= {d+b - a)* 



\ 



JfiftUATIONS. 



1S9 



8. Reduce the equation 
Involving both sides. 
And , 

4. Reduce the equation' 

Cleanng of fractions. 

And 

Involving both sides. 

And 



ic+l=:4»=e4 

g=:63. 

4+SV^^=6+4 



5. Reduce the equation 






Multiplying by V^'+ V*» 
And 
Involving both sides, 

In the first step in this example, multiplying the first mem- 
ber into ^o'-f'V^' ^^^^ ^9 ^^^ itself, is the same as squar- 
ing it, which is done % taking a\iCay its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art. 159.) There remains a radical sign over Xy which 
must be removed by involving both sides of the equation. 



6. Reduce 3+2V« - i= 6. 

7. Reduce 4^f =8. 

8. Reduce (2a;+3)*+4=7. 

9. Reduce ^12+a?==2+Var. ^ 

10. Reduce \/a:~a=V»-iV^* " ^°^' *= 



11. Reduce V5xV^+2=24-\/*^' Ans. a?= 



12. Reduce 



a:-oa?_V^ 



Ans. x=^^. 
Ans. x=z20. 

Ans. x=l2. 

Ans. xz=z4. 

25a 

l6* 

9^ 

20* 

1 



Ans. x=: 



\/X X' 

IS. Reduce V^+gS ^V^+f. 
V*+4 ^/x-{'6 

1^ 



1-0 

Ans. x=4. 



» ^_ 
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2a 



14, Reduce Va?+VH"^= ^ — * ^^- *=♦<»• 

2a* 

16. Reduce g+V^*4"^= / -* ^^^' x=a^i. 



16. Reduce a?+a=\/^+^\/6*+:^* Ans.a?=— 7- 



!?• Reduce V2+a?4-V^= -■ Ans. «=-• 

\/2+i S 



18. Reduce \/^ - 32= 16 - V^- «^^<3- x^81. 

19. Reduce y4a:+17=:2Va?4-l- Ans. a?=16. 

20. Reduce ^^-^ 1 a = ^ /tt- 1 g * Ans. a:=6. 

REDUCTION OF EQUATIONS BY EVOLUTION. 

296. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus in the 
equation 

a:»=16 

we have the value of the square of x, but not of x itself. If 
the square root of both sides be extracted, we shall have 

a?=4. 

The equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equals 
their roots are also equal. p 

If (ar4-a)"=6-f-A, then«4-a=iy/6+A. Hence, 

297. When the expression containing the unknown 
quantity is a power, the equation is reduced bt ex- 
TRACTING THE ROOT OF BOTH SIDES, sC root of the Same name 
na the power. 

Ex. 1. Reduce the equation 6-{-a:'-8~7 

By transposition a?=7+8 - 6=9 

By evolution x=:t\^:=^tS. 

The signs 4- and -are both placed before \/9,' because 
an even root of an affirmative quantity is ambiguoMt^ (Art 
861.) I 
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i. Reduce the equation 5js'-S0=:a^-{-S4 

Transposing, &c. a?=zl6 

By evolution, a?=14, 

8. Reduce the equation, a-{--.=A*-. 

6 d 

Clearing of fractions, &c. a»=^^^Z^ 
® b+d 

By evolution, ^=+(^*^Zf*l)* 

4. Reduce the equation, a^dixf*=z 10 - ^ 

Transposing, &c. «" = 

By evolution, x=: [ ) " 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical ^ign ; that is, when it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation i^a^=4. 

By involution a^=4*=64 

By evolution a?=±\/6'*==i8. 

2. Reduce the equation y/af - a= A - d 

By involution txT-^a^h^- 2W4-cP 

And a;«=A«-2Ad+(P+a 

By evolution a?=5^A'-2Ad4.rf'+tt. 

8. Reduce the equation {x-^-aYzi^—L — 

Multiplying by (a? -a)* (Art. 279.) (a?-a«)i=a+6 
By involution a? - a«=r a»+2a64-i' 

Trans, and uniting terms 0^=20^4-^^^+^* 

By evolution «= r2a»4-2ai+6«)*. 
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Probleni8» 

Prob. 1. A gentleman being asked his age, replied, ** If 
you add to it ten years, and extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6." 
What was his age 1 

By the conditions of the problem ^/ap+lO - 2=6 

By transposition, V^+10=64-2=8 

By involution, s4-10=8'=64. 

And ar=64- 10=54. 



Proof (Art. 194.) ^54+10- 2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extr&cted^ and from this 163 be 
subtracted, the remainder will be 237. What is the num- 
ber 1 

Let x=: the number sought. 6=163 

a= 22577 c=237. 

By the conditions proposed V^+^ - fr=c 

By transposition, >\/a;-|-a=c-{-6 

By involution, a:+a= (c+hy 

And xz=:(c+by'-'a 

Restoring the numbers, (Art 62.) a?= (237+163)* - 22577 
That is x= 1 60000 - 22577= 137423. 



Proof V137423+22577 - 163=237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution does not determine whether 
the answer is positive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the stateoient of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
doUars bears the same proportion as five times this sum does 
to 2500. What is the amount gained 1 

Let «=the sum required. 
a=820. 
6=2500. 



£4UATI0NS. 133 

By the supposition a:x::Bx:b 

Multiplying the extremes and means 5x^=ab 

And .= (^)i 

Restoring the numbers, x== /S20x2500\ ^ ^ ^^ 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gamy and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of a?' is ambiguous, it is because we are 
i^orant whether the power has been produced by the mul- 
tiplication of -f X, or of -a;, into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two fii^t steps of the equation, we find 
that 5x^ was produced by multiplying Sx into x^ that is -f-^^ 
into 4-^* 

Prob. 4. The distance to a certain place is such, that if 
9^ be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance 1 

Let x=: the distance required. 
By the supposition a?' - 96 = 48 

Therefore a;=Vl44=12. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number 1 

By the supposition ?f - 12 = 180. 



Therefore «=V256=16. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted firom 8, leaves a remamder equal to 
four 1 Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum miiltiphed into the le89 
produces 270 1 

Let 10x=their sum. 

Then 7a?=the greater, and Sx=the less. 

Therefore a;=3, and the numbers required are 21 and 9 



\ 
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' Prob, 8. What two numbers are those, whose difference is 
to the greater as 2 : 9, and the difference of whose squares 
is 1281 1 Ans. 18andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
o(^r as 25 to 16. 

Let x= the greater part Then 18 - a?=the less. 

By the condition proposed a?* : (18 - a?)* : : 26 : 16. 

Therefore 16a;»=26x(18-a?)«. 

By evolution 4a?=s6x (18 - x.) 

And ar=10. 

Prob. 10. It is required to divide the number 14 into two 
such parts, that t)ie quotient of the greater divided by the 
less, may be to the quotient of the less divided by the greater, 
as J6 : 9. Ans. The parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 ? 

Let Sx and 4a;=the two numbers. 

Then a;==3, and the numbers are 15 and 12. 

Prob. 12. Two travellers ^ and B set out to meet each 
other, A leaving the town C, at the same time that B left D. 
They travelled the direct road between C and D; and on 
meeting, it appeared that A had travelled 18 miles more 
than JB, and that A could have gone ^s distance in 15f days, 
but B would have been 28 days in going wS's distance. Re- 
quired the distance between C and JD. 

Let x=zih.G number of miles A travelled. 
Then a?- 18= the number B travelled. 

., izi^^^g daily progress. 

15f' 

iL rsB's daily progress. 
So 

Therefore a: : « - 1 8 : : inl® : —. 

15} 28 

This reduced gives a:=:72, jSPs distance. 

The whole (JUstance, therefore, from C to J7=126 miles. 
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Prob. 13. Find two numbers which are to each other as 8 
to 5, and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
sb^ngs by the yard, as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the leng^ 
of the pieces? /. J * Ans. 24 and 12 yardsT^ 

Prob. 15. Find two numbers which are to each other as 
3 to 2 ; and the diiSerence of whose fourth powers is to the 
dum of their cubes, as 26 to 7. 

Ans. Th^ numbers are 6 and 4 ^ 

Prob. 16. Several gentlemen made an excursion, each^-' 
takinff the same sum of money. Each had as many servants 
attending him as ther» were gentlemen ; the number of doU 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken «ut was 3456 dol- 
lars. How many gentlemen were there 1 Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment bein? 
ordered to march on a particular service, each company fui? 
nished four times as xxxBXxf men as there were companies in 
the whole regiment ; but these being found insufiicient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment % t Ans. 12. 

AFFECTED QUADRATIC EQUATIONS. ' ' 

300. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
ihQ first power of the unknown quantity are called equations 
of (mt dimenmny or equations of the first degree. Those in 
which the highest power of the unknown quantity is a square^ 
are called quadraUcy or equations of the second degree; 
those in which the highest power is a cube^ eauations of the 
third degree^ &c. 

Thus x=:a^by is an equation of the first degree. 

a?==iCy and a^'\-ax=:df are quadraiic equations^ or 
equations of the second degree. 

a^=ihy and sf+aa^+bx^dy are cubic equations, or 
nations of the third degree. 
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SOI, Equatioas axe also divided into pure and affected 
equations. A pure equation contains only one power of the 
unknown quantity^ This may be the first, second, third, or 
any other power. An affected equation contains different 
poioers of the unknown quantity. Thus, 



( ai^=d - b, is a pure quadratic equation. 
( t^-^-bx =zdf an affected quadratic equation. 

x^=b - c, a pure cubic equation. 

x^'\'as?'{'bx=hf an affected cubic equation. 



{ 



A pure equation is also called a simple equation. But this 
term has been appUed in too vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un- 
known quantity may be rniited in one, (Art 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an affected equation, as the unknown quantity is raised to dtf- 
ferent powers^ the terms containing these powers cannot oe 
united. (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present. 

302. An affected quadratic equation is one which 

CONTAINS the UNKNOWN QUANTITY IN ONE TERM, AND THE 

SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

• 

The unknown quantity may be originally in several terms 
of the equation. But all these may be reduced to two, one 
containing the unknown quantity, and the other its square. 

303. It has already been shown that a mare quadratic ia 
solved by extracting the root of both sides of the eqwUion, An 
affected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an exact 
square. Thus the equation 

a;9_|-2aa?+a«=6+A. 

may be reduced by evolution. For the first member is the 
square of a binontwd quantity. (Art. 264.) And its root is 
»-j-a. Therefore, 

ar4-a=:\/^+^ ^^^ ^7 transpoang a. 
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304. But it is not often the case, that a member of an af- 
fected quadratic equation is an exact square, till an addi- 
tional term is applied, for the purpose of making the required 
reduction. In the equation 

the side containing the unknown quantity is not a complete 
square. The two terms of which it is composed are indeed 
such as might belong to the squ^e of a binomial quantity. 
(Art 214.) But one term is wanmg. We have then to in- 
quire, in what way this may be supplied. From having two 
terms of the square of a binomial given, how shall we find 
the third ? 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; (Art. 
214,) or which is the same thing, the product of one of the 
roots into twice the other. In the expression 

aj»+2aar, 

the term 2ax consists of the factors 2a and x. The latter is 
the unknown quantity. The other factor 2a may be consid- 
ered the co-efficieni of the unknown quantity ; a co-efficient 
being another name for a factor. (Art. 41.) As a: is the 
root of the first term ar* ; the other factor 2a is twice the root 
of the third term, which is wanted to complete the square. 
Therefore half 2a is the root of the deficient term, and a' is 
the term itself. The square completed is 

si»^2ax+a% 

where it will be seen that the last term (f is the square of 
half 2a, and 2a is the co-efficient of or, the root of the first 
term. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the sqiiare 
of half the co-efficient of the root of the first term. From 
..s. this principle is derived the following rule : 

305. To COMPLETE THE SQUARE in an affected quadratic 
equation : take the square of half the co-efficient of 

THE FIRST POWER OF THE UNKNOWN QUANTITY, AND ADD IT 
TO BOTH SIDES OF THE EQUATION. . . 

Before completing the square, the known and unknown 
quantities must be brought on opposite sides of the equation 

13 
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by transposition ; and the highest power of the unknown 
quantity must have the affirmative sign, and be cleared of 
factions, co-efficients, &c. See Arts. §08, 9, 10, 11. 

Afiw the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equation, 
to complete the square, must be added to the other side also, 
to preserve the equality o( the two members. (Ax. 1.) 

306. It will be important for the learner to distinguish be- 
tween what is 'ftcmoBt in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered The peculiar part, in the 
resolution of affected quadratics, is the completing of the 
square. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ples in which the equation is already prepared for this step. 

Ex. 1. Reduce the equation af-|-6ad?=6 

Completing the square, sf'{'6aX'{'9if=z9(f^b 



Extracting both sides (Art. 303.) x^Sa=:±j\^^+b 

And a:= - SatA/9(f+b. 

Here the co-efficient of Xy in the first step, is 6a ; 

The square of half this is 9aP, which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Axt. 297, excepting that the square here being that of 
a bmomialf its root is found by the rule in Art. 265. 

2. Reduce the equation a? --Sbx^zh 

Completing the square, «• - 86a?+ 1 66*= 1 Sh^-^-k 

Extracting both sides x-^ib =z±\/l6b^+h 

And a?=46±Vl66*+A. 

In this example, half the co-efficient of a; is 46, the square 
of which 166' is to be added to both sides of the equation. 
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8. Reduce the equation a^-^ax^b^h 

Completing the square, a?-f aa?+--=— +6+A 

4 4 

By evolution «+f =±/-+6+AJi 

4. Reduce the equation of.^xz^h-^d 
Completing the square, o? --xJ^^zr^^h^d 

And a:=i±(i+A-rf)*. 

Here the co-efl5cient of a? is 1, the square of half which is J, 

5. Reduce the equation fl:'4-3^=^+® 
Completing the square, ai*+3a:+l=i-|-(l+6 
And «=-f±(*+cH-6)i 

6. Reduce the equation x*-afra;=ab-e(i 

Completing the square, :? - afra?-f — .=:^£^-a& - cd 

4 4 

And x=^(f^+a6-cd)i 

7. Reduce the equation 3^-\-—=h 

b 

Completing the squate, a?-(-flf-|-J5L z=— \.h 

And x=-SL+(^h\K 

By Art. 168, ^=^x«. The coefficient of z, therefore, 
IS * Half of this is " (Art. 1G3.) the square of which is 
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8. Reduce the equation s^^^zs7h. 

b 

Completing the square, x* - + =^^-}-Y&. 

46* 4o 

And «=J+f_j5-+7A^*- 

Here the fraction i=-X«- (Art. 168.) Therefore the 

b b 

co-efficient of x is -• 

307. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. 304.) Thus in the last example, 

half the co-efficient of jt is — , and this is the root of the 

26 

third term — ^ 
46» 

308. When the first power of the unknown quantity is in 
several termsj these should be united in one, if they can be 
by the rules for reduction in addition. But if there are lite- 
ral co-efficients, these may be considered as constituting, to- 
gether, a compound co-efficient or factor, into which the un- 
known quantity is multiplied. 

Thus ax+bx+dx=:{a+b+d)xx'^ (Art. 120.) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1. Reduce the equation x* ~\SX'\-2x^x=d 
Uniting terms x^-\'6x=:d 
Completing the square a:* +^^+9=^+^ 
And ar= - 3±V9+5. 

2. Reduce the equation a:^-|-aa;+fca?=A 
By Art. 120. x^^+i^^+b) Xx=h 

Therefore x*+{a+b) xx+ (^) ' = (±t*) +* 
Byevolution «-f±f:*=± /(2±^]%A 



^ '=-T^^m+^ 
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S. Reduce the equation sf-^az - x=fr 
By Art. 120 a^+{a-l)X^=^b 

Therefore «»+(a- 1) xx+f—Y^^ (ftzlY+b 

309. After becoming familiar with the method of complet- 
ing the square, in affected quadratic equations, it will be 
f roper to attend to the steps which are preparcaory to this, 
lere, however, little more is necessary, than an ai^lication 
of rules already given. The known and unknown quanti*^ 
ties must be brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. This indeed is not es$ential. 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1 . Reduce the equation a^5x - 36 = So; - a:* 
Transp. and uniting terras a;*+2ar=:36 - a 
Completing the square a*+2a:-|-l = 1+36-- a 
And a?=r - l±y^l -j-SJ - a. 

2. Reduce the equation - = 4 

^ 2 a?+2 

Clearing of fractions, &c. x*-fl0a:=56 

Completmg the square a;*-!- 10ar-{-25=254-56=81 

And ar=-5±v81=-6±9. 

310. If the highest power of the unknown quantity has 
any co-^ffiderUy or dimsoTy it must, before the square is com- 
pleted, by the rule in Art. .305, be freed from these, by multi- 
plication or division, as in Arts. 180 and 184. 

1 . Reduce the equation a;*-|-24a - 6A= 1 2a? - 6«* 
Transp. and uniting terms, 6x - 12a:=6&- 24a 
Dividing by 6, a^ - 2af = A- 4a 

Completing the square, a? - 2x-{- 1 = 1 -^h -* 4a 

Extracting and transp. ^^.= 1^^+^^ 
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2. Reduce the equation &4-2x=:c{- ~ 

Clearing of fractions 6a^4~2axr=ck{ - ah 

Dividing by 6, a^+!f?=?^Zf* 

6 6 

Therefore a»4i2*f^=^+filf* 

Sll. If the square of the unknown quantity is in several 
termii the equation must be divided by aU the co-efficients 
of tbis square, as in Art. 185. 

1 . Reduce the equation ba^-{'d^ - 4«= 6 - & 

Dividing by b+d, (Art. 121.) a^ - ^=\zIL 

o-f-a o^a 



Therefore *=t-^.'*'. /iJ^Y+^'l 

t. Reduce the equation <uf-\-x=h^3x-^ 

Transp. and uniting tenns <u^-|-2* - ix=h 

Dividing by o+l, a»-^=A.^ 

Co«p. the square ^-^+(^) =(^) +^ 

Extracting and transp. a:= — tZ\/[ — y) 4 



o+l-X^ \a+U • 0+1 

There is another method of completing the square, which, 
m many cases, particularly those in which the highest power 
of the unknown quantity has a co-efficient, is more simple 
in its application, than that given in Art. S05. 

Let <u^^bx=zd. 
If the equation be multiplied by 4a, and if i' be added to 
both sides, it will become 

Msf+4abx+V=ziad+V^ ; 
the first member of which is a complete power of 2ax-|-6. 
Hence, 

Sll. 6. In a quadratic equation, the square may be com* 
pleted, by multiplying the equation into 4 times the co-effi* 
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cient of the biffhest power of the unknown quantity and ad- 
ding to both sides, the square of the co^sfficient of the lowest 
power. 

The advantage of this method is, that it avoids the intro* 
duction of fractions^ in completing the square. 

This will be seen, by solving an equation by both methods. 

Let <uf'\'dx:=zh. 

Completing the square by the rule just given ; 

4(i*a?+4adar+(P= 4afc+d» 
Extractmg the root 2a«+d=±V4aA+rf' 

And ^= "^^^M^ , 

Completing the square of the given equation by Arts. 305 
and 810; «»+^+^=*+* 

Extracting the root *+:^=±^ /^+— • 

2a V a 4(1? 

2a V a 4a« 

If a=l, the rule will be reduced to this : ^^ Multiply the 
ecmation by 4, and add to both sides the square of the co- 
efficient of a;." 

Let:E^-}-cia;=:& 
Completing the square 4dr'-)-4ib-f^=^M'^ 

Extracting the root 2ar+(i=:i\/4S+7 

And x=Z^VS?. 

2 

1. Reduce the equation 3a:'-f5a?=:42 

Completmg the square S6a;'+60a:+26=629 
Therefore a?=:S, 

S. Reduce the equation a^- 15a;=: -54 

Completing the square As? - 60d;-f 225= 9 
Therefore 2ar= 16+3=18 or 12. 

31 2i In the square of a binomial, the first and last terms 
aie alwayB poriHiot. For each is the square of one of the 
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terms of the root (Art. 214.) But every square is poeitive. 
f Art £18.) If then - ^ occurs in an equation, it cannot, with 
tnis sign, form a part of the square of a binomial. But if 
aU the signs in the equation be changed, the equality of the 
sides will be preserved, (Art. 177,) the term - rr will become 
positive, and the square may be completed. 

I. Reduce the equation -a?+2a:=d-A 

Changing all the signs a?-2a:=A-d 



Therefore a?=:l±Vl+A-<i 

2. Reduce the equation Ax - 3?:=z - 1 2 

Ans. ir=2±\/16. 

SIS. In a quadratic equation, the first term :? is Ihe square 
of a single letter. But a binomial quantity may consist of 
terms, one or both of which are already powers. 

Thus jcs-l^a is a binomial, and its square is 

where the index of x in the first term is twice as great as m 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

50 the square of ai^+o, is a;*'+2aaf*+(;^. 

JL A J. 

And the square of a?"-}*^' ^^ d;"-4-2aar-f-<'''- 
Therefore, 

51 4. Ant equation which contains only two dif- 
ferent POWERS OR ROOTS OF THE UNKNOWN QUANTITY, 

THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAT BE RESOLVED IN THE SAME MANNER AS A QUA- 
DRATIC EQUATION, BT COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity may still have a 
firactional or integral index, so that a farther extraction, ac- 
cording to Art* 297, may be necessary. 

1 . Reduce the equation ** - a^= 6 - a 

Completing the square x^ - a?+ J=s|+6 - a 

Extracting and transposing d^=| Jb V|+^ - ^ 

Extracting again^ (Art 297,) ar=±V||tlV(i+fc - «) 
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t. Reduce the equation s'*-4&af=:a 

Answer x=±;^2bt/\/{W+ a.) 

S. Reduce the equation X'\'4^x:=h^n 

Completing the square x^4^x-{-' 4=h *• fi- 4-4 

Extracting and transp. ^/x= - 2t\/h - n-f4 

Involving a:= ( - 2t\^h - n+4)*. 

4. Reduce the eqtiation :("-|~^^''=M"^ 

Completing the square a?» +8a?" +16= «4"i+ 1 6 

Extracting and transp. a; ** = - 4J>\/a-|-6-4- 1 6 

« Involving a?= ( - 4t/\/a+b^p\6)\ 

SI 5. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re- 
duced, it contains an ambiguous root. In a pure quadratic, 
this root is the whole value of the unknown quantity. (Art. 
297.) 

Thus the equation ar'=64 

Becomes, when reduced x=:±\^64. 

That is, the value of x is either +8 or - 8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member ia under the radical sign. The two 
values of the unknown quantity will be alike, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will differ in quantity, and 
wiQ have their signs in some cases alike, and in others un- 
like. 

1. The equation f ' a!*+8a:=20 

Becomes when reduced, x= - 4±\/16-|-20. 

That is «= - 4+6. 

Here the first value of s is, - 4+6=+2 ) one positive, and 
And the second is -4-6=-10j theother negative. 
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2. The equation of - 8g = - 15 

Becomes when reduced, x=i4t^l6^iS 
That is a?=4J:l 

Here the first value of a? is 4+1 =+5 > • .i ^jogj+jy^ 
And the second is^ 4-1 =+S J ^^ 

That these two values of x are correctly found, may be 
proved, by substituting first one and then the other, for x iu 
BtUf in the original equation. (Art. 194.) 

Thus6«-8x5=25-40=-16 

And3''-8x3=9-24=-15. 

317. In the reduction of an affected quadratic equatiin, 
the value of the unknown quantity is frequently found to be 
imaginary. 

Thus the equation tt^ - 8a?= - 20 

Becomes, when reduced, a:=4i\/16 - 20 

That is, x:=4±aJ^. 

Here the root of the negative quantity - 4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of tne quantities under the 
radical sign is greater than the positive part.* 

318. Whenever one of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is so 
also. Fot both are equally affected by the imaginary root. 

Thus in the example above 

The first value of a; is 4+^ - 4, 

And the second is 4 - \^ - 4 ; each of which 
contains the imaginary quantity ^ - 4. 

3t9. An equation which when reduced contains an ima- 
ginary root, is often of use, to enable us to determine whether 
a proposed question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



* See Note G. 
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If « is one of the parts, the other will be 8 -:r. (Art. 195.) 
By the conditions proposed (8 -~ x) X^= SO 

This becomes, when reduced, a:=:4i\/- 4. , 

Here the imaginary expression ^-4 shows that an an- 
swer is impossible ; and that there is an absurdity in suppo- 
sing that 8 may be divided into two such parts, that their 
product shall be 20. 

320. Although a quadratic equation has two solutions, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 299. 

Divide the number SO into two suoh parts, that their pro- 
duct may be equal to 8 times their difference. 

If x=2 the lesser part, then 30-a;= the greater. 

By the supposition, a?x (30 - ar) =:8x (30- 2«) 

This reduced, gives x;= 23117= 40 or 6= the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

Examples of Quadratic EquoHons. 
* 
V y I. Reduce So:^ - 9a? -4=80. Ans. a?=:7, or - 4. 

. 2. Reduce 4« - ?izf =46. Ans. a?=12, or- 1. 

X 

,3. Reduce 4a:- "^^=14. Ans. ap=4, or --f. 

a:+l 

4. Reduce &x - ?^=2a;+®fZJ?. Ans. a?=4, or - 1. 

x-i 2 

- ^ J 16 100- 9a? o A»c «. .1 ^* 1 

6. Reduce — - — —.. — =3. Ans.a?=4, or 2^. 

X 4ar 

6. Reduce ^^""^+1 = 10- — . Ana «=12,or6. 

a:-4 2 

7. Reduce ?+l-?Jl£=lf+Z-l. Ans.«=21,or& 

3 a?-3 9 
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^8. Reduce J^liJ^^^t^S. Ans. »=,!, or -«8. 

9. Reduce -4t4.?=S. Ans. «=2. 

a?+l a: 

X 10. Reduce Jl.-£zl=ar-.9. Ans. a:=10. 

a?+2 6 

11. Reduce if 2:;=?. Ans. «= l+Vl"^ 

a a; a 



> 12. Reduce «*+aa!^=&. Ans. «=/-f+^fc4.??\i 

• 18. Reduce f.- 5- r= - -L Ans. «=il/i. 

2 4 32 ^* 

14. Reduce 2af*+3a?"'= 2. Ans. «=!. 

15. Reduce Ja:-iV*=22i. Ans. a;=49. 

1 6. Reduce 2a:^ - 0:^+96 r= 99. Ans. %^\ V6. 

17. Reduce (10+ar)i-(104.ar)i=2. Ans. ar=6, 

18. Reduce 3a:*'-2a;»=8. Ans. a:=:^2. 

19. Reduce 2(l+a?-ai*) - VH-«^= -i- 

Ans. x-=.\J^\\/^\. 

20. Reduce ^«»-a'=«-fc. Ans. gs^jh >^ ^ "" , 
, 21. Raduce V^^+^=lzVl . Ans. ^=4. 

- 22. Reduce ar*+a;*=766. Ans. a;=24S. 
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23. Reduce A/2a?+l+2A/3?= - J— « Ans. a?=4. 

84. Reduce 2V^^^^3V2ar=Z^^. Ans. ar=9a. 

26. Reduce a?+16-7Va?+16=10-4Va?4-16. Ans.ar=9 
26. Reduce V^rfV^=^6V*- 

Kviding by \fx^ a;*+af=6. Ans. «=2. 



QUADRATIC EQUATIONS. 149 

27. Reduce 4^,3££y^9a?+83 ^^^ ^^^ 

X Sa:+7 13a? 

28. Reduce — ? h— ^ =— • Ans. af=8. 

6a: -ai* a:^+2a? 6x 

*29. Reduce (aj-6) -3(a?-6)*=40. Ans. «=9. 
30. Reduce ar+ya? -|-6= 2+3 Va?+6. Ans. ar=10. 

PROBLEMS PRODUCING aUADRATIC EaUATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 80 
times the number of yards of cotton, the difference will be 
400. How many yardb are there in each piece ] 

Let x=z the yai'ds of silk. 

Then 110- «= the yards of cotton. 

By supposition 400=80 x (1 10 - ar) - a;* 
Therefore a:= - 4O±>0oooo= - 40+100. 

The first value of «, is - 40+100=60, the yards of silk; 

And 110 -ar=110- 60=60, the yards of cotton. 

Thesecond valueof OP, is-40-100=-140; but as this 
is a negative quantity, it is not appUcable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 46 years, and their product 600. What is the age of each 1 

Ans. 26 and 20 years. 

Prob. S. To find two numbers such, that their difference 
wham be 4, and their product 117. 

Let x^ one number, and x+4^ the other. 

By the conditions (^+^) X^"- 117. 

This reduced, gives a; » - 2±\/l2i ■■ - S+l 1 . 

One of the numbers therefore is 9, and the other IS. 

Prob. 4. A merchant having sold a piece of cloth which 
cost him 30 dollars, found that if the price for which lie sold 
k were multiplied by his gam, the proauct would be equal to 
the cube ci his gain. Wbai was his gaini 
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Let «B the gain. 

Then S04-«= the price for which the cloth was sold 

By the statement 'x'si (SO+jt) x« 

Therefore «=ilVi+SO-ii-V- 

The first value of a: is 1+^ -+6. > 
The second value is J--V* = -'5«) 

As the last answer is ntgaXvot^ it is to be rejected as incon« 
sifltent with the nature of the problem, (Art. 380,) fcMr fgm 
must be considered f09^\»t^ 

Prob. 5. To find two numbers whose difference shalllw S, 
md the difference of their cubes 117. 

Let «» the less number. 
Then «-|>S zm the greater. 

By supposition (^+^)* "* ^"" ^ ^^ 

Expanding (x+S)» (Art, 217.) 9«»4.27«^n7- 27-90 

And a:^-*±VV--l±|. 

The two numbers, therefore, are 2 and 6. 

Prob. 6. To find two numbers whose difference shall be 
12, and the sum of their squares 1424. 

Ans. The nimibers are 20 and S2. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6,aiid 
the sum of their cubes 72 1 Ans. 2 and 4. 

Prob. 9. Divide the number 66 into two such pails^ that 
their product shall be 640. 

Putting X for one of the parts, we have, a;«28J:12flai40 or 
J6. 

In this case, the two values of the unknown quantity are 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of doth 
for 675 dollars, wliich he sold again at 48 dollars by the pieoe> 
and gained by the bargain as much as one piece cost him* 
What was the nuifiber of pieces % Auff* 1& 



OdADRATIO EQUATIONS. Iftl 

^ Prob. 1\. A and B started together, for a place 150 miles 
distant. jPs hourly progress was S miles more than ^s, and 
he arrived at his journey's end 8 hours and ^0 minutes before 
B. What was the hourly progress of each 1 

Ans. 9 and 6 miles. ^ 

Prob. 12. The difference of two numbers is 6 ; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. What are the numbers t 

Ans. 17 and 11. 

Prob. IS. Jl and B distributed 1200 dollars each, among 
a certain number of persons. Ji relieved 40 persons more 
than Bf and B gave to each individual 5 dollars more thim 
A How many were relieved by A and B ? 

Ans. 120 by j9, and 80 by B. 

Prob. 14. Find two numbers whose sum is 10, and the sum 
of their squares 58. Ans. 7 and S. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
at first 1 Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price 1 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. j3 and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
dfl went 9 miles a day ; and the number of days which they 
t^velled before meeting, was greater by S, than the number 
of miles which B went in a day. How many miles did each 
travel ? Ans. A went 1 17, and B 130 miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost jSl8 ; but the coarser one, which was 2 
yards longer than the finer, cost only £16. How many 
yards were there in each piece, and what was the price of a 
yard of each 1 

Ans. There were 18 yards of the finer piece, and 20 of the 
coarser ; and the prices were 20 and 16 snillings. 
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Prob. 19. A merchant bought 54 gallons of Madeira wine, 
and a certain quantity of Teneriffe. For the former^ he gave 
half as many shillings by the gallon, as there were gallons 
of Teneriffe, and for the latter, 4 shillings less by the gallon. 
He sold the mixture at 10 shillings by the gallon, and lost 
iS28 16s. by his bargain. Required the price of the Madeira^ 
and the number of gallons of Teneriffe. 

Ans. The Madeira cost 18 shillings a gallon, a^d there 
were 3^ gallons of Teneriffe. 

Prob. 20. If the square of a certain number be taken from 
40, and the square root of this difference be increased by 10^ 
and the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is tl^ 
number ? Ans. 6. 

Prob. 21. A person being asked his age, replied, If you 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was his age 1 

Ans. 16 years. 

Prob. 22. Two casks of wine were purchased for 58 doU 
.ars, one of which contained 5 gallons more thscn the other, 
and the price by the gallon, was 2 dollars less than | of the. 
number of gallons in the smaller cask. Required the num-^ 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and tiie price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. ^' 

Prob. 24. A person bought a certain number of oxen for 
80 guineas; If he had received 4 more oxen for the same 
raonev, he would have paid one guinea less for each. What 
was the number of oxen 1 Ans. 16. 

SUBSTITUTION. 

321. In tne reduction of Quadratic Equations, as well as 
in other parts of Algebra, a complicated process may be ren- 
dered much more simple, by introducing a new letter which 
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shall be made to represent several others. This is termed 
iubstituHon. A letter may be put for a compound quantity 
as well as £t»: a single number. Thus in the equation 

we may substitute b^ for i-f- V^^ " 64-|-^ The equation 
will then become 3:'-2cMr=i, and when reduced 

will be a:=£Ct\/a*+6. 

After the operation is completed, the compound quantitv 
for which a single letter has been substituted, may be restor 
ed. The last equation, by restoring the value of b, will he 
come 



Reduce the equation oo; - 2a; - (2=frir - o^ - a; 
Transposing, Ac «*+(« - ft - 1) X«=d 

Substituting h for (a- 6-1), 3^-^hx=d 



Therefore 






Restoring the value of A, «= -fzAzi+^iiZ* zl>!+d 



SECTION XI. 



SOLUTION OP PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES* 

DEMONBTRATION OF THEOREMS, 

Akt. 322. IN the examples which have been given of the 
resolution of equations, in the preceding sections, each pro- 
blem has contained only one unknown quantity. Cr if, in 
some instances, there have been two, they have been so re- 
lated to each other, that they have both been expre2r«ed by 
means of the same letter. (Art. 195.) 

!!• 
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But cases frequently occur, in which seoerdl unknown 
Quantities are introduced into the same calculation. And if 
the problem is of such a nature as to admit of a determinate 
answer, there will arise from the conditions, as many equa- 
tions independent of each other, as there are unknown quan- 
tities. 

Equations are said to be vndependerU^ when they express 
different conditions ; and dependent^ when they express the 
same conditions under different forms. The former are not 
convertible into each other. But the latter may be changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus 6 -«=y, and 6=y4*^> 
are dependent equations, because one is formed from the 
other by merely transposing x, 

323. In solving a problem, it it necessary first to find the 
value of one of the unknown quantities, and then of the 
others in succession. To do tms^ we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

1. a?+y=14 

2. a:-y=2. 

or y be transposed in each, they will become 

1. a?=14-y 

2. x=i+y. 

Here the first member of each of the equations is «, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore, 

2+y=14-y. 

Here we have a new equation, which contains only the 
unknown quantity y. Hence, 

324. Rule I. To exterminate one of two unknown quan- 
tities, and deduce one equation from two ; Find the value 

OF ONE OF THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, AND FORM A NEW EQUATION BT MAKING ONE OF THESE 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 
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For the convenience of referring to different parts of a so- 
lution, the several steps will, in future be numbered. When 
an equation is formed from one immediately preceding^ it will 
be unnecessary to specify it. In other cases, the number of 
the equation or equations from which a new one is derived, 
will be referred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 

Let a:=the greater ; And y=the less. 



1. By the first condition, a?+y=24> 

2. By the second, ap=5y J 

3. Transp. y in the first equation, a?=24 -y 

4. Making the 2d and Sd equal, 6y=24 - y 

5. And y=4, the less number. 

Prob. 2. To find one of two quantities. 
Whose sum is equal to h; and 
The difference of whose squares is equal to d. 

Let «= the greater quantity ; And y= the less. 

1. By the first condition, a:+y=A ) 

2. By the second, ««-y«=<l J 

3. Transp. y*in the 2d equation, ag*=d+y* 



4. By evolution, (Art. 297.) a?= V^^+S* 
6. Tmns. y in the first equation, a? =ft.-y 

6. Makmg the 4th and 5th equal, ^d+j^= A - y 

7. Therefore ^^^Z' 

Prob. 3. Given ax+by=h > ^ ^^ ^^ y=4^?^. 
And x+y=zd J ^ ^ 6-o 

325. The rule given above may be generally applied, for 
the extermination of unknown quantities. But there are 
cases in which other methods vrill be foimd more expeditious. 

Suppose x=iy } 
And aap-|-6a;=y^ y 
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As in the first of these equaticms x is equal to &y, we may 
in the second equation substUtUe this value of x instead of 
X itself. The second equation will then be converted into 

akg+bhyz^y^. 

The equality of the two sides is not affected by this alter* 
ation, because we only change one quantity x for another 
wtiich is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. Hence, 

326. RuU II. To exterminate an unknown quantity, find 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE FOR TI(|^^yNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in ch aaeof a ship 20 miles distant, 
sails 8 miles, while the ship VIISls v. How far must the pri- 
vateer sail before she overtakes the ship 7 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the 
ship sails in the same time, as 8 to 7. 

Let x=z the distance which the privateer saiki : 
And y=: the distance which the ship sails. 

1. By the supposition, a?=y4*^ ? 

2. And also, a?:jf::8:7) 

5. Art 188, y-ix 

4. Substituting t for y, in the 1st equation, :i;r=:fd;-f-20 

6. Therefore, a;=160. 

Prob. 5. The ages of two persons, Jl and JS, are such that 
seven years ago, •dl was three times as old as B; and seven 
years hence, A will be twice as old as B. What is the age 
of J?? 

Let x=z the age of A; And y=:the age of B, 

Then re - 7 was the age of A, 7 years ago ; 
And y - 7 was the age of JB, 7 years ago ; 
Also x+l will be the age of A, 7 years hence ; 
And y-^-l will be the age of J?, 7 years hence. 

1. By the first condition, a:-.7=:3x(y-7)=3y-21> 

2. By the second, xi[-7=2x(y4-7)=2y4-14 J 

3. Transp. 7 in the 1st equa. a;=3y - 14 

4. Subst. 3y - 14 for a:, in the 2d, 3y - 14+7=2y4.14 
6. Therefore, y=2I, the age of B. 
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Plrab. 6. There are two numbers, o£ which, 

The greater is to the less as 3 to 2 ; and 
Their sum is the 6th part of their product. 

What is the less number 1 Ans. 10. 

S27. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceding. 



Suppose that x^3y=a > 
And x^Sy^by 



If we add together the first members of these two equa- 
tions^ and also me second members, we shall have 

2x=:a+bt 

an equation which contains only the unknown quantity «. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art 77.) The equality of the sides is preserve^ 
because we have only added equal quantities to equal quan- 
tities. 

Again, suppose Sx4-y=& 






And 2x' 

If we tubtractihe last equation from the first, we shall have 

where y is exterminated, without affecting the equality ot 
the sides. 

Again, suppose x^2y=a > 

And . x+4yz:zby 

Multiplying the 1st by S, 2x - 4y=2a 

Then adding the 2d and Sd, Sx=:b+2a. Hence, 

828. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, if necessary, 

IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OF THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH. 

Then SUBTRACT one equation from the other, 

IF the signs of this UNKNOWN QUANTITY ARE ALIKE^ 
OR ADD them TOGETHER, jfF THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa-r 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art 170.) 



188 ALGKBKA. 

Prob. 7. The nvmabers in two opposing armies are stich, 
thaty 

The sum of both is 21110 ; and 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army 1 

Let 0;= the greater. And y= the less. 

1. By the first condition, :c4-j/=S1110 > 

2. By the second, 2a:-f Sy-52219 J 
8. Multiplying the 1st by S, Sa?+3y =63330 

4. Subtracting the 2d from the 3d, «=: 1 1 1 1 1. 

Prob. 8. Given 2x-fys:16, and 3a;*-3jf=i=6, to find the 
Talue of X. 

1. By supposition, 2074-9 =16) 

2. And 3«-8y=36j 

5. Multiplymg the 1st by S, 6a;+3i/^48 

4. Adding the 2d and 3d, 9a;=54 

5. Dividing by 9, a?=6. 

Prob. 9. Given o;-4-y= 14, ando?-y=:2, to find the value 
<jf y. Ans. 6. 

In the succeeding problems, either of the three rules 
for exterminating unlmown quantities will be made use of, as 
will in each case be most convenient 

329. When one of the unknown quantities is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
upper paxt, is equal to 28 ; and. 

Five times the lower part, diminished by six tunes the 
upper part, is equal to 12. 

What is the height of the mast % 
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Let xzn the lower part ; And y =3 the upper part 

1. By the first condition, i«4-iy=28 > 

2. By the second, Sx - 6y=12 ) 

S. Multiplying the 1st by 6, 2a;-fy^l68 

4. Dividing the 2d by 6, |a: - y=2 

5. Adding the 3d and 4th, 2x+ix—n0 

6. Multiplying by 6, 12a:4.6x=1020 

T, Uniting terms and dividing by 1 7, af=60, the lower part 

Then by the 3d step, 2x4-y = 1 68 

That is, substituting 60 for or, 120-]-y = 168 [per part. 

Transposmg 120, i/=168- 120=48, the up- 

Prob. 11. To find a firaction such that. 

If a unit be added to the numerator, the fraction will be 
equal to i ; but 

If a unit be added to the denominator, the fraction will be 
equal to i* 

Let x=s the numerator, And](= the denominator, 
1. By the first condition, JIl-=^ 

y 

By the second =1 

3. Therefore x=z4* the numerator* 

4 And y=15} the denominator, 

Prob. IS. What two numbers are those. 

Whose difference is to their sum, as 2 to 3 ; and 
Whose sum is to their product, as 3 to 5 1 

Ans. 10 and 2. 

Prob. 13. To find two numbers such, that 

The product of their sum and difference shall be 5, and 
The product of the smn of their squares and the difier- 
enceof their squares shall be 65. 

Let x=i the greater number ; Andyss the less. 
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1. By the firet conditioti, (»+y)x(«-y)=5 > 

2. By the second, (a^+S') X (ar* - y") = 65 < 

3. Mult, the factors in the 1st, (Art. 235,) v? -y'=5 

4. Dividing the 2d by the 3d, (Art. 1 18,) a?+y"= 13 

5. Addmg the 3d and 4th, 2x'=18 

6. Therefore a:=3, the greater number, 

7. And y=2, the less. 

In the 4th step, the first member of the second equation is 
divided by a^ - y\ and the second member by 5, which is 
equal to o^-j/', 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 15. To find two numbers, 

Whose difierence shall be 12, and 
The sum of their squares 1424. 

Let 2rr= the greater ; And y=: the less. 

1. By the first condition, x - y = 12 > 

2. By the second, a;«+y^=1424 J 

S. Transposing y in the first, x=y-]-12 

4. Squaring both sides, a^=y'-]-24i/-|-l^ 

5. Transposing 1/^ in the second, x^z=:\4M-y^ 

6. Making the 4th and 5th equal, y'-f24y4- 144= 1424 - y* 

7. Therefore y = - 6JV(676) = - 6+26 

8. And a?=y4.12=20+12=32. 

EaUATIOKS WHICH CONTAIN THREE OR MORE 

UNKNOWN aUANTITIES. 

330. In the examples hitherto given, each has contamed 
no more than two unknown quantities. And two indepen- 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution aa 
many independent equations. 

Suppose X 

And X' 
And X- 



4.y+flr=:12 ) 
+2y-2«=10V 
+y-«=4 7 



are given to find, x^ y, and «« 

■y 



< 
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From these three equations, two others may be derived 
which shall contain only two unknown quantities. * One aS 
the three in the original equations may be exterminated, in 
the same manner as when there are, at first, only two, by the 
rules in Arts. 324, 6, 8. 

In the equations givfu above, if we transpose y and z, we 
shall have, 

Inthefirst, a?=12-y-z 
In the second, xzsz 10 - iy-^-Zz 
In the third, a:=4 - y+* 

From these we may deduce two new equations, firom which 
X shall be excluded. 

By making the 1st and 2d equal, 12 -y -z=: 10- 2y+2« > 
By making the 2d and 3d equal, 10-2y4.2«=4-y-f;r > 

Reducing the first of these two, y =32 - 2 > 
Seducing the second, y=:z-|-6 ) 

FrcHn these two equations one may be derived containing 
oply one unknown quantity 

Making one equal to the other, Sz-2=z4-6 
And z=:4. Hence,. 

SSI. To solve a problem containmg three unknown quan- 
tities, and producing three independent equations, 

. First, from the three equations deduce two con* 
taining only two unknown quantities. 

Then, from these two deduce one, containing only 
one unknown quantity. 

For making these reductions, the rules already given are 
suflBcient. (Art. 324, 6, 8.) 

Prob. 16. Let there be given, 

1. The equation fl;-4-5y4*6z=53 ^ 

2. And x+3y+Sz=zS0 > To find x^ y, and z. 

3. And a?+y+zz=:12 ) 

From these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from the Ist, 2y-]-3z=:23 > 

5. Subtract the 3d from the 2d, 2y4.2zsl8) 

From these two, to derive one, 

6. Subtract the 5th from the 4th, 2=6. 

16 



=:1S ) 

.r=6 ) 
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To find X and y, we have only to take their values from 
the third and fifth equations. (Art. 329.) ' 

7. Reducing the fifth, y=9 -2r=9 - 6=4 

8. Transposingin the third, a:=12-2:-y=12-6-4=8 

Prob. 17. To find «, y, and z, f^m 

1. The equation a;-|-y+^=12 

2. And ar4-2y-]-% 
S. And i«+^+' 

4. Multiplying the 1st by. 3, Sa?-4-Sy-4-3z=S6 

5. Subtracting the 2d firom the 4th, 2x4-y=16 

6. Subtracting the 3d from the 1st, a:-ia?4-y-iy=6 

7. Clearing the 6th of fractions, 4a;-4-Sy=36 > 

8. Multiplying the 6th by 3, 6a:+3y=:48 J 

9. Subtracting the 7th firom the 8th, 2a:=: 12. And «=6, 

10. Reducmg the 7th, y=:2^if =51;if =4 

3 3 

11. Reducing the Isty z=:12-9-.ys:12-6-4=::2. 

In this example all the reductions have been made accor- 
ding to the third rule for exterminating unknown quantities.— 
(Art 328.) But either of the three may be used at pleasure. 

332. A calculation may often be very much abridged, by 
the exercise of judgment m stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 
Aring fractional expressions, in avoiding radical quantities^ 
&c. The skill which is necessary for this purpose, however, 
ift to be acquired, not from a systeni of rules, but firom prac- 
tice, and a habit of attention to the peculiarities in the con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, &c. In many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the oalculations which are 
here given, or substituting others in their stead. 
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C 1. a:4-y=^) 
Prob. 18. Given < 2. x-^z=zb > To find x^ y and e. 

(3. y-f-«=c J 
" Ans. ar= 5 — Andy= 1 — Andar= — -^ — • 

Prob. 19. Three persons -9, J?, and C, purchase a horse 
for 100 dollars, but neither is able to pay for the whole. 
The payment would require, 

The whole of ^s money, together with half of JB's ; or 

The whole of B's, with one third of Cs ; or 

The whole of (?s, with one fourth of JPa. 

How much money had each 1 



Let x=^a 


z=:Cb 


y=JB'8 


a=100 


By the first condition, 


a:+iJy=a 


By the second, 


y+iz^a 


By the third, 


z4-J«=a 



Therefore 9=64. y=72. zr=84. 

SS3. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most free from 
co-efiScients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three persona^ 
•d, J?, and C, have travelled, is 62 miles ; 

Jfs distance is equal to 4 times (7s, added to twice B^b ; and 
Twice ^a added to S times i9's, is equal to 17 times C^s. 

What are the respective distances 1 

Ans. ^a, 46 miles ; S's, 9 ; Cs 7* 

Prob. 21. To find or, y, and z, from 
The equation ix+iy+izz=z62 

And i«4-iy+i2r=47 

And k^+iy+iz=zS8 

AiUL «=24. y=60. z^liO. 




Prob. 22. Oiven { xz=:SOO > To find a;, y, and «. 

( yz=200 ) 

Ans. «=:S0. y=SO. sssl(k 
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SS4. The same method which is employed for the reduc- 
tion of three equations, may be extendea to 4, 5, or any num- 
ber of equations, containing as many imknown quantities. 

The unknown quantities may.be exterminated, one after 
another,'^and the number of equations may be, reduced by 
Buccessiye steps from five to four, from four to three, irom 
three to two, &c. 

Prob. 28. To find w, x^ y, and z, from 

1. The equation iy-^-z-^iwi^S \ 

2. And . a:4-t/-|-t»=9 f « .. _ 



4. And X' 



•t§+Zs:\0 



5. Clear, the 1st of frac. y+2z+w^l6 ^ 

6. Subtract. 2d from 3d, z* io=3 > Three equations. 

7. Subtract. 4th firom Sd, y - tc=2 V 

8. Adding 6th and 6th, y4.S«=19 ) «,^^ ««,„*;««- 

9. Subtnit. 7th from 6th, -y+z= 1 1 '^^ equations. 

10. Adding 8th and 9th, 42r=:20. Or 2r=5 ) 

11. Transp. in the 8th, y=19 --3z=4 f Quantities 

12. Transp. in the 3d, a?=12-y-;r=3 i required. 

13. Transp. in the 2d, t0=:9-a;-i/=2 ) 

Prob. 24. Given 5 yllJIJ^gJ [ To find «, «, y, and r. 

( z+195=3m ) 

Answer. wslOO y=:90 

a?=150 ^=106. 

Prob. 2d. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit ; and if twelve be subtracted firom the number 
ilself^ the remainder will be equal to the square of the left- 
hand digit. What is the nimiber 1 

Let a?= the left-hand digit, and y= the right hand digit. 

As the local value of figures increases in a ten-fold ratio 
from right to left ; the number required = 10;r-{^y 

By the conditions of the problem a;=:3y > 

And 10a:4-y-12B=/ J 

The required number is, therefore, 93. 
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Prob. 26. If a certain number be divided by the product 
of its two digits, the quotient will be 2 ; and if 27 be added 
to the number, the digits will be inverted. What is the 
number? Ans. 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 35 ; 
and if 4 times the greater be divided by 3 times the less -]-l, 
the quotient will be equal to the less. What are the nimibers 1 

Ans. 13 and 4. 

Prob. 28. There is a certain fraction, such, that if 3 be 
added to the numerator, the value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the value will 
be i. YHiat is the fraction 1 i. 4 

'2r 

Prob. 29. A gentleman has two horses, and a saddle which 
is worth te^ guineas. If the saddle be put on the first horse, 
the value of both will be double that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
will be less than tnat of the first horse by 13 guineas. What 
is the value of each horse 1 

Ans. 56 and 33 guineas, 

Prob. 30. Divide the number 90 into 4 such parts, that the 
first increased by 2, the second dimmshed by 2, the third mtil- 
t^pUed by 2, and the fourth divided by 2, shall all be equd. 

If Xy y, and Zj be three of the parts, the fourth will be 
90 - OP - y -> z. And by the conditions, 

a:4.2=y-.2 
x+2=i2z 

2 

The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with ^ 
the sum of the second and third shall be 120 ; the second with 
I the difference of the third and first shall be 70 ; and i the 
sum of the three numbers shall be 95. 

Prob. 32. What two numbers are those, whose difference, 
sum and product, are as the^numbers 2, 3, and 5 1 

lg« Ans. 10 and 2. 
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Prob 33. A vintner sold at one time, 20 dozen of port 
\Vine, and SO dozen of sherry ; and for the whole received 
120 guineas. At another time, he sold 30 dozen of port and 
25 dozen of sherry, at the same prices as before ; and for the 
whole received 140 guineas. What was the price of a dozen 
of each sort of wine ? 

Ans. The port was 3 guineas, and the sherry 2 guineas a 
dozen. 

Prob. 34. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix 1 

Ans. 78 gallons of brandy and 66 of water. 

Prob. 35. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the^ value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes fl Ans. i. 

Prob. 36. A person expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears, 
the cost of which was 13 cents. How many did he buy of 
each t Ans. 72 apples and 60 pears.* 

> ___ 

335. If in the algebraic statement of the conditions of a 
problem, the original equations are more numerous than the 
unknown quantities ; these equations will either be conirih- 
dicton/y or one or more of them will be superfluous. 

Thus the equations ) i Z^o \ ^^® contradictory. 

For by the first ^=20, while by the second, 9=40. 
But if the latter be altered, so as to give to x the same value 
as the former, it will be useless, in the statement of a 



* For more examples of the solution of problems by ecjuations, see £uler*8 
Algebra, Part I, 8ec 4 ; Simpson's Algebra, Sec II ; Simpson's Exercises ; 
Maclaurin's Algebra, Part I, Uhap. 2 and 13 j £merson's Algebra, fiook 11, 
Sec I ; Saunderson's Algebra, Book II and HI ; Dodson's Mathematical Re 
Doeitorjr) and Bland'e A%ebraica] Problems 
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problem. For nothing can be determined from the one, 
which cannot be from the other. 

Thus of the equations < j^ Zinc ^^^ ^ superfluous. 

For either of them is sufficient to determine the value of s. 
They are not independent equations. (Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first. 

336. But if the number of independent equations produc* 
ed from the conditions of a problem, is less than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

ar4-y=100, 

X and y are required, there may be fifty different answers. 
The values of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As a?-f-y=100, 
if a:=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

337. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 - x. 
(Art 195.) 

Then by the supposition, «= 300 - 3x. 

Transposing and dividing, 2r=75, the greater. 

And 100 - 75=25, the lessi 
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Here, two unknown quantities are found, although there 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let x=: the 
greater number, and y=: the less. 

1. Then by the supposition, x4*J/=100> 

2. And 9y=zx ) 

3. Transposing x in the 1st, i/=: 100 - x 

4. Dividing the 2d by 3, y=i* 

6, Making the 3d and 4th equal, ja;= 100 - or 

6. Multiplying by 3, a:=300-3a; 

7. Transposing and dividing, a?=75, the greater. 

8. By the 3d step, y=100-a:=25, the less. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formahty of writing down. 

Prob. To find two numbers whose sum is 30, and the dif- 
ference of their squares 120. 

Leta=:30 6=120 

9= the less number required. 

Then a-2r= the greater. (Art. 195.) 

And a*- 2aap-|-a:^= the square of the greater. (Art. 214.) 

From this subtract a:*, the square of the less, and we shall 
have a**2ax= the difference of their squares. 

2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknoAvn quantities, may be abridged, by par- 
ticular artifices in substituting a single letter for severaL 
(Art. 321.) 

* Suppose four numbers, ti» a?, y and z, are required, of which 

The sum of the three first is 13 

The sum of the two fixst and last 17 

The sum of the first and two last 18 

The sum of the three last 21 



* Ludlam*8 Algebra, Art. 161. c 
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Then 1. i^-ar+yslS 
2. tt+ap+^sslT 
S. «4-y-f''=18 
4. «4-y4-z=:21. 

Let iS be substituted for the sum of the four numbexSi that 

18, for tt-f-x-^-y-l-^* I^ ^^ ^ ^^^^ ^^^^ ^^ these four equa* 
tions, 

The first contains all the letters except z^ that is, 5-arc= IS 
The second contains all except y, that is, 5-y=;17 

The third contains all except x^ that is, i9- :r=:^18 

The fourth contains all except ti, Chat is jSf- ii=21. 

Adding all these equations together, we have 

Or 4S - (z^+ar+tt) =69 (Art. 88. e.) 

But iSf = (z4-y4'^4'^) "^y substitution. 
Therefore, 4£f-iS=:=69, that is, 3^=69,^ and iS=23. 

Then putting 23 for jSf, in the four equations in which H 
is first introduced, we have 

23-2r=131 rr=23 -13=10 

23 -y:^17 I Therefore J »=** - *'^=® 
23-«=18 M^®^®'^'®) »=2S^18=6 

23-14=21 J [tt=28-21=2. 

Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for the occa* 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notation. 

The co-efficients of one of the imknown quantities are 
represented. 

In the first equation, by a single letter, as a. 

In the second^ by the same letter marked with an accent, as of* 

In the thirdy by the same letter with a daubk accent, as a^^,&c. 

The co-efficients of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as are 
also the terms which consist of ftnoim quantities ordy. 
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Two equations containing the two unknown quantities z 
and y may be written thus, 

ax^hy=:e 

ITiree equations containing x^ y, and z, thus^ 

aX'-{'by'\'Cz=d 

a'x+b'y+(/z=zd' 

a''x+b''y+(/'z=id'^. 

Four equations containing Xt y, Zy and u^ thusi 

aX'\-hy'\'Cz-\'dui=ze 
afx-^Vy+&z-\-d'u^ef 
a''x+b''y+(/'z+d''u^e'' 
a'''x+b'''y+(/''z+d'''uz=ze''' 

The same letter is made the co-emcient of the same un- 
known quantity, in different equations, that the co-efficients 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accents^ because it actually stands for different quan^ 
tities. 

Thus we may put a=4, o'=6, a''=10, a'^^=«0, &6. 

To find the value of x and y. 

1. In the equation, ax-^-by^zc > 

8, And afx+b'yzszc" i 

S. Multiplying the 1st by fr',(Art. S28.)ab'x+bb'y=zd/ 

4. Multiplying the 2d by i, bafx+bb^y=:bc^ 

5. Subtracting the 4th from the 3d, ab^x - ba^xsicb^ - bef . 

6. Dividing by ah' - ba\ (Art. 121,) g=^*lz*£ 

J^. oft^- baf 

By a similar process, y=.^' 

The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as generdl solutioMt which give 
the values of the unknown quantities, in other equations, of 
a similar nature. 
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Thus if 102r+6y=100> 
And 40a;+4y=200 ) 
Then puttmga=10 6r=:6 e=:100 

a'=40 6'=4 4/^=200 

We have ,^c^^zJ^^l00x4- 6X200^^ 

ab'-'ha' 10x4-6x40 
And flc^-ca^ _ 10x200- 100x40 _^^ 

^ ofc^-io' 10x4-6x40 

The equations to be resolved may, originally, consist of 
more than three terms. But if they are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 

Thus the equation dx - 4a;4-% - 6y =in-|-8 

Is the same, by Art 120, as {d-'A)x+{k - 6)y=iii4-8. 
And putting a=:({-4| 6=A-6, c=:fii-f8 

It becomes ox-t-iy^c.* 

DEMONSTRATION OF THEOREMS. 

340. Equations have been applied, in this and the preced* 
ing sections, to the solution of problems. They may oe em- 
ployed with equal advantage, m the demonstration of theo* 
rems. The principal difference, in the two cases, is in the 
order in whicn the steps are arranged. The operations them* 
selves are substantially the same. It is essential to a demon* 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re 
auction of equations, by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem* 
bers, without equally increasing or diminishing the other. 
In applying this principle, we are guided by the axioms laid 
down in Art.' 63. These axioms are as applicable to the de* 
monstration of theorems, as to the solution of problems. 

But the order of the steps will generally be different In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the application of this plan of notation to the solution of equations 
which contain more than two unknown quantities, see LaCrolx's Algebra, Art» 
85 ; Maclaurin's Algebra, Part I. Chap. 18 ; Fenn's Algebra, p. 57 ; and a 
|iaper of Laplace, in the Memoics of the Academy of Sciences for 1772. 
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the equation to that particular fomi which will express, io 
algebraic terms, the propositicm to be proved. 

Ex. 1. Theorem. Fotir times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let xr=: the greater number, 9=r their sum, 

y=s the less^ <!=: their difference. 

Denumstratum. 

1. By the notation x-^-y^s > 

S. And x-y=zd ) 

3. Adding the two, (Ax. 1.) 2x=9'^d 

4. Subtracting the 2d from the 1st, 2y=9-d 

5. Mult Sd and 4th, (Ax. 3.) 4xy=z (s+d) X (« -d) 

6. That is, (Art. 236.) ixy^^-^df 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally applicable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proot 

Thus 4x8x6=(8+6)«- (8-6)«=192. 

And4xlOx6=(10+6)«-(10-6)»=240. 

And4xl2xl0=(12+10)*-(12-10)«=480. 

Theorem 2. The sum of the squaresof any two numbers is 
equal to the square of their difference, added to twice their 
product. 

Let a;= the greater, ds their difference. 

y=s the less, p= their product 

Demonstration. 

1. By the notation x - y=zd > 

Z. And xy=:p J 

3. Squaring the first x^'-2xy-{-jf^(P 

4. Multiplying the second by 2 2xy=2p 

5. Adding the third and fourth ar^-j-y'=(P-|-2», 

Thus 10«+8«=(10-8)«+2xl0x8=164. 

341. General propositions are also discovered^ in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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of ways by the several changes through which a given equa* 
tion may be made to pass. Each step in the process will 
contain a distinct proposition. 

Let 8 and d be the sum and difference of two quantities s 
and y, as before. 

1. Then s=ix+y) 

2. And rf=:ar-y) 

S. Dividing the first by 2, i«=ia?+iy 

4. Dividing the 2d by 2, i<^=ia?-iy 

5. Adding the 3d and 4th, jl5-f-id=|ar4-i^=« 

6. Sub. the 4th firom the 3d, i^-l^=iy+iy=y* 
That is, 

Hdfthe difference of two quarUUies^ added tb half their ^tun, is 
equal to the greater ; and 

Half their difference subtracted from half their sum, i$ equal to 
the lees. 



SECTION XII. 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, is 
to arrive at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, or sreater 
or less than those which are the objects of inquiry. The end 



* Euclid's Elementa, Book 5, 7, & Euler's Algebra, Part I. Sec. 3. Emersoa 
on Proportion. Camus* Geometry, Book III. Ludlam's Mathematics. Wallis^ 
Algebra, Chap. 19, 20. Saunderson's Algebra, Book 7. Barrow's Mathemo* 
ticai Lectures. Analyst for March, 1814. Port Royal Art of Thinking Part 
IV. Ch. iv. iQ 
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ia most cammofidy attamed by means of a series of equations 
and proportions. When we make use of equations, we deter- 
mine the quantity sought, by discovering its equality ^mih 
some other quantity or quantities already known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either how much one 
of the quantities is greater than the other ; or how many times 
the one contains the other. In finding the answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithmetical and the other geo- 
metrical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of them applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be clearly and fiilly understood. 

343. Arithmetical ratio is the difference between two 
quanHHes or sets of quantities. The quantities themselves are 
called the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 8. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5 . . 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
differ enccy and the other f<»r the sign -. 



344. If both the terms of an arithmetical ratio be multiplied 
or divided by the same quantity, the ratio will, in effect, be 
multiplied or divided by that quantity. 

Thus if a-b^zr 

Then mult, both sides by h^ (Ax. 3.) ia-W=Ar 

a b r 
And dividing by A, (Ax. 4.) 7 - r=T 

345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 
of their sum or difference will be equal to the sum or differ- 
ence of the two ratios. 



RATIO. 175 

And iZ-/k ( ^^^ ^^® ^^^ ratios. 
Then (a+d) -(fc+A) = (a-6)+ (rf-A). Foroach rro+rf-ft-* 
And (a-ci)-(6-A)=(a-6)-(d-A). For eadh =a-d-6+*. 
Thus the anth. ratio of 11 ..4 is 7 / 
And the arith. ratio of 5..2isS) 
The ratio of the sum of the terms 16. .6 is 10, the sum of 

the ratios. 
The ratio of the difference of the terms 6, .2 is 4, the differ- 
enjce of the ratios. 

S46. GEOMETRICAL RATIO is that relation be- 
tween QtTANTITIES WHICH IS EXPRESSED B7 THE QUO-< 
TIENT OP THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4^ is f or 2. For this is the quotient 
of 8 divided by 4. In oilier words, it shows how often 4 is 
contained in 8. 

In the same manner, the ratio of any quantity to another 
may be expressed by dividing the tomer by the latter, or, 
which is the same thing, making the former the numerator 
of a fracti<»i9 and the latter the denominatiNr. 

« 

a 
Thus the ratio of a to ( is r* 

d-^h * 
The ratio of d-\-h to 6-4"^> ^ », ' 

347. G^eometrical ratio is also expressed by placing two 
points, (me over the other, between the quantities compared* 

Thus a : 6 expresses the ratio of a to i ; and 12:4 the ratia 
of 12 to 4. The two quantities together are called a couplety 
of which the first term is the antectdmtf and the last, tlie 
consequent. 

348. This notation by points, and the other in the form odf 
a fraction, may be exchanged the one for the other, as con- 
venience may require ; observing to make the antecedent of 
the couplet, the numerator of the fraction, and the consequent 
the denominator. 

Thus 10 : 5 is the same as Y* c^nd b : d, the same as *j* 

349. Of these three, the antecedent, the consequent, and 
the ratio, any two being given, the other may be found. 

* See Note H. 
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Let as: the antecedent, ess the consequent, r=r the ratio. 

a 
By definition r=zj; that is, the ratio is equal to the antece- 

dent divided by the consequent. 

Multiplying by c, asiCTf that is, the antecedent is equal to 

tne consequent multiplied into the ratio. 

a 
Dividing by r, c=:j, that is, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equals and 
their consequents equal, their ratios must be equal.* 

Cor. 2. If, in two couplets, the ratios axe equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal.f 

S50. If the two quantities coxupared are equalj the ratio is 
a unit, or a ratio of equality. The ratio of 3x6 : 18 is a 
unit, for the quotient of any quantity divided by itself is 1. 

^ If the antecedent of a couplet is grettler than thd conse- 
i quent, the ratio is greater than a unit. For if a dividend is 
^^ greater than its divisor, the quotient is greater than a unit. 
/ Thus the ratio of 18 : 6 is 3. (Art. 128. cor.) This is called 
a ratio of greater inequalUy. 

On the other hand, if the antecedent is tees than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
less inequaUty* Thus the ratio of 2 : 3, is less than a unit, 
because the dividend is less than the divisor. 

351. INVERSE or RECIPROCAL ratio is the ratio 

OF THE reciprocals OF TWO QUANTITIES. See Art. 49. 

Thus the reciprocal ratio of 6 to 3, is i to i, that is i'ri* 

a 
The direct ratio of a to 6 is r, that is, the antecedent divided 

by the consequent. 

\^ ,..1111166 

The reciprocal ratio is - • r or --f-T=r Xr =■"• 
* a a a l a 

(hat is the consequent 6 divided by the antecedent a. 



« Eudid 7. 5. f ^^^ 9* ^ 
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Hence a reciprocal ratio is expressed by inverHng the Jrac^ 
turn which expresses the direct ratio ; or when the notation 
is by points, by mverting the order of the terms. 

Thus a is to 6, inversely, as 6 to a. 

362. COMPOUND RATIO is the ratio op the PRO- 
DUCTS, OF THE CORRESPONDING TERMS OF TWO OR H0R9 
SIMPLE RATIOS.* 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6. 

Here the compound ratio is obtained by multipl]ang 
together the two antecedents, and also the two consequents, 
of the simple ratios. 

So the ratio compounded, 

Of the ratio of a: b 

And the ratio of e : d 

And the ratio of h:y 

Is the ratio of ach : bdy=.^ 

^ bdy 

Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio, in 
particular cases. 

'^ Cor. The compound ratio b equal to the product of the 
simple ratios. 

The ratio of a : i, is ^ 

b 

e 
The ratio of c : (^ is ^ 

a 
The ratio of & : y, is - 

y 

ach 

And the ratio compounded of these is -_^ which is the 

bdy 

product of the fractions expressing the simple ratios. (Art. 
165.) 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 



*SeeNoteI. 
16* 
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ratio qf the first antecedent to the last consequent^ is equal to thai 
vMch is compounded of dU the interveniag ratios.* 

^ Thus, in the series of ratios a : h 

b : c 
c : d 
d : h 

the ratio of a : A is equal to that which is compounded of the 
ratios of a : i, of 6 : e, of c : d, of ci : ^ For the compound 

ratio by the Jast article is — 1 =? or a : ^ (Art. 145.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents and consequents will disappear when the frac- 
tional product is reduced to its lowest terms, and will leave 
the compound ratio to be expressed by the first antecedent 
and the last consequent. 

S54. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself or into another eqwd 
ratio. These are termed dupUcaAe^ trifJkaXei quadruplicate^ 
&c. according to the number of multiphcations. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three^ that is, the cube of the simple 
ratio, is called triplicate^ &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subduplictUe ratio ; that of the cube 
roots a subtriplicate ratio, &c. 

Thus the simple ratio of a to 6, is a : 6 

The duplicate ratio of a to i, is a* : J* 

The triplicate ratio of a to 6, is a? : fc' 

The subdupUoate ratio of a to 6, is \/a : ^b 

The subtriplicate of a to i, is J^a : \/h^ &c. 

The terms duplicate^ triplicate^ &c. ought not to be con- 
founded wilh double^ tr^k, &c.f 

The ratio of 6 to 2 is 6 : 2=;3 

Double this ratio, that is, twice the ratio, is 12:2=6) 
Triple the ratio, i. e. three times the ratio, is 18 : 2=9 J 

. , 111 1 1 ■ .1 . . I . ■ - . . ■ 

* This is the particular case of compound ratio which is treated of in the 
5th book of Eudid* See the editions of Simson and Playfeur. 

tSeeNoteK. 
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({iipIicaferatio,i.e.the square of the ratio,is 6* : 2'= 9 > 
triplicate ratio,i.e. the cube of the ratio, is 6* : 2'= 27 J 

865. That quantities may have a ratio to each other, it is 
necessary that they should be so far of the same nature, as 
that one can properly be said to be either equal to, or greater, 
or less than the other. A foot has a ratio to an inch, for one 
is twelve times as great as the other. But it cannot be said 
that an hour is either shorter or longer than a rod ; or that 
an acre is greater or less than a degree. Still if these quan- 
tities are expressed by numbers^ there may be a ratio between 
the numbers. There is a ratio between the number of min- 
utes in an hour, and the niunber of rods in a mile. 

356. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or both of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is alwajrs 
the numeratory and the consequent the denominator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the value of the fractions, each being the qiu>tient of the 
numerator divided by the denominator. (Arts. 135, 346.) 
Now it has been shown, (Art. 137,) that multiplying the 
numerator of a fraction by any quantity, is multiplying the 
voUue by that quantity ; and that dividing the numerator is 
dividing the value. Hence, 

357. Multiplying the antecedent of a couplet by any quantity ^ 
is mutiiplying the ratio by that quantity ; (md dividing the ante^ 
cedent is aimdir^ the ratio. 

Thus the ratio of 6 : 2 is 3 
And the ratio of 24 : 2 is 12. 

Here the antecedent and the ratio, in the last couplet, are 
each four times as great as in the first. 

The ratio of a : 6 is ~ 

o 

And the ratio of na : i is !!!! 

6* 
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Cor. With a given consequent, the greater the antecedenf; 
the greater the ratio ; and on the other hand, the greater the 
ratio, the greater the antecedent.* See Art. 137. cor. 

358. Jtfuliipbfing the consequent of a couipiet by any quantity 
Uf in effecU divi&ig the ratio by that quantity ; and dividing the 
consequent is multiplying the ratio. For multiplying the denom* 
inator of a fraction, is dividing the value ; and dividing the 
denominator is multiplying the value. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of 12 : 4, is 3. 

Here the consequent in the second couplet, is twice as great, 
and the ratio only half as great, as in the first. 

The ratio of a r 6 is - 



a "* 

And the ratio of a : n&, is ---. 

no 

Cor. M^th a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con* 
sequentf See Art 138. cor. 

359. Fr(«n the two last articles, it is evident that mub^pljf- 
ing the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dknding the consequent by that 
quantity; and dividing the anJtecedent^ will have the same 
effect as multipiytng the consequent. See Art. 139. 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8 : 2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the antecedent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
from one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 : 9=2 > ,. ^^^^ ,^.. 

Transferring the factor 3, 6 : ♦=2 J ^^^ ^^® '^^^ 



* Euclid 8 and 10. 5. The first port of the proporitions. 
t Euclid 8 and 10. 5. The last part of the propoaitiona. 
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__ ^ ma ^ ma ^ ma -i 

The ratio of j:b=j^b=.-^ 

ma 
Transferring y ma: 6y=ma-rty="rr 

^^ . fty by ma ^ 

Transferring m, «:7J=«-f-7S:=T^ 

S60. It is farther evident, from Arts. 357 and 358, that if 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, B7 THE SAME QUANTITY, THE RATIO WILL 

ifOT BE ALTERED.* See Alt. 140. 

Thus the ratio of 8 : 4=2 

Mult, both terms by 2, 16 : 8=2 } the same ratio. 

Divid. both terms 



8:4=2) 
by 2, 16: 8=2 > 
by*, 4:2=2) 



a 
The ratio of a : b^-r 

ma a 
Multiplying both terms by tn, ma : mb=z'-\=:LT > 

a b an a 
Dividing both terms by w, - : r=II =r^ 

Cor. 1. The ratio of two fractums which have a common 
denominatory is the same as the ratio of their numerators. 

a b , 
Thus the ratio of -:r> is the same as that of a : b. 

Cor. 2. The direct ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their denominators. 

Thus the ratio of — J -, is the same as -• 2 -- or n : m. 

m n m n' 

361. From the last article, it will be easy to determine the 
ratio of any two fractions. If each term be multiplied by 
the two denominators, the ratio will be assigned in integral 
expressions. Thus multiplying the terms of the couplet 

a c obd bed 

jT 5 -| by bdf we have -r- • -^, which becomes ad : tc, by can- 
celling equal quantities from the numerators and denomi- 
nators. 



* EucGd, 15. 5. 
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S61. b, A ratio of greater mequalilyf compounded with 
another ratio, mcreaeee it. 

Let the ratio of greater inequality be that of l-)-4t : 1 

And any given ratio, that of aih 

The ratio compounded (^ thesQ, (Art. 352,) is a+na : 6 
Which is ^eater than that of a : p (Art. 356. cor.) 
But a ratio of leeeer inequdlftyy compounded with another 
XdAo^ dimimhe^ ii. 

Let the ratio of lesser inequality be. that of 1 -n : 1 

And any given ratio, that of '0:6 

The ratio compounded of these is a^na\h 

Which is less than that of a : 6. 

362. If to or from the terme tfany cauplety there be AWBb or 
8UBTRACTSD two Other oucmHties hcimg the same ratio^ the sum$ 
or remamders vnU also haoe the same ratio,* 

Let the ratio of a : 6 > 

Be the same as that of c:ds 

Then the ratio of the sum of the antecedents, to the sum 
of the consequents, Tiz. of Or\-e to b-f-d , is also the same. 

That IS 5^:5=5= J- 

JDemofiffrotion. 

at 

1. By supposition, jtssj 

2. Multiplying by 6 and d, aiz=he 

3. Adding ci to both sides, ad-|-cci=ic4-<^ 

be^ei 

4. Dividing by (2, a^^ — j— 

o-j-c c a 

5. Dividing by J+d, j-p=2=|;- 

The ratio of the difference of the antecedents, to the differ- 
ence of the consequents, is also the same. 



That is 



a-c 



fc-d-d-t 



* Eudid. 6 and Q« 5. 
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iMfllMllf^llflMk 

1. By supposition, as before, f s=f 

6 d 

2. Multiplying by h and d, ad=:be 

3. Subtracting cd from both sides, ad~cd=:bc^ci 

4. Dividing by d, a - cnzSZ^z^ 

d 

5. Dividing by 6 - d JZf =£ = J: 

Thus the ratio of 15 : 5 is 3 > 

And the ratio of 9 : 3 is 3 ) 

Then adding and subtracting the terms of the two couplets, 



The ratio of 15+9 : 5+3 is 3 

And the ratio of 15-9 : 5-3 is 3 



I 



Here the terms of only tvBO couplets have been added to« 
gether. But the proof may be extended to any number of 
couplets where the ratios are equaL For, by the addition of 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be a^'ded, a fourth, &c. Hence, 

363. If, in several couplets, the ratios are equal, thk sum 

or ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE 
SUM or ALL THE CONSEQUENTS, WHICH ANT ONE Or THE 

ANTECEDENTS HAS TO ITS CONSEQUENT.* 

{12 : 6=2 
6 • 3=2 

Therefore the ratio of (12+10+8+6) : (6+5+4+3) =2. 

363. h. A ratio of greater ineqwdity is diminishjedf by adding 
the same quantUy to both the terms. 

Let the given ratio be that of a+6 : a or £x. 

a 

Adding x to both terms, it becomes a+6+a; : a^x or ^^ ** ? 

o+x 



* Euclid, 1 and 18, 5. 
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Reducing them to a common denominator, 

The first becomes a'^+ab+ax+bx 

a(a+x) 

And the latter (^+ab+ax 

a(a-|-a:) 

As the latter nmnerator is manifestly less than the other, 
the ratio must be less. (Art. 356. cor.) 

But a ratio of lesser inequality is increased^ by adding the 
same quantity to both terms. 

Let the given ratio be that of a- & : a, or —^ 

a 

Adding x to both terms, it becomes a - b^x : o-f-o? or ^"" "^"^ 

a^x 

Reducing them to a common denominator. 

The first becomes a«-at+flx-6x 

a(a-j-a:) 

And the latter, (f^ab+ax 

a{a-{-x) 

As the latter numerator is greater than the other, the ratio 
is greater. 

If the same quantity, instead of being added, is subtracted 
from both terms, it is evident the effect upon the ratio must 
be reversed 

ExampUs. 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44:35? 

2. Which is the greatest, the ratio of o-f-S : i(i> or that of 
2a+7:-Jo? 

3. If the antecedent of a couplet be 65, and the ratio IS, 
what is the consequent ? 

4. If the consequent of a couplet be 7, and the ratio 18, 
what is the antecedent, / 

5. What is the ratio compounded of the ratios of 3 : 7, and 
2a:56,and7a?+l :3y-2? . ' .., . 

6. What is the ratio compounded of x4-j( : 6, and 
x^y : o-j-6, and a+6 : A1 Ans. ar-y* : bh. 
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7. If the ratios of 5a?+7 : 2ar - 3, and ar-f-2 : | ar+S be com- 

Eunded, will they produce a ratio of greater inequality, or of 
iser inequality ? Ans. A ratio of greater inequality. 

8. What is the ratio compounded of x-^-y : a, and a?- y : 6, 

and 6 : 1 Ans. A ratio of equality. 

9. What is the ratio compounded of 7 : 5, and the dupli- 
cate ratio of 4 : 9, and the triplicate ratio of 3 : 2 ? 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the tripli- 
cate ratio of xiy^ and the subduplicate ratio of 49 : 9 ? 

Ans. a?' : y'. 

PROPORTION. 

363. An accurate and familiar acquaintance with the doc- 
trine of ratios, is necessary to a ready understanding of the 

Erinciples of proportion^ one of the most important of all the 
ranches of the mathematics. In considering ratios, we 
compare two quantities^ for the purpose of finding either their 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is between two ratios, 
And this comparison is limited to such ratios as are equal. 
We do not inquire how much one ratio is greater or less than 
another, but whether they are the same. Thus the numbers 
12, 6, 8, 4, are said to be proportional, because the ratio of 
12 1 6 is the same as thieit of 8 : 4. 

364. Proportion, then, is an equality of rati4>s. It is ei- 
ther arithmetical or geometrical. Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers 6, 
4, 10, 8, are in arithmeticcd proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geoinetrical propor- 
tion, because the quotient of 6 divided by 2, is the same as 
the quotient of 12 divided by 4. 

365. Care must be taken not to confound proportion with 
rcUio. This caution is the more necessary, as in common 
discourse, the two terms are used indiscriminately, or rather, 

* See Note L. 
17 
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proportion is used for both. The expenses of one man are 
said ^o bear a greater proportion to his income, than those of 
another. But according to the definition which has just been 

fWen, one proportion is neither greater nor less than another, 
or equality does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to proportiony when the term is 
used in its technical sense. The loose signification which is 
so frequently attached to this word, may be proper enough in 
familiar language : for it is sanctioned by a general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

866. The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

367. Proportion may be expressed, either by the common 
tf\gn of equality, or by four p<nnts between the two couplets. 

«,, C 8 •• 6=4 •• 2, or 8 •• 6 : : 4 •• 2 > are arithmetical 

^® (a " b=zC"dy 01 a- bi: c "d) proportions. 
. , ( 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
\ a:6=d:/i, or a: h::d:h) proportions. 

The latter is read, * the ratio of a to 6 equals the ratio of d 
to A;' or more concisely, * a is to 6, as d to h,* 

368. The first and last terms are called the extremes^ and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

369. As the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first. 

If a * 6 : : c : d, then c:d::a:h. For if ^=:^ then ^=% 

b d d b 

370. The niunber of terms must be, at least, four. For 
the equality is between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, however, among three quantities. For 
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one of the quantities may be repeatedy so as to form two 
tenns. In this case the quantity repeated is called the mtd- 
dU termj or a mean proportional between the two other quan- 
titiesy especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : r 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro- 
portional between 8 and 2. 

The last term is called a third proportional to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

371. Inverse or rectj^rocoZ proportion is an equality between 
a direct ratio, and a reciprocal ratio. 

Thus 4 : 2 : : i : i ; that is, 4 is to 2, reciprocally^ as 3 to 6. 
Sometimes also, the order of the terms in one of the couplets, 
is inverted, without writing them in the form of a fraction. 
—(Art. 361.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term 
is to the second^ as the fourth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

372. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 
the third to the fourth, &c. are all equal; the quantities are 
said to be in continued proportion. The consequent of each 
preceding ratio is, then, the antecedent of the following 
one. — Continued proportion is also called progression^ as will 
be seen in a following section. 

Thus the numbers 10, 8, 6,. 4, 2, are in continued arithme" 
tkal proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. For 64 : 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If a, 6, 0, dy A, &c. are in continued geometrical propor- 
tion ; then a : b : : b : c : : c : d : : d : h^ &c. 

One case of continued proportion is that of three propor- 
tional quantities. (Art. 370.) 

373. As an arithmeticdl proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a . . i : : c . . d 

Is the same as the equation a-i=c-<i. 
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So 



It will be proper, however, to observe that, if fow quanti- 
ties are in aritmnetical proportion, th^ twn of the extremes U 
equal to the sum of the means. 
Thus if a. .6: :&..fii, then a+m=zb'\-h 

For by supposition, a - 6=A - m 

And transposing - b and * m, a-f-v^f =&+& 

» in the proportion, 12 . . 10: : 11 . . 9, we have 12-f 9=104-11« 

Again if three quantities are in arithmetical proportion, the 
sum of the extremes is equal to double the mean. 

If a. .b::6..o, then, ja-6=6-c 

And transposing - 6 and - c, a^czzz 26. 

xT GEOMETRICAL PROPORTION. 

374. But if four quantities are in geometrical proporticxi^ 
the PRODUCT of the extremes is equal to the product of tike 
means. 

Ua:b::c:df ad=:bc 



For by supposition, (Arts. 346, 364.) 



6~5 
abd cbd 



Multiplying by 6rf, (Ax. 3.) _ 

b d 

Reducing the fractions, ad^bc 

Thus 12 : 8 : : 15 : 10, therefore 12x10=8x15. 

Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If a : mi : • ar : y, then a:b::mx:y. For the 
product of the means is, in both cases the same. And if 
na:b::x:yy then a:b::x:ny. 

375. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion, when they are so arranged, that those on 
one side of the equation shall constitute the means, and those 
on the other side, the extremes. 

n y 
For by dividing my=«* by «y, we have I!3?=I!* 



If fiiy=nh, then m : n : : & : y, that is. 



And reducing the fractions, 



ny ny 
m_A 

n~y 
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Cor. The same must be true of any factors which form the 
two sides of an equation. 

If (a-|-6)xc=(d-tn)xy> theno-f-^ • d-m: :y :c, 

S76. If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 370.) It is 
therefore to be multiplied into itself^ that is, it is to be squared. 

If a : b : : b : c, then mult, extremes and means, ac=:V^. 

Hence, a. mean proportional between two quantities may be 
found, by exfy'acting the square root of their product. 

If a : x:: x: Cf then a^=:acy and x=z^ac. (Art. 297.) 

377. It follows, from Art. 374, that in a proportion, eithei 
extreme is equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean. 

1. If a : b : : c : d, then ad=zbc 

2. Dividing by i, a=^ 

d 

ad 

3. Dividing the first by c, 6= — 



4. Dividing it by 6, c— 



c 
ad 



b 

6. Dividing it by a, d=— ; that is, the 

a 

fourth term is equal to the product of the second and third 

dirided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Rule of Three, Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
means, and of the extremes, furnish a very simple and con- 
venient criterion for determining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equal, 
the quantities are proportional. If the proaucts are not equal, 
the quantities are not proportional. ^ 



190 ALGEBRA. 

S79 In mathematical investigations, when the relations 
of several quantities are given, they are frequently stated in 
the fonn of a proportion. But it is commonly necessary that 
ihis first proportion should pass through a number of trans- 
formations before it brings out distinctly the unknown quan- 
tity, or the proposition which we wish to demonstrate. It 
may undergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the product of the extremes. 

It is evident, in the first place; that any alteration in the 
arrangement^ which will not affect the equality of these two 
products, will not destroy the proportion. Thus, if a: b::c:dy 
the order of these four quantities may be varied, in any way 
which will leave adz=zbc. Hence, 

380. If four quantities are proportional, the order of 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS, MAT BE INVERTED WITHOUT DESTROYING 
THE PROPORTION. 

If a: b::c : d) .^^ 

And 12:8::6:45^^^°' 

1. Inverting the meansy* 

a: c::b : d\ t . C The first is to the thirdy 
12 : 6 : : 8 : 4 J ^'^^^ ^^' ( As the second to the fourth. 

In other words, the ratio of the antecedents is equal to the 
ratio of the consequents. 

This inversion of the means is frequently referred to by 
geometers, under the name of Altemation.'f 

2. Inverting the extremeSy 

d : b::c : a > ,, . . C The fourth is to the secondy 
4 : 8:: 6 : 12 J ^^^^ ^^ ( Aq the th^d to the first. 

3. Inverting the terms of each couplet^ 

6 : a : : d : c > ., . C The second is to the firsts 
8 : 12 : : 4 : 6 5 "^^^ *®* ( As the fourth to the third. 

This is technically called Inversion. 
Each of these may also be varied, by changing the order 
of the two couplets. (Art. 369.) 

Cor. The order of the u>hole proportion may be inverted. 

If a : 6 : : c : d, then d: c::b : a. 
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In each of these cases, it will be at once seen that, by 
taking the products of the means, and of the extremes, wo 
have ad=:bCf and 12x4=8x6. 

If the terms of only one of the couplets are inverted, the 
proportion becomes reciprocal. (Art 371 . ) 

If a: b::c : dy then a is to b, reciprocally, as d to c. 

381 • A difference of arrangement is not the ordy alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve, 
&c. In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first terniE, 
and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so in varying a pro- 
portion, the equality of the ratios must be preserved. And 
this is effected either by keeping the ratios the samcy while 
the terms are altered ; or by mcreasing or diminishing one of 
the ratios as much as the other. Most of the succeeding proofs' 
are intended to bring this principle distinctly into view, and 
to make it fisuniUar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this would not give so clear 
a view of the natwre of the several changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multipl)ing the antecedent 
is, in effect, multiplying the ratio, and dividing the antece- 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
tiplying the consequent, is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio^ (Art. 358.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or diminished 
as much as the otherr Hence, 

382. If four quantities are proportional, two analogous 
OR two homologous terms may be multiplied or di- 
vided BY THE SAME QUANTITY, WITHOUT DESTROYING THE 

proportion. 

If analogous terms be multiplied or divided, the ratios will 
not be altered. (Art. 360. ) If Irnnohgous terms be multi- 
phed or divided, both ratios will be equally increased or 
diminished. (Arts. 357, 8.) 
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If a : b::c : dj then, 

1 . Multiplpng the two first terms, maimbtic: d 

2. Multipl3riBg the two last terms, a:b::mc imd 

3. Multiplpngthe two antecedeDts,^ ma: b::mc : d 

4. Multiplying the two consequents, aimbiicimd 

a h 

6. Dividing the two first terms, ^ : Jz.::c : d 

m m 

6. Dividing the two last terms, a : 6 : : — : — 

m tR 

7. Dividing the two antecedents, !i : 6 : : £ ; d 

m m 

8. Dividing the two consequents, a: ^ ::c : £. 

m m 

Cor. 1. All the terms may be multiplied or divided by the 
same quantity.f 

1 J a b c d 

ma:mb::mc : mdy —:—:: — :—. 

f/i tn m fn 

Cor. 2. In any of the cases in tliis article, multiph'cation 
of the consequent may be substituted for division of the ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent. (Art. S59, cor.) 

[ma:b::mc:d'\ i fa:— ::imj:il fmaibiic : £ 
Thus J 1*11 m 11 m 

1 : b : : ^ : d I "^l a : mb : : — : d \ | — :6::c:«id 

383. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proportion with another. From this comparison will firequently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of .the terms 
in one of the proportions compared, are the same with two in 
the other. The similar terms may be made to disappear^ 
and a new proportion may be formed of the four remaming 
terms. For, 
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384. If two ratios are respectiyelt equal to a third, 
thet are equal to each other.* 

This is nothing more than the 1 1th axiom applied to ratios. 

2. If «:t::"»:«hheno:ft::c:d,ora:c::6:d. 
And m : n : : c : a 5 

«i:fi>c::a5 ^ 

For if the ratio of m : n is greater than that of c : d^ it is 
manifest that the ratio of a: 6, which is ejnalto that of m:n» 
is also greater than that of o : d 

385. In these instances, the terms' which are alike in the 
two proportions are the two frzi and the two la»X, But this 
arrangement is not essential. The order of the terms may 
be changed, in various ways, without affecting th6 equality 
of the ratios. 

1. The similar terms may be the two axAectioAi^ or th^ 
two cofue^tienfo, in each proportion. Thus, 

If m : a : : n : 6 > . i C By alternation, m\n\\a\h 
And m : c : : n : d 5 \ ^d m\n\\c\i 

Therefore a : fr : : c : d, or a : c : : 6 : d, by the last article. 

2. The afi(ec6({ent9 in one of the proportions, may be the 
same as the corue^fuento in the other. 

If m\a\\n\h}^ . , C By inver. and altem. a\h\\m\n 
And c : m : : d : n 5 { By alternation, cxiwmxn 

Therefore a : b, &c. as before. 

3. Two homologous terms, in one ot the proportions^ may 
be the same, as two analogous terms in the other. 

If «-^- •*:»»? then J By «Jtemation, a:b::m:n 
AnieidiiminS '^^ ^ And c;d::m:n 

Therefore, a:6, &c. 

All these are instances of an equality ^ between the ratios in 
one proportion, and those in another. In geometry, the 
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proposition to which they belong is usually cited by the 
words " ex aequo^** or " ex ae^uJL*^* The second case in 
this article is that which in its form, most obviously answers 
to the explanation in Euclid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

586. Any number of proportions may be compared, in the 
same manner, if the two mrst or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last in the following one.* 

Thus if a:6: :c:d1 

And eid::h:l \ .t i / . 

And A:Z::m:nf *«°« = *--*-J'- 

And m:n::x:yj 
That is, the two first terms of the first proportion hate the 
same ratio, as the two last terms of the last proportion. For 
it is manifest that the ratio of aU the souplets is the same. 

And if the terms do not stand in the same order as h^re, 
yet if they can be reduced to this form, the same principle is 
applicable. 

Thus ifa:c::6:c(1 fa:b::c:d 

And c:h::d:l Li^^ k«^«u^^„*:^^ J c:i::A:I 
And A:m::Z:nf^''^y^^"^^^U:Z::m:n 
And mi x::n:yj \^m:n::x:y 

Therefore a : 6 : : a? : y, as before. 

In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equals in another, 
are neither the two means^ nor the two extremes^ but one of 
the means, and one of the extremes ; and the resulting pro- 
portion is uniformly direcL 

587. But if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in 
another, the four remaining tenns will be redprocdlly prapof'' 
tumal. 

If aimiinib} ^i^ 11 j . 

And cd-'tnin \ ^"^^ 374.) Therefore ab=:cdf and a:c::d;b. 

* Euclid 22. 5. 
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In this example, the two means in one proportion, are like 
those in the other. But the principle will oe the same, if the 
extremes are alike, or if the extremes in one proportion are 
like the means in the other. 

Or if a: III ::n:b 
And m: c ::d 

The proposition in g^eometry which applies to this case, is 
usually cited by the worda *^ ex aequo perturbate.^* 

388. Another way in which the terms of a proportion may 
be varied, is by cMitian or subtractum. 

If to or from two analogous or two homologous 

TERMS of a proportion, TWO OTHER QUANTITIES HAVING 
THE SAME RATIO BE ADDED OR SUBTRACTED, THE PROPORTION 
WILL BE PRESERVED.! 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio. (Art. 362.) 

If a:b:: c :d) 
And a:b::m:n) 

Then by adding to, or subtracting from a and 6, the terms 
of the equal ratio m : n, we have, 

a-^-mib-^-n:: c: d, and a^fn:b^n::c:d. 

And by adding and subtracting m and n, to and from c and 
d we have, 

a : 6 : : c-^-m : cl-f-n, and a:6::e-m:d-n. 

Here the addition and subtraction are to and from anakh' 
gous terms. But by alternation, (Art. 380,) these terms will 
become homologous^ and we shall have, 

a-l-ffi : c : : b-^-n : dy and a-m:o::b-n:d. 

Cor. 1. This addition may, evidently, be extended to any 
nwmher of equal ratios. | 

fcrrf 

Thus if a: bx:< '^ 
Then a : 6 : : e-\-h-\-m-\-x : i-{-I-|-n-|-y. 

*£uciid23»5. tEuclid2,5. |£iiclidS,5. Cor. 
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For by alternation a: c: ibid} there- ( a^m : e-^n iibid 
And miniibidl fore (ota^mibiiC'^-nid. 

• 

389. From the last article it is evident that if, in any pro- 
portion, the terms be added to, or subtracted from each other, 
that is, 

If two analogous or homolooous terms be added to, 
or subtracted from the two others, the proportion 
will be preserved. 

Thus, ifa:b::c:dy and 12 :4: : 6 : 2, then, 



1. Adding the two last terms, to the two first. 



and a 

or 
and 



a4-c 
c 



a^'-c 



a--c 



: 6+^ I lai b 
I b'{-d I ici d 
I ail b-Jj-d I b 
I cii b4-d I d 



12- 
12- 
12- 
12- 



-6: 4+2:: 12: 
6: 4+2:: 6: 
6: 12:: 4+ 2: 
6: 6:: 4-4- 2: 



4 

2 
4 
2. 



2. Adding the two antecedents^ to the two consequents. 

a+6 ibii c+d I d 12+4 : 4 : : 6+2 : 2 

a+b I ail c+d i c, &c. 12+4 : 12 : : 6+2 : 6, &c. 

This is called ComposUion.'\ 

S. SiAbtracting the two first terms, from the two last. 

c-ai ail d^bib 
c-^ai c iid-bidy &c. 

4 Subtracting the two last terms from the two first. 

a^ci 6-rf: laibi 
a-ci b-^di I ci df &c. 

5. Subtracting the consequents from the antecedents. 

a-ft : b I ic-di d 

ai a-bi I c I c-df &c. 

The alteration expressed by the last of these forms is called 
Conversion. 

6. Subtracting the antecedents from the consequents. 

b^ai aiid^c: c 

b I b-a: i d i d-c^ &c. 



1 
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7« Adding fmd fubtracting, 

04-6 : a«*6::c4-<i : c-d. 

That 16, the sum of the two first terms, i? to th^eir diflfer- 
ence, as the smn of the two last, to their differeuce. 

Cor. If any compomid (^^uantities, arranged as in the prece- 
ding examples, are proportional, the simple qaantities of which 
they are compowided are proportional also. 

Thus, if a-|-fr :b:: c+d : d, then a:b::e: d. 

This is called JDm^itm.^ • 

390. If the corresfondino terms of two or more 
ranks of proportional quantities be multiplied 
t06bt9er, the product will be proportional. 

This is comvawding ratios, (Art. 352,} or com{>ounding 
proportions. It should be distinguished from what is caUed 
ecmporiHoHf which is an joddition of the terms of a ratio. (Art. 
889. 2.) 

If a:i::c:d> 12:4::6:2) 

And &:l::m:ii5 10: 5: .a: 4) 



■*"^ 



Tben ah: bl ::m:dn 1.20 : 20 : : 48 : 8. 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank* 
And multiplying the corresponding terms is multiplying the 
ratios, (Art. 357. cor.) that is, multiplying eatuUs by equak ; 
(Ax. 3.) so that the ratios will still be equal, and therefore 
me four products must be proportional. 

The same proof is applicable to any number of proportions. 

b\:e: d 

q::x:y 
Then ahp iblqi: cma; : dng. 

From this it is evident, that if the terms of a proportion be 
multiplied, each into itself^ that is, if they be raised to any 
powcTy they will still be proportional. 

If a:b::c:d 3:4::6 : 12 

a:b::c:d 2:4::6: 12 



If 5 J 
(p 



Then a» : 6» : : c» : d« 4 : 16 : : 36 : 144 






18 
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Proportionals will also be obtained, by reversing thik pro* 
cess, tnat is, by extracting the roots of the terms. 

If a: b:ic : df then \^a : \^b : : \^c : \^d. 

For taking th^ product of extr. and means, ad=rbe 

And extracting both sides, ^ad=:\^bc 

That is, (Arts. 259, 375.) ya : yfc : : Vc : yi 

Hence, 

391. If, several quantities are proportional, their likb 

POWERS OR LIKE ROOTS ARE PROPORTIONAL.* 

If a: b::c: d 
Then «r : 6^: : c^ : d*, and J^a : H^/b : : ^c : J^d. 

m_ m MM 

And j^flT : 1^6': : ^^cT : ^i"^ that is, cT : 6" : : <?" : <?• 

392. If the terms in one rank of proportionals be dmded 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the resoluiion of ratios. 

If aib.icidr 12: 6:: 18: 9) 

AndA: Z::m:n 5 6:2:: 9:3) 

Then^*'- ^ -^ 12. 6.. 18. 9 

h I m n 6 2 9 3 

This is merely reversing the process in Ajt. 390, and may 
be demonstrated in a sinular manner. 

This should be distinguished from what geometers call 
dimsion, which is a subtraction of the terms of a ratia (Art. 
389. cor.) 

When proportions are compounded by multiplication, it 
will often be the case, that the smie factor will be found in 
two analogous or two homologous terms. 

Thus if a:b::c: d 



And m 



b::c: d} 
a::n: cy 



am: ab::cn : cd. 

Here a is in the two first terms, and c in the two last Di- 
viding by these, (Art. 382,) the proportion becomes 

m : biinid. Hence, 



. * It must not be inferred from this, that quantities have the same rafi* at 
tlicir like powers or like nx>ts. Sec Arc 354 
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S93. In compounding proportions, eqtud factors or divisorM 
in two analogous or homologous terms, may be rejected, 

12 : 4::9 :3 
4 : 8 : : 3 : 6 
8: 20::6 :15 



Ca:b::c:d 

U }b:h::d:l 

(h : m::l: n 



Thenar m::c:n 12:20::9:15 

This rule may be applied to the cases, to which the termii 
** ex aequd*^ and " ex aequo perturbate^^ refer. See Arts. 385 and 
387. One of the methods may sei*ve to verify the other. 

894. The changes which may be made in proportions, 
without disturbing the equality of the ratios, are so nume- 
rous, that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, 

1. By inverting the order of the terms. Art. 380. 

2. By multiplying or dividing by the saipfie quantity ^ Art. 382. 

S. By comparing proportions which have Wee terms^ Art. 384^ 
5, 6, 7. 

4. By adding or subtracting the terms of equal ratioS| Art« 

388, 9. 

5. By multiplying or dividing one proportion by another, Art 

390, 2, 3. 

6. By involving or extracting the roots of the terms, Art 391. 

395. When four quantities are proportional, if the first be 
greater than the second^ the tMrd will be greater than the 
Jourth ; if equal, equal : if less, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equality^ the other is also, and therefore the ante- 
cedent in each is equal to its consequent ; f Art. 350,) if one 
IS a ratio of greater inequality ^ the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequalityy the other is also, and 
therefore the antecedent in each is less than its consequent 

a=:6, c=d 
Let a:h::e: d; thenif { a>6, c>rf 
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Cor. 1. If the first be greater than the thirds the iecand 
will be greater than the fourth; if equal, equal ; if les% less.* 

For by alternation, aibiic: d becomes a:c::b :dy with- 
out any alteration of the quantities. Therefore, if a=6, 
c=d^ &c. as before. 

Cor. 2. If a : m : : c : n > .1 . - , j a. j. 

For, by equality of ratios, (Art. S86. 2.) or compounding 
ratios, (Arts. 390, 393.) 

a: b::c: d. Therefore, if a=(, c=(i, &c. as before. 

For, by compounding ratios, (Arts. 390, 393,) 
a:b::c : d. Therefore, if a=&, c=df &c. 

395. i. If four quantities are proportional, their rectjffvcob 
are proportional ; and v. v. 

If a : 6 : : c : d, then -:-.:: ^ : 1, 

abed 

For in each of these proportions, we have, by reductioDt 
ad=ibc 

CONTINUED PROPORTION. 

396. When quantities are in continued proportion* aU the 
ratios are equal. (Art. 372.) If 

a : b : :b : c : : c : d : : d : e^ 

the ratio of a : 6 is the same, as that of i : c, of c : d^ or of 
d : e. The ratio of the first of these quantities to the last^ is 
equal to the product of all the intervening ratios ; (Art. 353,) 
'•hat is, the ratio of a : e is equal to 

a b ^ c ^ d 

b c d e 

But as the intervening ratios are all equals instead of muld* 
plying them into each other, we may multiply any one of 
them into itself; observing to make the number of factOTB 
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equal to the number of intervening ratios. Thus the raup 
of a : 6, in the example just given, is equal to 

a a a a a^ 

When several quantities are in continued proportion, the 
number of couplets, and of course the number of ratios, is 
one less than the number of quantities. Thus the five pro- 
portional quantities a, 6, c, dj e, form four couplets containing 
four ratios ; and the ratio of a : e is equal to the ratio of 
tf* : 6*, that is, the ratio of the fourth power of the first quaiw 
tity, to the fourth power of the second. Hence, 

397. If three quantities are proportional, tAe j!r5< U to the 
third, as the square of the first j to the square of the second ; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a duplkaXe ratio of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional. 

If a : 6 : : 6 : c, then a : c : : «• : h\ Universally, 

898. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the mtervening 
ratios raised to a power whose index is one less than the iium- 
ber of quantities. 

If theiB are four proportionals a, 6, c, rf, then a : d : : a* : 6* 
If there are five a, 6, c, d, e; a ; a : : a^ : b\ &c, 

899. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is mveirted. 
This has already been proved with respect to four proportional 
quantities. (Art, 380. cor.) It may be extended to any nunv- 
ber of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are 2, 2, 2, 2, 

Between the same inverted 4, 8, 16, 32, 64, 

The ratios are i, ^, ^, ^. 

So if the order of any proportional quantities be inverted, 
the ratios m one series will be the reciprocals of those in the 
other. For by the inversion, each antecedent becomes a con- 
sequent, and v. v. and the ratio of a consequent to its antecc* 
dent is the reciprocal of ^the ratio of the antecedent to tlio 

18^ 
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consequent. (Art. S51.) That the reciprocals of equal quan- 
tities are themselves equal, is evident from Ax. 4. 



400. Harmonical or Musical Proportion may be con- 
sidered as a species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or more of the 
terms is the difference between two quantities. 

Three or four quantities are said to be iaharmonkdl propOT' 
Hon^ when the first is to the last^ as the difierence between 
the ttDo firsty to the difference between the two lasL 

If the three quantities a, b, and c, are in harmonical pro- 
portion, then a: c:: a-6 : i-c. 

If the four quantities a, i, c, andd^ are in harmonical pro- 
portion, then a: d:: a-i : c-d. 

Thus the three numbers 12, 8, 6, are in harmonical pro- 
portion. 

And the four numbers 20. 16, 12, 10, are in harmonical 
proportion. 

401. I^ of four quantities in harmonical proportion, any 
three be given, the other may be found. For from the pro- 
portion« 

a: d:: a-b : c^t 

by taking the product of the extremes and the means, we 
hkve ac''ad=:ad--bd. 

And this equation may be reduced, so as to give the value 
of either of the four letters. 

Thus by transposing - ad, and dividing by o, 

2ad^bd 
c= . 

a 

ExampleSf in tohkh the jarinciples of proportion are applied to the 

eotution of problems. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less diminished by 1 1 ; 
as 9 to 2. 

Let xz=z the greater, and 49 -a:= the less. 
By the conditions proposed, a?+6 : 38 - rr : : 9 : 2 

Adding terms, (Art. 389, 2.) x+6 : 44 : : 9 : 11 

Dividing the consequents, (Art. 382, 8.) X'\'6 : 4 : : 9 : 1 
Multiplying the extremes and means, a?-|-6=36. And xszS(k 
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3. What number is that, to which if 1, 5, and IS, be seve- 
rally added, the first sum shall be to the second, as the sec- 
ond to the third ^ 

Let xtss the number required. 

By the conditions, x+l : x+S : : ar-f-® • «+'8 

Subtracting terms, (Art. 389, 6.) x-f-^ ' ^ • • ^+^ • ^ ' -^ 
Therefore 8a?+8=4a;4-20. And*=3. 

S. Find two numbers, the greater of which shall bo to the 
less, as their sum to 42 ; and as their difference to 6 

Let X and y = the niunbers. 



By the conditions, x:y:: x+y 

And a?:y::a?-y 

By equality of ratios, x+y : i^iix-^y 

Inverting the means, x^y : x-^y : : 42 

Adding and subtracting terms, (Art 389, 7,} 2:r : 2jf : : 48 
Dividing terms, (Art. 382,) ^ : y : : 4 



42 
6 
6 
6 

36 
3 



Therefore 3a:=4y. And x=fS. 

3 

From the second proportion, 6x=zy X (^ - y) 

Substituting J? for ar, y=24. And x:^ 32. 

4 Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

Let 07= the greater part, and 18 - xz=z the less. 

By the conditions, * a' : (18- a?)' : : 26 : 16 

Extracting, (Art. 391,) x: 18-^x1:5: 4 

Adding terms, ^ a? : 18 : : 5 : 9 

Dividing terms, x: 2 : : 5 : 1 

Therefore, a?=10. 

6. Divide the number 14 into two such parts, that the quo- 
tient of the greater divided by the less, shall be to the quotient 
of the less divided by the greater, as 16 to 9. 

Let x= the greater part, and 14- jp= the less. 
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By tlie conditions, 




* :*'^"*::16:9 
14 -« X 


Multiplying terms, 
Extracting, 
Adding terms, 
Dividing terms. 
Therefore, ' 




a^:(14-ff)*::16:9 
X : 14-2?:: 4 : S 
ar : 14::4 : 7 
x\ 2 : : 4 : 1 

a?=:8. 



6. If the number 20 be divided into two parts, which 
are to each other in the duplkcUe ratio of S to 1, what num- 
ber is a mean proportional between those parts 1 

Let rp= the greater part, and 20-2;= the less. 

By the conditions, x : 20 - x : : S^ : 1' : : 9 : 6 

Adding terms, or : 20 : : 9 : 10 

Therefore, a?= 1 8. And 20 - «= 2 

A mean propon between 18 and 2 (Art. 376.) =^2x18= 6. 

7. There are two numbers whose product is 24, and the 
difference of their cubes, is to the cube of their difierence, as 
19 to 1. What are the numbers 1 

Let X and y be equal to the two numbers. 

1. By supposition, xy^zfLA \ 

2. And ai'-y* : («-y)»: : 19 : 1 J 

5. Or, (Art. 217.) a;^-j/» : o?'-i:^^ixf-'\f\i 19 : 1 
4. Therefore, (Art, 389, 6,) Sshi-Sxt^ : (a?-y)« : : 18 M 

6. Dividing by 2?-y (Art. 382, 6,) 3xy:{x-yy::l8:l 

6. Or, as 3a:j/=3x24=72, * 72 : (a:-y)' : : 18 : 1 

7. Multiplying extremes and means, ^a? -y)*=4 

8. Extracting, a:-y=: 2) 

9. By the first conditioJ^ we have a;y=24 ) 

Reducing these two equations, we have a;=6, and y=4 

8. It is required to prove that a: x:: ^2a-y : ^y 
on supposition that (<»+«)' > (a - x)" : : x+y : a? - y.* 



^Bridge's Algebra. 
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1. Expanding, (f+2ax+a?:a*^2ax+3f::x+y:x^y 

2. Adding and subtracting terms, 2a*+2{;i^:4ax:i2x:2y 

5. Dividing terms, rf>+«» : 2aa? : : a? : y 
4 Transf. the factor x, (Art. S74. cor.) ct^+a* :2a:iai?:y 

6. Inverting the means, a*+«* :a^::2a:y 

6. Subtracting terms, a*:«*:: 2a-y :y 

7. Extracting, a:x:: V^o^ : ^y 

9. It is required to p-ove that dx^zcy, if x is to y in the 
triplicate ratio of a : 6, and a : 6 : : J^c+a: : : V5+y. 

1. Involving terms, a^^b^iic+xid+y 

2. By the first supposition, a^:b^::x:y 

8. By equality of ratios, cJ^x : d+y : :x:y 

4. Inverting the means, c-\'X :x:: d-fy : y 

5. Subtracting terms, c:x: :d:y 

6. Therefore, dx^cy, 

10. There are two ntunbers whose product is 135, and the 
difference of their squares, is to the square of their difference, 
as 4 to 1. What are the numbers ? Ans. 15 and 9. 

11. What two numbers are those, whose difference, sum, 
and product, are as the numbers 2, 3, and 5, respectively? 

Ans. 10 and 2. 

12. Divide the number 24 into two such parts, that their 
product shall be to the sum of their squares, as 3 to 10. 

Ans. 18 and 6. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif 
ference is to the quantity of rum, as 4 to the number of 
gallons of brandy. How many gallons are there of each 1 

Ans. 25 of rum, and 5 of brandy. 

14. There are two numbers which are to each other as 3 
to 2. If 6 be added to the greater and subtracted from the 
less, the sum and remainder will be to each other, as 3 to 1. 
What are the numbers! Ans. 24 and 16. 

15. There are two ntunbers whose product is 320 ; and the 
difference of their cubes, is to the cuoe of their difference, a.s 
61 to 1. What are the numbers 1 Ans. 20 and 16. 
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16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to 3 ; and 24 is a mean proportional 
between them. What are the numbers ] Ans. 32 and 18. 

402. A list of the articles in this section which contain the 
propositions in the 5th book of EucUd.* 



Prop. I. 


Art. 363. 


XIII. 


384, cor. 


II. 


388. 


XIV. 


395, cor. 1 


III. 


382. 


XV. 


360. 


IV. 


382, cor. 1. 


XVI. 


380. 


V. 


362. 


XVII. 


389, cor. 


VI. 


362. 


XVIII. 


>89, 2. 


VII. 


349, cor. 1. 


XIX. 


389,4. 


VIII. 


357, cor. 358, 


cor. XX 


395, cor. 2. 


IX. 


349, cor. 2. 


XXI. 


395, cor. 3. 


X. 


357, cor. 358, 


cor. XXII. 


386. 


XI. 


384 


XXIII. 


387. 


XII 


363. 


XXIV. 


388. cor. 2. 



SECTION XIIL 



VARIATION OR GENERAL PROPORTION-f 

Art. 403. THE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, that, if 
one of them be either increased or diminished, another de- 
pending on it will also be increased or diminished, in such a 
manner, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of coiu^e, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, the 
^alue will be reduced to 60 dollars, &c. 



♦ See note O. 

t Newton's Princip. Book L Sec I. Lemma 10, schol. Cmenon on Pitv 
portion, Wood's Algebra, Ludlom's Matk.rj Saunderson's Algebra, Art. 299 
Parkinson's Meehamc8« p. 24^ 
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ya. yd^ doL doL 
That is, 50: 40:: 100: 80 
60: SO:: 100:60 
60:20:: 100: 40, &c. 

Jls the consequent of the first couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the pro- 
portion is constantly preserved. 

If the two antecedents are Jl and B ; and if a represents a 
quantity of the same kind with .d, but either greater or less ; 
atid 6, a quantity of the same kind with J?, but as many times 
greater or less, as a is greater or less than ^ ; then 

A:a:: B :b; 

that is, if tA by varying becomes a, then B becomes 6. This 
b expressed more concisely, by saying that A varies as 27, or 
Jiisas B. Thus the wages of a laboring man vary as the 
time of his service. We say that the interest of money which 
is loaned for a given time, is proportioned to the principal. 
But a proportion contains four terms. Here are only two, 
the interest and the principal. This then is an abridged 
statement, in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

404 In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general ttlations 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always implied. When it it said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand. 

That one galfon, is to any number of gallons ; 

As the toeiffht of one gallon, is to the weight of the given 
number of gsulons. 

405. The character cd is used to express the proportion of 
variable quantities. 

Thus A cf) B signifies that ^ varies as J7, that is, that 

d:a:: B:b. 

Tl.*. expression Jl cnB may be called a general proportUnk 
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406. One quantity is said to vary (itrec% as another, when 
the one increases as the other in<»rea8es, or is diminished as 
the other is diminished, so that 

9 \ 

•Slcf>By that isjAia:: B:b. 

The interest on a loan is increased or diminished^ in pro- 
portion to the principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
trebled, &c. 

407. One quantity is said to vary Moersely <« rec^ocaUtf 
as another, when the one is proportioned to the reciprocal 
of the other ; that is, when the one is diminished, as the other 
is increased, so that 

,5 O) that is, .fl : a r : _ : 1, or .fl: a : : 6 : JR 

In this case, if «^j.is greater than Oy Bis less than 6. (Ajrt 
395.) Tlie time required for a man to raise a given sum, by 
his labor, is inversely as his wages. The higher his wages^ 
the less the time. 

408. . One quantity is said to vary as two others jamilyy when 
the one is increased or diminished, as the product of t£e other 
two, so that 

A OD BCy that is tA : a : : BC : be. 

The interest of money varies as the product of the princi- 
pal and time. If the time be doubled, and the pnncipol 
doubled, the interest will be four times as great. 

409. One quantity is said to vary directly as a second^ and 
inversely as a thirds when the first is always proportioned to 
the second divided by the third, so that 

B B b 

w9 CO— , that IB A: a : : w. : .. 

C C c 

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
appliccUion of the principles of common proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of foiu:. When the deficient terms are supplied, the 
reason of the several operations will, in most cases, be appa- 
rent. 
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411. It is evident, in the first place, that the crier of t4« 
femu in a general proportion may he vnoerUd, (Art 369.) 

If •/} : a : : J? : 6, that is, if AcuB; 
Then B\biiA\ Oy that is, BcdA. 

412. If one or both of the terms m a general proportion, 
DO multiplied or divided by a constant quantity, the proportion 
will be preserved. 

• 

For multiplying or dividing one or both of the terms is the 
same, as multiplying or dividing andlogaus terms in the prc^ 
portion expressed at length. (Art. 382. and cor. 1.) , 

If d: a::B iby that is, if .4 a> £, 

Then mJl :ma::B : b, that is, nuS en By 
And nuS, :ma:: mB : m&, that is, mJl c/) mB^ &c. 

413. If boik the terms be multiplied or divided even by 
a variable quantity, the proportion will be preserved. For 
this is equivalent to multiplying the two antecedents hjotUd 
quantity, and the two consequents by another. (Art. 382.) 

If A: a::B :by that is, if JtcuB; 

Then MA :ma:: MB : m6, that is MJl cr MBy &c. 

Cor. 1. If one quantity varies as another, the quoHent of 
the one divided by the other is constant. In other words, if 
the numerator of a fraction varies as the denominator, the 
value remains the same. 

If Jt : a::B :by that is, if .^S o) By 

Then j| : ?: rj : | : : 1 : 1. (Art. 128.) 
B b B b 

Here the third and fourth terms are equal, because each is 
equal to 1. Of course the two first terms are equal ; (Art. 
395.) so that if wl be increased or diminished as many times 
as By the quotient will be invariably the same. 

Cor. 2. If the product of two quantities is eonttaniy one 
varies reciprocally as the other. 

If,flS:ai::l:l,then!^:fJ::i: J,or^:a; I * 

B b B V B b 

Cor. 3. Any factor in one term of a general proportion 
may be transjerredy so as to become a divisor in the other i 
and V, V. 

If ^oofC, then dividing by £, ^ci>C. (Art 118) 

B 
19 



SIO AI.GEBRA. 

SA cr JL, then mult, by CyJiCc^JL (Art. 169.) 

414. If two quantities vary respectively as a thiid, then 
one of the two varies as the other. (Art. 3iB4.) 

If JliaiiBib}.... .. 5JJ</)5 

And C:c::B:6r^^^^^'Mccr>B; 
Then A: a::C : c^ that is A(i> C, 

415. If two quantities vary respectively as a third, their 
Hfm or difference will vary in the same maimer. (Art 388.) 

If A:a::B:b},.,. ri^^B 

And C:c::B:65*^^*«'^MCc/iB; 

Then A+C : o-f c ::B:b, that is, wJ+C cd JB, 

And •fi-C: a-c: :B : 6, thati8,«fl-Cc/)JB. 

Gor. The addition here may be extended to cmywunAer of 
quantities all varying alike. (Art. 388. cor. 1.) 

UJltj^Bj and C(j)By and D(s^B^ and E<Ji By then 

{A+C+D+E)(j>B. 

415. 6. If the fftiora of the sum of two quantities, varies 
as the square of thetr difference ; then the sum of their squares 
varies as their product. 

If {Ji+By cf^{A ^ Bf; then JP+B" o) AB. 
For by the supposition, 

{A+Bf :{A^By:: (o+i)' : (a-6)«. 

Expanding, adding, and subtracting terms. (Arts. 217, 
and 389, 7.) 

2wJ»+2J3' : 4J1B : : 2a»+26'* : 4ab. 
Or, (Art. 382.) 
^+J? : waB : : a'+6* : oi, that is, ^+S« o>JStB. 

416. The terms of one general proportion may be multi* 
plied or divided by the correspondmg terms of another^ — 
(Art. 390.) 

AndC:c::I>:dr*'^^^«'^ \c^D; 

Then ACiac:: BD : bd that is, ACcuBD. 

Cor. If two quantities vary respectively as a third, the jpr» 
duct of the two will vary as the square of the other. 

?^:^'^?^hen^Co)B». 
And Ca>B S 
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417. If any quantity vary as another, any power or root of 
the former wiQ vary, as a like power or root of the latter. 
(Art. 391.) 

If A:a:iB:b, that is, if «/9o> JS, 

Then .fl*: cT : : JB" : ft" that is, •tf'coJB*, 

And wf* : 0^ : : JB" : 6", that is, j3* co -B". 

418. In compounding general proportions, eqnelf acton or 
dimorsy in the two terms, may be rejected. (Art. 393.) 

If j3:a::J?:6^ CdoiB 

And B :b : : C : c> that is, if < £ co C 
And C;c: : D:dS (Ccj>D 



Then A: a:\D\ d^ that is, A o^D. 

Cor. If one quantity varies as a second, the second, as a 
third, the third, as a fourth, &c. then the first varies as the 
last. 

If JlcpBc»C(jiD,ihenAa)D. 

If .A CO J? CO ^, then AaS — ; that is, if the first varies di- 
C C 

recibf as the second, and the second varies rec^procdUy as the 
tlura ; the first varies reciprocally as the third. 

419. If any quantity vary as the product of two others, 
and if one of the latter be considered constant^ the firat will 
vary as the other. 

If ^co LB, and if B be constant, then Wc^L. 

Here it must be observed that there are two conditions ; 
First, that FF varies as the product of the two other quantities; 
Secondly, that one of these quantities B is constant. 

Then, by the conditions, W:w: : LB :IB; B being the 
same in both tenns. 

Divid. by the constant quantity B^WiwiiLil^ that isWcnL. 
And if X« be considered Constant, W<j>B. 

Thus the weight of a board, of uniform thickness and den-> 
sity, varies as its length and breadth. If the length is given, 
the weight varies as the breadth. And if the brtMth is given, 
the weight varies as the length. 
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Cor. The same principle may be extended to any number 
of quantities. The weight of a stick of timber, of ^ven 
density, depends on the length, breadth, and thickness. If 
the length is given, the weight vai'ies as the breadth and 
thickness. If the length and breadth are given, the weight 
varies as the thickness, &c. 

If FTco LBT; 

Then making L constant, • W(j>BT; 

And making L and J? constant, Wcf>T; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, and when the third is given, the fii*st varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en : then if the length and breadth both vary, the weight va- 
ries as their product. 

? A Z'^b wf^'^ f !« <^^i^«^ I then WoBL. 
And WcnBf when L is constait, j ^ ' 

In demonstrating this, we have to consider, twovari^AU va^ 
lues of W; one, when L ordy varies, and the other, when L 
and B both vary. 

Let to^= the first of these variable valuer 

And w = the other ; 

So that W will be changed to te^, by the varying Of L, 

And v/ will be farther changed to 10, by the varying of B. 

Then by the supposition, W:v>^ :: Lily when B is constant 
And w^ :w:: Biby when B varies. 



Mult, correspond, terms, Wto' : wu>^ : : BL : bL (Art. 390.) 
Divid. by w' (Ait. 382.) W:w:: BLiblyi. e. W(j>BL. 

The proof may be extended to any number of quantities. 

The wei|^ht of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of these are 
given, the weight varies as the other. 

This case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as •St and f\a C^ aithe 
same tbne. In this, i? varies as w^, only when C is constant, 
and as C, only when A is constant. It cannot therefore vary 
as Jt and as C separately, at the same time. 
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Art. 420. 6. If one quantity varies as another, the former is 
equal to the product of the latter into some consiarU quantity. 

IfA:B::a:b; then, whatever be the value of a, its ratio 
to 6 must be constant, viz. that of A: B^ Let this ratio be 
that of m: 1. 

Then A: B:: a: bum: I. Therefore«/9=niJ3; And a=m6. 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period oi 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 20 ; the interest of 1000 or 10,000 will 
have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term varj/y or the character which has here been 
put for it. Instead ofAcrBy they say simply that A is as B. 
See Enfield's Philosophy. It may be proper to observe, ali- 
80, that the word given is frequently used to distinguish cpn^ 
statu quantities, from those which are variable ; as well at 
to distinguish knoum quantities from those wluch are ui^ 
known. (Art 17.) 



SECTION XIV. 

ARITHMETICAL AND GEOMETRICAL PROORESSICN. 

Art 423. QUANTITIES which decrease by a commou 
difference, as the numbers 10, 8, 6, 4, 2, are in contmued 
arithmetical proportion. ^Art 372.) Such a series is also 
called a progression^ which is only another name for continued 
proportion. 

It is evident that the proportion will not be destroyed, if 
the order of the quantities be inverted. Thus the numbers 
8, 4, 6, 8, 10, are in arithmetical proportion. 
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QuantUieSi then, are in arithmetical progresiiany when they 
increase or decrease by a common difference. 

When they increase^ they fonu what is called an ascending 
Beries, as 3, 5, 7, 9, 11, &c. 

When they decrease^ they form a descending series, as II, 
9, 7, 5, &c. 

The natural numbers, 1, 2, 3,4, 5« 6, &c. are m arithmet- 
ical progression ascending. 

423. From the definition it is evident that, in an ascending 
series, each succeeding term is found, by adding the common 
difference to the precedmg term. 

If the first term is 3, and the common difference 2 ; 

The series is 3, 5, 7, 9, 11, 13, &c. 

If the first term is a, and the common difference d ; 

Then a^d is the second term, a+^d+d^szo+Sd^ the fourth, 
a+d+d=:a+2d the Sd, a+sd+dzs:a+4d the 5th, &c. 

18 1 4 B 

And the series is a, a-f d, a4-2<2, o-fSily a+id^ &c. 

If the first term and the common difference are the same, 
tlie series becomes more simple. Thus if a is the first term, 
and the common difference, and n the number of terms. 

Then a-f a=2a is the second term, 
2£»-f a=3a the third, &c. 

And the series is a, 2ai So, 4e^ na. 

424. In a descending series, each succeeding term is found, 
by stibiracting the common difference firom the preceding term. 

If a is the first term, and d the common difference, the 

IS S 4 5 

series is a, a - d, a - 2(1, a - 3d, a - id, &c. 

Or the common difference in this case may be considered 
as - ({, a negative quantity, by the addition of which to any 
preceding term, we obtain the iltdlowing term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this {nrocess 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 

12 8 4 6 

a, o-fd, a+2dy o-f 3(1, a4-4(l, &c. 
it will be seen, that the number of times d is added to a is one 
less than the number of the term. 
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The etcond tenn is a- 



dy h e. a added to onced; 



The tMrd is a-f 2<I, a added to twice d; 

The/ouftA is ar\^Sd^ a added to thrice d, &c. 

So if the series be continued. 

The 50th term will be a+49d 

The 100th term a+99d 

If the series be descending^ the 100th term will be a — 99d. 



In the last term, the number of times d is added to a, is 
one less than the number of all the terms. If then 

a=the first term, 2:=the last, n=the number of terms, we 
shall ha|Ve, in all cases, 2r=a4-(n-l) X^^; that is, 

425. In an arithmetical progression, the hst term is equal 
to thefrsty-^ the product of the common difference into the number 
of terms less one, 

Ahj other term may be found in the same way. For the 
series may be made to stop at any term, and that may be 
considered, for the time, as the last. 

Thus the mth term=a+(m -1) x*** 

If the first term and the common difference are the tome, 

ar=a-|-(n-l)a=a-|-»M»'^a, that is, z^na. 

In an ascending series, the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first term is the greatest, and the last, the least. 

426. The equation z= a^ (n - 1 ) (i not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

o^the^a^ term, n^cthe number of terms, and 

Zfsihe last term, d, the common difference. 

If any three of these be given, the other may be found. 

1. By the equation already found, 

z=:a-\-{n''l)d=the last term. 

2. Transposing (n-.l)(i, (Art. 173.) 

z-(n-l)d=o=(Ae first term. 

S. Transposing a in the 1st, and dividing by n-1, 
- — j- = (1= the common difference. 
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4. Transp. a in the Isty dividing by d^ and transp. -1, 

— j-4-l=n=(A« number of terms. 

By the third equation, may be found any number of arith' 
meUcal m^anSf between two given numbers. For the whole 
number of terms consists of the two extremes^ and all the 
uUermediate terms. If then m=z the number of means, m-}- 
2=n, the whole niunber of terms. Substituting m-|-2 for n^ 
in the third equation, we have 

. I =ct, the common difference. 

Prob. 1. If the first term of an increasing progression is 7, 
the common difference 3, and the number of terms 9, what is 
the last term? Ans. 2:=a-|-(n-l)d=7-f (9-1) X 3=31. 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob. 2. If the last term of an increasing progression is 60, 
the number of terms 12, and the common difference 5, what 
is the first term? Ans. a=z-(n-l)(i=60-(12-l)xS=5. 

Prob. S. Find 6 arithmetical means, between 1 and 43. 

Ans. The common difference is 6. 

Aiud the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the sum^aU the terms. This is called the summution of 
the series. Tjie most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression wiU furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is. the same, as that of the descend- 
mg series, 11, 9, 7, 5, 3. Tlie smn of both the series is, 
therefore, tioice as great, as the sum of the terms in one of 
them. There is an easy method of finding this doMe sum, 
and of course, the sum itself which is the object of inquiry. 
JLet a given series be written, both in the direct, and in the in^ 
verted order, and then add the corresponding terms together. 
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Take, for instance, the series 3, 5, 7, 9, 11, 

And the same inverted 11, 9, 7, 5, 3. 

■ 

The sums of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, o-f-d, a-)-2<2, c^Sd^ o-f 4(2, 
And the same inver. o-f 4d, o-j-Sd, a^Zd^ a-|-<i, a. 

The sums will be 2a+4d,2a+4dj2a+4d,2a+4d,2a^4d 
Here we discover the important property, that, 

428. In an arithmetical progression, the sum of the ex- 
tremes IS equal to the sum of AN7 OTHER TWO TERMS 
EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one, &c. is 
14. And in the .pther series, the sum of each pair of corres- 
ponding terms is 2<i^4d, 

To find the sum of all the terms in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as many times as there are terms. 

, The sum of 14, 14, 14, 14, 14=14x5. 

And the sum of the terms in the other double series is 
(2a+4rf)x6. 

But this is ttoice the sum of the terms in the single series. 
If then we put 

a=the first term, n=:the number of terms, 

z=the last, tf=the sum of the terms, 

we shall have this equation, J . 

#=-o-X». That is. 



429. In an arithmetical progression, the sum of all the 

TERMS IS EQUAL TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c. up to 1000? 

(U-z 14-1000 

Ans. «=-|- X«= -^-g — X 1000=600500. 

If in the preceding equation, we substitute for z, its value 
as given in Art. 426, we have 

2a +(n-l)(f 

I. #= 5 X^ 
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In this, there are four diflferent quantities, the fir^ term of 
the .series, the common difference^ the number of terms, and 
the mtti of the terms; any three of which being given, the 
fourth may be found. For, by reducing the equaticoi, we 
have, 

2, 0= g- ' the firH term, 

S5— 2an 

3. (1= g > the cfmmm difference. 

2d 

Ex. 1. If the first term of an increasing arithmetical series 
is 3, the common difference 2, and the number of terms 20 ; 
what is the sum of the series 1 Ans. 440. 

. 2. If 100 stones be placed in a straight line, at the dis- 
tance of a yard from each other; how far must a person tra- 
vel, to bring them one by one to a box placed at tne distance 
of a yard from the first stonel Ans. 5 miles and 1300 yards. 

3. What is the sum of 150 terms of the series 

18 4 6 7 

g» g» 1, jp 3» 2, g> &C.1 Ans. 8776. 

4. If the sum of an arithmetical series is 1465, the least 
term 5, and the number of terms 30 ; what is the common 
difference? Ans. 3. 

5. If the sum of an arithmetical series is 567, the first 
term 7, and the common difference 2; what is the number 
of terms 1 Ans. 21. 

6. What is the sum of 32 terms of the series 

1> li, 2, 2J, 3, &c.? Ans. 280. 

7. A gentleman bought 47 books, and gave 10 cents for 
the first, 30 cents for the second, 60 cents for the third, &c. 
What did he give for the whole f Ans. 220 dollars, 90 cents 

8. A person put mto a charity box, a cent the first day of 
the year^ two cents the second day, three cents the third day, 
&c. to the end of the year. What was the whole sum for 
366 days 1 Ans. 667 dollars, 96 cents. 
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4S0< In the series of odd numbers 1, 3, 5, 7, 9, &c» con. 
tinued to any given extent, the last tenn is always one less 
than twice the number of terms. 

For jer=:a4-(ft - l)d. {Alt 425.) But in the piopoi^ed 
series a:=zly and dzs2. 

The equation, then, becomes z=l-j-(n-l) x2=2n- 1. 

431. In the series of odd numbers, 1, 3, 5, 7, 9, &c. the 
ncm of the terms ia always equal to the square of the number of 
terms. 

For s=i {a+z)n. (Art. 429.) 

But here a=zl, and by the last article, z=in--l. 
The equation, then, becomes «=i (l-f-2fi~l)n=n*. 



Thus 1. 



1 



3=4 



34-5= 9 > the square of the number of terms. 



1+3+5+7=16 

432. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in arithmetical 
progression. 

For by the addition or subtraction of the corresponding 
terms, the ratios are added or subtracted. (Art. 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the new ratios thence arising will also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 -v ^ 3 

Add and sub. 2, 4, 6, 8, 10, 12, 14 f • M 

Sums 5, 10, 15, 20, 25, 30, 36 ( ^^^® '^^^^ ^ ) 6 

Diff. 1, 2, 3, 4, 5, 6, 7 ) ^1 

433. If all the terms of an arithmetical progression be muU 
tiplied or divided by the same quantity, the products or quo* 
tients will be in arithmetical progression. 

For by the multiplication or division of the terms, the ratios 
are multiplied or divided; (Art. 344,) that is, equal quantities 
are multiplied or divided by the given quantity. They will 
therefore remain equal. 

If the series 3, 5, 7, 9, 1 1 , &.c. be multiplied by 4 ; 

The prods, will be 12, 20, 28, 36, ^14, &c. and if this be div. by 2; 
The quots. will be 6, 10, 14, 18, 22, ^c. 
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Problems of vuiouei kinds, in arithmetical proeression, may 
be solved, by stating the conditions algebraicaUy, and then 
reducing the equations. 

t^rob. 1. Find fdtur numbers in arithmetical fvogtemoDf 
whose sum shall be 56, and the sum of their squares 864. 

If ff=the second of the four numbers, 
And y=: their common difference : 
The series will be ir -^y, «, «+y, x+iy. 
By the conditions, (a? - y)+«+ («+y ) + («+2y) = 66 > 

And (a.-y)«-j-a»+(a:+y)«+(«+2y)«=864 5 

That is 4ir4.2y=56 > 

And 4a»+4jy+ey«=864 ) 

Reducing these equations, we have a;=12, and y=:4. 
The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The sum of three numbers in arithmetical pro* 
gression is.9, and the sum of their cubes is 153. What are. 
the numbers 1 Ans. 1, 8, and 5. 

Prbb. 3. The sum of three numbers in arithmetical jnto- 
gression is 15; and the sum of the souares of the two ex* 
tremes is 58. What are the numbersi 

Prob. 4. There are four numbers in arithmetical proeres* 
sion: the sum of the squares of the two first is 34 ; and the 
sum of the squares of the two last is ISO. What are the 
numbersi Ans. 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
iare in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number f 

Let the digits be equal to jt-y, «, and a^-f y, respectively. 
Then the number =100(ff-y)4-10«+(x4.y)=:llU-99jf. 

llU-99y 
By the conditions, 5 •. 

And lllar- 99y4.198=100(a?+y)+10«+(« 
Therefore x=3, y = 1, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of foaf 
numbers in arithmetical nrogression is 200 ; and the siun of 
Che squares of the meansis 136. What are iht numbers 1 
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Prob. 7« There are four numbers in arithmetical progress 
8ion, whose sum is 28. and their continual product 686. 
What are the numbers T 

GEOMETRICAL PROGRESSION. 

434. As arithmetical proportion continued is arithmetical 
progression, so geometrical proportion continued is geometri- 
calprogression. 

The ntunbers 64, 32, 16, 8, 4, are in continued geometri- 
cal proportion. (Aj*. 372.) 

In this series, if each preceding term be divided by the 
common ratio, the quotient will be the following term. 

V=32, and V=16, and V=8, and f=4. 

If the order of the series be inverted^ the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a m\|ltiplier. In the series 

4,8,16,32,64, &x.4x2=8,and8x2=il6,andl6x2=32,&c. 

435. Quantities then arc in geometrical progression, 

WHEN THET increase BT A COMMON MULTIPLIER, OR DE- 
CREASE B7 A COMMON DIVISOR. 

The common multiplier or divisor is called the ratio. ^For 
most purposes, however, it will be more simple to consider 
the ratio as always a multiplier^ either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or i a multiplier. 

To investigate the properties of geometrical progression, 
we may take nearly the same course, as in arithmetical pro- 
gression, observing to substitute continual mviti^plication and 
divisiony instead cS addition and subtraction, it is evident, 
in the first place, thkt, 

436. In an ascending geometrical series, each succeeding 
term is found, by multiplying the ratio into the preceding term. 

If the first term is a, and the ratio r, 

Then ox»*=»'j the second term, ar*x»*=«r', the fourth, 
arXr=or*, the third, ar'Xr^^ar*^ the fifth, &c. 

And the series is a, ar^ air^, ar^, ar^y ai/^y &c. 

437. If the first term and the ratio are the fomey the pnv 
gression is simply a series of powers. 
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If the first term and the ratio are each equal to r, 
Then rx^^'f^i the second term, r'xrssf*, the fourth, 
r^XT:=f^, the Uiird, r^\Tz=:i^^ the fifth. 

And the series is r, r*, r*, r*, i*, i^, &c. 

438. Ip a descending series, each succeeding term is found 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. • 

If the first term is ca^^ and the ratio r, 
the second term is — , or or'X'J' J 

And the series is ar", ca^^ of^^ oH, aa^^ art ^ &<^* 

If the first term is a, and the ratio r, 

a a a 
The series is a,->-^>-j5 &c. or a, ar''\ ar^, &c. 

1 S S 4 S 6 

By attending to the series a, ar^ ai^^ ar^^ ^***> ^*^» &<^- i^ will 
be seen that, in each term, the exponent of the^wer of the 
ratio, is one less^ than the number of the term. 

If then a=the first term, r=the ratio, 

z=the last, n=the number of terms ; 

we have the ^equation zzzzat'^t that is, 

439. In geometrical progression, the last term is equal to the 
product oftlie firsts into that power of the ratio whose index is one 
less than the number of terms. 

When the least teiiA and the r&tio are the same^ the equa- 
tion becomes z=:zrr^^=zi^. See Art. 437. 

440. Of the four quantities a, r, r, and n, any three being 
given, the other may be found.* 

1. By the last article, 

2:= 01^'= the last term. 

2. Dividing by r^', 

z 
~j;ri=(i=the first term. 

3. Dividing the 1st by a, and extracting the root, 

1 

'=the ratio. 



(r '" 



♦ See Note P. 
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By the last equation may be found any number of geame^ 
triced meansy between two given numbers. If 971=^ the num- 
ber of means, m-f-2=:n, the whole number of terms* Substi- 
tuting m4-2 for n, in the equation, we have 



( 



— Wi =zr, the ratio. 
al 



When the ratio is found, the means are obtained by con- 
tinued multiplication. 

Prob. 1. Find two geometrical means between 4 and 256. 
Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between J and 9. 

Ans. 7, 1, and 3. 

441. The next thing to be attended to, is the rule for find- 
ing the sum of aU the terms. 

If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make this plain, let the new series be written 
under the other, in such a manner, that each term shall be 
removed one step to the right of that from which it is pro- 
duced in the line above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it will be seen at once, that the four last terms in the 
upper line are the same, as the four first in the lower line. 
The only terms which are not in both^ are the first of the one 
series, and the last of the other. So that when we subtract 
the one series, from the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is a, ar^ ar^y ar^, .... af'K 
Then mult, by r, we have ar^ ar^, ar^y .... 07^"^ (a^» 

Now let 5= the sum of the terms. 
Then 5=a-f-«»*-j-o»^+or', . . . ,-{-01^'"^ 

And mult, by r, r5= or+ar'+or^ . . . .4-<*»^~*+^' 

Subt'gthe first equation from the second, r«-5=ar*-a 
And dividmg by (r- 1,) (Art. 121.) «=^?l:if . 
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In this equation, as^ is the last term in the new senesi and 
is therefore the product of the ratio into the last term in the 
gMmierief. 

Therefore *=!IZ?, that i& 

r-1 

44S. The sum of a series in geometrical progression is 
found, by multiplying the last term into the ratio, subtract- 
ing the first term, and dividing the remainder by the ratio 
less one. 

Prob. 1. If in a series of numbers in geometrical pro- 
fiiession, the first term is 6, the last term 14^, and the ratio 
9, what is the sum of all the terms 1 

Ans. ,='^=?><4!«|=6=2184. 
r-1 3-1 

Prob. 2. If the first term of a decreasing gecnnetrical se- 
ries is i, the ratio j, and the number of terms 6 ; what is the 
sum of the series f 

The last term=ai^-»=ix (i)*=i^- 

And the sum of the terms =:?^TTT""^=izJL 

i-1 162 

Prob. 3. What is the sum of the series, 1, 3, 9, 27, &c. to 
12 terms! Ans. 265720. 

Prob. 4. What is the sum of ten terms of the series 1, |, 

>. /,. &c. An. 1^« 

69049 

443. ^}uuA\tijtB in geometncal progrestkm are proportional 
to their differences. 

Let the series be a, or, or^, ar^^ ar^f &c. 

By the nature of geometrical progression, 

a: ar::ar : at^ ::af^ : aa^iiai^ : w^^ &c. 

In each couplet let the suitecedent be subtracted from the 
consequent, according to Art. 389, 6. 

Th^ a : arwar^a : ar^-^wwa'^'^ar : or'-ar*, &c. 

That is, the first term is to the second, as the difikrence 
between the first and second, to the difierence between the 
second and third ; and as the difference between the second 
and third, to the difference between the third and fourth, &c 
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Cor. If quantities are in geometrical progression, their d(/l 
ferences are also in geometrical progression. 

Thus the numbers 8, 9, 27, 81, 243, &c. 
And their differences 6, 18, 54, 162, &c. are in geo- 
metrical progression. 

444. Several quantities are said to be in hariMmcal progress 
sumf when, of any three which are contiguous in the series, 
the first is to the last, as the difference between the two first, 
to the difference between the two last. See ArU 400. 

Thus the numbers 60, 30, 20, 16, 12, 10, are in harmoni- 
cal progression. 

For60:20::60-.30:30-20,And20: 12:: 20-16: 15-12 
And 30: 15 :: 30-20: 20-16, And 15 : 10:: 15-12 : 12-10. 

Problems in geometrical progression, may be solved, as in 
other parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
squares 84. 

Let the three numbers be a:, y, and z. 

By the conditions, x :yi:y : Zy or a:z=:y* 

And x+y+z-=:l4 

And rB»+y«-J.;2»=84 

Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers ? 

If 0? be the first term, and y the common ratio ; the series 
will be Xy xgy xy^. 

By the conditions, «X«yX«y*> or «y=64, > 

And ar'4-a?»y»-J-a:y=584. J 

These equations reduced give ar=s2, and y=:2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob. 3. There are three numbers in geometrical progres- 
sion : The sum of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 Ans. 2, 10,and 50. 

20* 



226 AL6£fiRA. 

Prob. 4.. Of four numbers in geometrical progression, the 
sum of the two first is 15, and the sum of the two last is 60. 
What are the numbers 1 

Let the series be a?, xy^ ay^y xy^ ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. 5. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical progression ; and the first had 90 dollars more than 
ihe last. How much had each 1 , . / 

Prob. 6. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 15 ; and the 
difference of the squares of the greatest and the least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers 7 Ans. 5, 10, and 20. 

Prob. 7. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 taS. 
What are the numbers 1 Ans. 1, 3, 9, 27. 



SECTION XV. 



mFINITES AND INFINITESIMALS.* 



Art. 445. THE word mfinite is used in different senses. 
The ambiguity of the term has been the occasion of much 
perplexity. It has even led to the absurd supposition j^t 
propositions directly contradictory to each other, .jmay^ be 
mathematically demonstrated. These apparent |iptradic- 
tions are owing to the fact, that what is provd^lH infinity 

* Locke's Es8a)ra^ Book 3, Chapu 17. Berkelejr's Analyst. Preftice to Mac- 
laurin*s Fluxions. Newton's rrincnx Saunderson's Algebra, Art. 3^ 
Mansfield's Essays. Emerson's Algebra, Prob. 73. Buffier. 
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when understood in one particular manner, is often thought 
to be true also, when the term has a very different significa- 
tion. The two meanings are insensibly shifted, the one for 
the other, so that the proposition which is really demonstra- 
ted, is exchanged for another which is false and absurd. To 
prevent mistakes of this nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other. 

446. Infinite, in the highe$t, and perhaps the most proper 
sense of the word, is that which is so great, that nothing can be 
added to it, or supposed to be added. 

In this sense, it is frequently used in speaking of moral and 
metaphysical subjects. Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subjecjt of the mathematics is 
guarUiiy; (Art, 1.) such quantity as may be conceived of by the 
human mind. But no idea can be fbrmed of a quantity so 
great that nothing can be supposed to be added to it In this 
sense, an infinite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so far. It is therefore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BEYOND ANY DRJER- 
MINATE LIMITS. « 

By determinate limits are meant such as can be distinctly 
stated.* In this sense, the natural series of numbers, 1, 2, 3, 4, 
5, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several points o^ view the 

* See Note O, 



228 AliOEBRA. 

same. The higher meaning includes the lower. That which 
IS so great as to admit of no addition, must be beyond any 
determinate lunits. But the lower does not necessarily imply 
the higher. Though number is capable of being increased 
•beyond any specified limits ; it will not follow, that a number 
can be found to which no farther additions can be made. 
The two infinites agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
differ widely in another respect. To the one, nothing can be 
added. To the other, ad(£tions can be made at pleasure. 

448. In the mathematical sense of the term, there is no 
absurdity in supposing one infinite greater than another. 

We may conceive the numbers 2 2 2 2 2 S 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to reach round the globe, or to 
the most distant visible star, or beyond any greater boundary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be twice as great as the 
other, though both be infinite. 

So if the series o-f- 0^4- c^-)- a^-)- a", &c. 
and 9a+M+9(f+9a*+9afy &c. 

be extended together beyond any specified limits, one will be 
nine times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so great that nothing could be added to it. 

449. An infinite number of terms must not be mistaken for 
an infinite quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 

auantity, and even a small one. If we take half of a imit y 
iien half of the remainder ; half of the remaining half, &c. 
we shall have the series 

in which each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be addlsd, before the amount of the whole 
can be equal to a unit. 

So t+t+i+ A-i- A -hw» &c. can never exceed 8. 
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450. Wheiy a quantity is diminished till it becomes 
less than ant determinate (^uantitt, it is called an 
INFINITESIMAL. 

Thus, in a series of fractions xff» m* iiyw» iishjf^ &c. a 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
is ten times less than in the preceding. If then the progres- 
sion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be infmtely smdU. By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minish it still more. And however far the progression may 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be n^vnitdy dmsible ; that is, it may be sup- 

Sosed to be so divided, that the parts shall be has than any 
eterminate quantity, and the namber of parts greater than 
any given number. 

In the series A, j^ -nrW ioooo > &c. a unit is divided 
into a greater and greater number of parts, till they become 
in&iitesimals, and uie number of them infinite, that is, such 
a number as exceeds any gken number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the kast possible or the number of parts the greatest 
possible, 

452. One infixuteaimal may be fe«« than another. 



1 he senes, pr, nnr* Tinnr> nnnnr? **^c. 



:l 



And » 8 » a grn 

may be earned on together, till the last term m each becomes 
infinitely small ; and yet one of these terms will be only halj 
as great as the other. For the denominators being the same, 
the fractions will be as their numerators, (Art. S60, cor. S,) 
that is, as 6 : 3, or 2 : 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous than those 
of the other. 

The senes Aj -nnn nnnri nnnnrj &c. ) 
And A, ,pnri nnnri nnnnr> ^^* J 
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may both be infinitely extended ; and yet a unit in the last 
series, is divided into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
number as could not be increreed, it would be absurd tb sup- 
pose the divisions of any quantity to be still more numeirous.^ 

453. For all practical purposes, an infinitesimal may be 
considered as absolutely nothing. As it is less than any de- 
terminate quantity, it is lost even in nmnerical calculations. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely smalL 

It is frequently expedient to admit into a calculation, a 
small error, or what is suspected to be an error. It may be 
difiicult either to avoid the objectionable part, or to ascertain 
its exact value, or even to detennine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely small, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar fraction J. Dividing the numerator by 
the denominator, we obtain in the first place /^. This is 
nearly equal to f. But M is nearer, ^^o> still nearer, &c. 

The error, in the first instance, is f^. 

For A+A=A+8^=i*=*. 

In the same manner it may be shown, that 

the difference between J J ^J S/LIL, &c. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the difierence still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered iu calculation as nothing. 

454. From the precedmg example it will be seen, that a 
quantity may be continually cmning nearer to another, and 
yet never reach it. The decimal 0.3333333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to I, but can never exactly equal it. A difference will 
always remain, though it may become infinitely small. 



* See Note R, 
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When one quantity is thus made to approach continually 
to another, without ever passing it ; the latter is called a 
limit of the former. The fraction | is a limit of the decimal 
0.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account of itselfj 
yet its effect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinitesi infinitesimals, and finite quantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is firequently represented by 0. 

An infinite quantity is expressed by the character 00 

456. As an infinite quantity is incomparably greater than 
*a finite one, the alteration of the former, by an cMition or 

subtraction of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore infinite and finite quanti- 
ties are connected by the sign + or -, the latter may be re- 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by -f or - , 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infinite series 2 2 2 2 2 2 ftc. be multiplied by 4 ; 

The product will be 8 8 8 8 8 8 &c. four times as great as 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be divided by a finite quan- 
tity, it will be altered in the same manner as any other quan- 
tity. 

If the infinite series 6 6 6 6 6 6 6 6 &c.be divided by 2; 

The quotient will be333S8383 &c. half as great as 
Jbe dividend. 

459. If a finite quantity be multiplied by an infinitestmal, 
the product will be an infinitesimal ; that is, putting z for a 
finite quantity, and for an infinitesimal, (Art. 455. 

arxO^O. 
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If the imiltiplier were a im&, the product woidd be equa 
to the multiplicand. (Art. 90.) If the multiplier is less man 
a unit, the product is proportiemallj less. If then the multi- 
plier is mjmtely less than a unit, the jvoduct must be infi^ 
nitely less than the multiplicandi thai is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product of z into nothing is nothing. 
(ArU 112.) 

460. On the other hand, if a finite quantity be dwidei by 
an infinitesimal) the quotient will be inmte* 

z 

For, the less the divisor, the greater the quotient. If then 
the divisor be iafimiehj small, the quotient will be infinitely 
great. In other words, an infinitesimal is contained an infi- 
nite number of times in a finite quantity. This may, at first, 
appear paradoxical. But it is evident, that the qtiotient must 
increase as the divisor is diminished* 

Thus 6-f.S=2, 6-^0.03=200, 

6-f.O.S = 20, 6-M).0O8 = 2000, &c. 

If then the divisor be reduced, so as to become less than 
any assignable quantity, the quotient must be greater than 
any assignable quantity! 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimal. 

For the greater- the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the expressions infimiely great 
and mfimtely small, are, all along, to be understood in the 
mathematical sense according to the definitions in Arts. 447, 
and 450. 
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SECTION XVL 

^ DIVISION BY COMPOUND DIVISORS, GREATEST 

COMMON MEASURE. 

Art. 463. IN the section on division, the case in which 
the divisor is a compound quantity was omitted, because the 
operation in most instances, requires some knowledge of the 
nature of powers ; a subject which had not been previously 
explained. 

Division by a compound divisor is performed by the fol- 
lowing rule, which is substantially the same, as the rule for 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
term of the dividend, by the first term of the divisor ;* 

Multiply the whole divisor, by the term placed in the quo- 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following terms, 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, tUl all the terms of the dividend are brought down 

Ex. 1. Divide ac-|-6c+cM^-Wj by a+6. 
ac4-6c, the first subtraliend. 



ad^hd^ the second subtrahend. 



Here oe, the first term of the dividend, is divided by a, 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient. Multipljnng the whole divisor by 
this, we have ac-^-hc to be subtracted from the two first 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 



* Seo Note K 
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tenn of the divisor as before. This g^ves d for the second 
term of the quotient. Then mukiplying the divisor by dy 
we have ad+bd to be subtracted, wnich exhausts the whole 
dividend without leaving any remainder. 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the first term of the quotient is sub- 
tracted from the dividend ; then the product of the divisor 
mto the second term of the quotient ; and so on, till the pro- 
duct of the divisor into each term of the quotient, that is^ 
the product of the divisor into the whoh quotient, (Ajt. 100.) 
Is taken from the dividend. If there is no remainder, it is 
evident that this product is equal to the dividend. If there 
<9 a remainder, the product of the divisor and quotient is equal 
to the whole of the dividend except the remainder. And this 
remainder is not included in the parts subtracted from the 
dividend, by operating according to the rule. 

463. Before beginning to divide, it will generally be ex- 
pedient to make some preparation in the amusement of the 
terms. 

The letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the potoers of 
this letter shoidd be arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a*6+6»+2a6*+a*, hy ^+V+ab. 

Here, if we take cf for the first term of the divisor, the 
other terms should be arranged according to the powers of a, 
thus, 

a»+a6+6«)rf+2o*6+8ai*+fc»(a+6 



In these operations, particular care will be necessary m the 
management of negative quantities. Constant attention must 
be paid to the rules for the signs in subtraction, multiplica- 
tion and division. (Arts. 82, 105, 123.) 
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Ex. S. Divide tat - Mx - Mxy+Bifx+ary -'Xyhjia-y. 

If the terms be arranged according to the powers of a, 
they will stand thus ; 



- ta^x-^axy 



♦ 4-2fl« - xy 
'^taX'-xy 



464. In multiplication, some of the terms, by balancing 
each other, maybe lost in the product (Art. 110.) These 
may re^appear in division, so as to present terras, in the 
course of the process, different from any which are in the 
dividend. 

Ex.4. 

a+x)<f+:f{<f - «:+«• 
(fJLcPx 






asf- 






Ex.5. 



fl?- 2a»+«a;')tf*+4a?*(a'+2aa?4-2a? 



•+2a»a?-2a»a;'- 
-[-2a?ar - 4aV- 



.4ar* 
•4ajc* 



♦ 4- 



2aV-4a«»+4«* 
+2a'a?-4ar»+4t«. 



If the learner will take the trouble to multiply the quo* 
tieni into the divisor, in the two last examples^ ne will find. 
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in the partial products, the several terms which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide cf+a*+M+ab+Sac+Sc, by a+1. 

Quotient. er-^ab-^Sc. 

Ex.7. Divide 0^6 -c- ax- &a:+cjp, by a-l-ft-c. 

Quotient. 1 - x. 

Ex 8. Divide 2tf«- lSfl?a?4-llaV-8aa?+2a?*, by 2a«-a» 
+«*• Quotient. o^-6(M:+2a?.* 

465. When there is a remainder after all the terms of the 
dividend have been brought down, this may be placed over 
the divisor and added to the quotient, as in arithmetic. 

Ex. 9. 



a4-ft)«c+^+^4'*<M-*(<^+<H- 



X 



a+b 
ac^bc 

• • ad+bd 
ad^bd 



Ex. 10. 
d - h)ad - ah^bd - b^y (a-l-6+T^ 

O — A 



ad 


-ah 








• 


• 


bd- 
bd- 


■ bh 
-bh 






• 


• 


y 



It IS evident that a+b is the quotient belonging to the 
whole of the dividenu, excepting the remainder y. (An. 662.) 

And -iL is the quotient belonging to this remainder. (Art. 
a —A 

1£4.) 
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Ex. 11. Divide 6ax+ixy -Sab --by+Sac+cy+hy by Sa-f-y. 

Quotient. 2x-b+c-\- 



Sa+y* 
Ex. 12. Divide a'6 -Sa'+2a6 -.6a -46+22, by i- 3. 

Quotf^. a'+2a-4+ J^ 
Ex. 13. See Art. 283. 

* * oj^d+A/bd 



Ex. 14. Divide o-^^y+arA/y-i-ryf by a+\hf. 

Quotient. l-f-'Vy* 

1 5. Divide a? - 3aai*+3a*a: - a*, by a? - a. 

16. Divide 2y»- 19y''+26y- 17, by y -8. 

17. Divide «• - 1, by a: - 1. 

18.. Divide 4a^ - 9a?+6ar - 3, by 2x*+Sx - 1. 

19. Divide af+4a^b-^3b\ by a+26. 

20. Divide x* - aV+2a»a? - a\ by a^ - oar+oP. 

466. A regular series of quotients is obtained, by dividing 
the difference of the powers of two quantities, by the differ- 
ence of the quantities. Thus, 

&c. 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first tenn to the last but one : 

While the index of a, increases by 1, from the second term 
to the last, where it is less by 1, than in the dividend. 

21* 
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This maybe expressed in a general formula, thusi 

(y*-«^)-i-(y-«)=y""'+«!r"* • • • •+«"'"'i^+«^"'- 

To demonstrate this, we have only to multiply the quo- 
tient into the divisor. (Art. 115.) 

All the term^ ex)kpt two, in the partial products, will be 
balanced by each cflher ; and will leave the general product 
the same as the dividend. 

Mult. y*+''W'+^y+^+** 
Into y -a 

Producty* * ♦ * * -a* 

Mult y— *4-ay*-»+ay-» |-o"— 'y+iT- » 

Into y-a 

-ay*-* - ay-». ... - tf"-y - rf— Y- cT 
Prod, y- ♦ ♦ ♦ ♦ -cT. 

466. b. In the same manner it may be proved, that.the dif- 
ference of the powers of two quantities, if the index is an 
even number, is divisible by the sum of the quantities. That 
is, as the double of every number is even ; 

(y*»- (i^).j.(y+o) ==y«"-» - (q^«*-^ . . ,+0?*-'^ - 

And the eum of the powers of two quantities, if the index 
is an odd number, is divisible by the sum of the quantities. 
That is, as 2m+l is an odd number; , 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 

Thus, 
(y4 ^ aO -r(y+a) =y« - ay«+aV - aP, 
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And, 



GREATEST COMMON MEASURE. 



\': 



466. 0. The Greatest Common Measure of two quantities, 
may be found by the following rule ; 

Divide one of the quantities bt the other, and the 
preceding divisor bt the last remainder, till nothing 
remains ; the last divisor will be the greatest common 

MEASURE. 

The algebraic letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures itself , the quotient being 1. 

2. If two quantities are respectively measured by a third, 
their sum or difference is measured by that third quantity. — 
If b and e are each measured by d, it is evident that b-^Cj 
and i ~ c are measured by d. Connecting them by the sign4- 
X -, does not affect their capacity of being measured by d. 

Hence, if 6 is measured by d, then by the preceding pro« 
position, &4~^ ^ measured by d. 

S. If one quantity is measured by another, any mnl^le 
of the former is measured by the latter. If b is measured* 
by d, it is evident that i+6, 36, 46, nb, &c. are measured 
byd. 

Now let i>=sthe greater, and d=the less of two algebraic 
quantities, whether simple or compound. And let the pro* 
cess of dividing, according to the rule be as follows : 

d)D(q 

r)dia' 
rq 

r')r(fl'' 



.> 



1 
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In which a, i( q'\ are the quoHentii from the successive 
divisions ; ana r, K| and o the remainderz. And as the divi- 
dend is equal to the product of the divisor and quotient added 
10 the remainder, 

D=d^+r, and dz=:rq''\-r^. 

Then, as the last divisor r' measures r the remainder being o, 

it measures (2, and 3,) rc^'\'r':=zd^ 
and measures dq-^T=^D^ 

That isy the last divisor r^ is a common measure of the two 
given quantities D and d. 

It is also their greatest common measure. For every com- 
mon measure of x) and d^ is also (3, and 2) a measure of 
D - dq=:zr ; and every common measure of d and r, is abo a 
measure of d - rq^=zr^. But the greatest measure of r^ is 
itself. This, then, is the greatest common measure of D 
and d. 

The demonstration will be substantially the stmie, what- 
ever be the number of successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities^ 
first find the greatest common measure of two of them, and 
then, the greatest common measure, of this and the thirc) 
quantity. If the greatest common measure of D and d be 
f^, the greatest common measure of / and c, is the greatest 
common measure of the three quantities D, d^ and c. For 
every measure of /, is a measure of D and d; therefore the 
greatest common measure of r^ and c, is also the greatest 
common measure of 1>, dy and c. 

The rule may be extended to any number of quantities. 

466. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of nm- 
pk algebraic quantities. For this purpose, a glance of the 
eye will generally be sufiicient. In the application of the 
rule to cofmpovnd quantities, it.will frequently be expedient 
to reduce the divisor, or enlarge the dividend, in conformity 
with the following principle ; 

The greatest. common measure of two qiumtities is not dUered^ 
by multiplying or dividing either of ilteni by any quantity which 
is not a divisor of the other j and winch contains no factor which 
is a divisor of the other. 

The common measure of ab and ac is a. If either be 
multiplied by d^ the common measure of abd, and ac^ or of 
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ah and aedi is still a. On the other hand, if ab and acd are 
the given quantitiesi the common measure is a; and if acd 
be divided by dy tlie common measure of ab and oc is a. 

Hence in finding the common measure by division, the 
divisor may often be rendered more simple^ by dividing it b^ 
some quantity, which does not contain a divisor of the divi- 
dend. Or the dividend may be mulHplied by a factor, which 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
6a*+Uax+SA and Sa'+Toar-Sa^. 

6(^4- 7aa? -Sar' 

Dividing by 2x)4ax+6a^ 

2a+3x)6(e+rax - Sa?(Sa - x 
6(f+9ax 

-2aa?-3a!» 



After the first division here, the remainder is divided by 
ixy which reduces it to 2a-(-3x. The division of the pre- 
ceding divisor by this, leaves no remainder. Therefore 2a-{7 
Sx is the common measure required. 

2. What is the greatest common measure of a;' - b% and 
a?+26a?4-t*1 Ans. x+b. 

3. What is the greatest common measure of cx-^-s^, and 
a^c+a^x 1 Ans. c-^x. 

4. What is the greatest common measure of 3a^ - 24a; - 9, 
and 2a:» - 16a:- 6 1 Ans. «»- 8ar- 3. 

5. What is the greatest common measure of of - i*, and 
tf^bVl Ans. a«-.ft«. 

6. What is the greatest common measure of a^- 1, and 

7. What IS the greatest common measure of ar'-o^, and 
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8. What is the greatest common measure of tf-^ab-^ H^, 
aiid^~Sai+£6M 

9. What is the greatest common measure of a* - a^, and 

10. What is the greatest common measure of n^-ab^ and 



SECTION XVII. 

INVOLUTION AND EXPANSION OF BINOMIALS ♦ 

Art. 467. THE manner in which a binomial, as well as 
any other compound quantity, may be involved by repeated 
multiplications, has been shown in the section on powers. 
(Art. 213.) But when a high power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some general {Nin- 
ciple, by which the involution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton ror the method which is now in common use. It is 
founded on what is called the Binomial Theorem^ the inven- 
tion of which was deemed of such importance to mathemati-i 
cal investigation, that it is engraved on his monmnent in 
Westminster Abbey 

468. If the binomial root be a-\-b^ we may obtain, by mul- 
tiplication, the following powers. (Art. 213.) 



* Simpson's Algebra, Sec. 15. Simpson's Fluxions, Art. 99. Ealer*s Alge* 
ora, Sec 8. Chap. 10. Manning*8 Aleebra. Saunderson's Algebra, ArC 
380. Vinee's Fluxions, Art. S3. Wonng's Med. AnaL p. 415. Lacroix's 
Algebra, Art 135. Do. Comp. Art. 70. Lond. PhiL Trans. 1795, 1816, and 
1817. ' Woodhouse's Analytical Calculation. 
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a+by=itf+5afb+10a'b^+10a^V+5ab*+b\ &c. 

By attending to thia series of powers^ we Aail find^ thai 
the exponents preserve an invariable order through the whole* 
This will be very obvious, if we take the exponents by them* 
selves, unconnected with the letters to which they belong. 

. In the square, the exponents | of 6 are o' l' 2 

In the cube, the exponents j^JI^O;?:!:? 

In the 4th power, the exponents j^Jj^:^; ?; |J;2 

&c. 

Here it will be seen at once, that the exponents of a in the 
first term, and of 6 in the kutj are each equal to the index of 
the power ; and that the sum of the exponents of the two let- 
ters is in every term the same. Thus in the fourth power, 

C in the first term, is 44-0=4 
The sum of the exponents < in the second, S-f-l =4 

( in the tliird, 24-2:=4,&c. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of b tncretise from 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, will be evident, if we con- 
sider, that in raising from any power to the next, each term 
is multiplied both by a and by ft. 

Thus {a+by-(f+2ab+V 
Mult, by o-f-ft 

— — — [of a in each term. 

o*4-2(^6-f a6l Here 1 is added to the exp. 

rf6+2a6«+y. Here I is added to the 

' [exp. of 6 in each term. 

(a+i)»=: a»+3a»6+3a6»+6». 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the multiplication adds 1 to each, it is 
evident tliey must still increase and decrease in the same 
manner as before. 
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4^9. If then a^h be raised to a power whose exponent is fk 
Theexp'sof a willben,n-l,n-2, . . . . 2, 1, 0; 

And the exp'sof 6 will be 0» 1, 2» . . . • n-2, n- 1, n. 

The terms in which a power is expressed, consist of the 
letters with their exponerUSy and the cO'-effidents, Setting aside 
the co-efficients for the present, we can detemune, from the 
preceding observations, the letters and exponents of any 
power whatever. 

Thus the eighth power of a-{-6, when written without the 
co-efficients, is 

(f + d'b + a/'b*+<fV' + a*b* + (fV + (fV+ab'' + V. 

And the nth power of a^- & is, 

470. The number of terms is greater by 1, than the index 
of the power. For if the index of the power is n, a has, in 
different terms, every index from n down to 1 ; and there is 
one additional term which contains only 6. Thus, 

The square has 3 terms. The 4th power, 5, 
The cube 4, The 5th power, 6, &c, 

471. The next step is to find the coefficients. This part 
or the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
co-efficients, taken separate from the letters are as follows ; 
In the square, I» 2, 1, whose sum is 4=2* 

In the cube, 1, 3, 3, 1, 8=2* 

In the 4th power, 1, 4, 6, 4, 1, 16=2* 

In the 5th power, 1, 5, 10, 10, 5, 1, 32=:2». 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

472. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be multiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co» 
efficient of the succeeding term.* 



* See Note T. 
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Of the two letters in a term, the first is called the UaiSng 
quantity, and the other the foUaunng quantity. In the ex 
amples which have been given in this section, a is the 
leading quantity, and b the following quantity. 

It may frequently be convenient to represent the co-effi- 
cients in the several terms, by the capital letters, •/}, J3, C, &c« 

The ntli power of a-{-6, without the co-efficients, is 
a^4.ar-'6+a^-V+ar-»6»+a— *6*, &c. (Art. 469.) 

And the co-efficients are, 
•d =11, the co-efficient of the second term ; 

B =nx^^* of the tUrd term ; 



C=nx5^ X^^^ of the fourth term ; 

9 



D=ftXlfix^X^ oPtheJI/ifctermi &c. 

^ «) 4 

The regular manner in which these co-efficients are de 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it will be 
seen, that the co-efficients first increase^ and then decrease^ at 
the same rate ; so that they are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of this is, that (o-f-^)" is the 
same as (b-f'^)" > ^^^ ^^ ^^® order of the terms in the bino- 
mial root be changed, the whole series of terms in the newer 
will be inverted. 

It is sufficient, then, to find the co-efficients of ha^ the 
terms. These repeated will serve for the whole. 

474. In any power of (o-f-^O the sum of the co-efficients 
is equal to the number 2 raised to that power. See the list 
of co-efficients in Art. 471. The reason of this is, that, ac- 
cording to the rules of multiplication, when any quantity is 
involved, the letters are multiplied into each other, and the 
cO'efficients into each other. Now the co-efficients of a^b 
being 14-1 = 2, if these be involved, a series of the powert 

of 2 will be produced. 

♦ 

475. The principles which have now been explained mtiy 
mostly be comprised in the following general theorem, called 

22 



THE BINOMIAL THEOREM. 

The index of the lpaduvg quantity of the power 
of a biltomial, begins in the first term with the ik^* 
dex of the power, and decreases regularly by i. 
The index of the following quantity begins with 1 
IN the second term and increases regularly by I, 
(Art. 468.) 

The CO-EFFICIENT of the first term is 1 ; that 
of the second is equal to the index of the power ; 
and universally, if the co-efficient of any term be 
multiplied by the index of the leading quantity ur 

THAT TERM, AND DIVIDED BY THE INDEX OF THE FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE CO-EF* 
FICIENT OF THE SUCCEEDING TERM. (Alt. 472.) 

In algebraic characters, th^ theorem is 

(a+6)"=flr4.nXa"-» b+nX^^^^^'V, &c. 

2 

It is here supposed, that the terms of the binomial have no 
other co-efficients or exponents than 1 . Other binomials may 
be reduced to this form by substitution. 

Ex. 1. "What is the 6th power of X"{-y 1 

The terms without the co-efficients, are 

«•, «^» «y» «^*, «^*, xf, f. 
And the co-efficients, are 

1, 6, «><^, l^, ?5^ 6, I. 

that is 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
required ; 

^•+6a!^+ 1 5xy+20sff+ 1 5«^*.f 6ay+y«. 

2. {d+hy=:^d'+5d'h+\0d?h*+l0d^h*+5dh*+h\ 

8. What is the nth power of i-f-V '^ 

Ans. i"+.flfc"-»j/4.J56"-y+C6"-y+J36— y, &c 

That is, supplying the co-efficients which are here repre«> 
sented by Ay JS, C, &c. (Art. 472.) 

2 
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4. What is the 6th power of «^-Sy* 1 
Substituting o for a^, and 6 for Sy*, we have 

And restoring the values of a and b^ 

& What is the sixth power of {Sx+2y) 1 

Ans. 

7S9:^+29l6a«y+4860aY+4320a^*4.2160aY+S76aj» 
+64y«. " . 

476. A residual quantity may be involved in the same 
manner, without any variation, except in the s^ns. By re- 
peated multiplications, as in Art 213, we obtain the follow-* 
mg powers of (a -6.) 

o - fc)»=a» - Sd'b+Sal/' - b\ 
>-.fc)*=(i«-4a'i+6aV-4a6»+6*, &c. 

By comparing these with the like powers of {a-\-b) in Art. 
468, it will be seen, that there is no difference except in the 
signs. There, all the terms are positive. Here, the terms 
which contain the odd powers of b are negative. S^e Art 
218. 

_ • 

The sixth power of (ar-y) is 
3* - 6a^y+16a^« - 20xy +16aY - 6ay»+y». 
■ The t»th power of (a - b) is 

<r-,fla"-*i+JBa"-«6»-Ca— •&•, &c. 

477. When oi\e of the terms of a binomial is a uniif it is 
generally omitted in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 209.) and this 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art 90.) 

Thus the cube of (x+l) is a^+Sar* X 1+S« X 1*+I^ 
Which is the same as a^'\-Sa^-\-SX'\'h 

The itisertton of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol- 
lowing quantity in each tenn, for the purpose of finding the 
eo-efficients. But this will be unnecessary, if we bear ip 
mind, that the swn of the two exponents, in each term, v 
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equal to the index of the power. (Art. 468.) Bo that, if we 
have the exponent of the kaJ&ie quantity, we may know 
that of ibefoUowi$^ quantity, and v. v. 

Ex. 1. The sixth power of (1 -y) is 

1 - 6y+16sf» - 20y»+16/- 6y'+j^. 
8. {l+xr=il+Jix+Bx'+Ca!'+Dx\ &c. 

478. From the comparatively simple manner in which the 
power is expressed, when the first term of the root is a unity 
IS suggested the expediency of reducing other binomials, to 
this form. 

The quotient of (o-f «) divided by a is (1+^) • This mul 

tiplied into the divisor, is equal to the dividend ; that is^ 
(a+ar)^ax (l+-)therefore (a+«)«=arx (l+^". • 

By expanding the factor (l+-] > we have 
(a+«)-=rf'x(l+|)"=flrx(l+^^+<^,) &c. 

479. When the index of the power to which any binomial 
is to be raised is a posiHve vfhole manber^ the series will termi-' 
note. The number of terms will be limited, as in all the 
precedii^g examples. 

For, as the index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
series will break off. 

Thus the 5th term of the fourth power of a^x is ^, or 
tfx\ if being commonly omitted, because it is equal to 1. 
(Art. 207.) If we attempt to continue the series farther, the 
co-efficient of the next term, according to the nde, will be 

i2L.=0. (Art. 112.) And as the co-efficients of all suc- 
ceeding terms must depend on this, they will also be 0. 

480. If the index of the proposed power is negative^ this 
can never become 0, by the successive subtractions of a unit. 
The series will, therefore, never terminate; but like many de« 
cimal fractions, may be continued to any extent that is de^ 
sired. 



y 
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« 

Ex. Expand into a series ^= (a4-y) """. 

The terms without the co-efficients, are 

a-^ a'% o-y, o-y, a-y, &c. 

The co-efficient of the 2d term is - 2, of the 4thi521lli=-4. 

3 

Of the third, rl>lZ?=:+3, of the 6th "^X-5^^g^ 

2 ^ 4 ^ 

The series then is 
a-'*-2o-«y+Sa-y-4a-y+5a-y, &c. 

Here the law of the progression is apparent ; the co-effi- 
cients increase regularly by 1, and their signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 
in raising powers, but particularly in finding the roots of bino^ 
mials. A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an inte- 
geVf in the other a fraction. (Art. 245.) Thus (a-J-6)" may 
be either a power or a root. It is a power if »=2, but a root 
if n=J. 

482. If a root be expanded by the binomial theorem, the 
series wUl never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- ' 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art 479.) But according to the theorem, 
the difference in the mdex, between one term and the next, 
is always a unit ; and a fractiony though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of units. Thus, if the index in the 
first term be ^, it will be. 

In the 2d, J - 1= -i. In the 4th -f - 1 = - f, 
In the Sd, -J - 1= -f, In theSth -#- 1= -f, &c. 

Ex. What is the square root of (a-{-&) 1 
The terms, without the co-efficients, are, 

a*, a"H, a""**', a"*i», a'^h*, &c. 

2a* 
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The co-efficient of the second tenn is ^-| 

of the Sd, i4^= -*> of the 4th, zi2<rl=+A. 

And the series is a^+W^b-ia^V'+ha^l^, &c. 

When a quantity is expanded by the Binomial Theorem, 
the law of the series will frequently be more apparent, if the 
factors, by which the co-efficients are formed, are kept dU- 
tmct, 

1. Expand into a series (a'-j-o;) . 
Substituting b for a", we have 

{b^x)^z^b^+Ab'^x+Bb'^a^+Cb'*a^+Db'^w\ &c 
^=1, (Art. 472.) 

2 2 2^ 4 2.4 



2.4 8 2.4 6 8.46 



8.4.6 4 2.4.6 8 2.4.6.8 

BiMtoring, then, the vahie of b, and writing -for <r*, we have 

a 

»_^,^ "f-ga 2.4a" ^2.4.60' 2.4.6.80^' 

2. E^iand into a series (l-f«). 

^ S.4^2.4.6 2.4.6.8 

3. Eiqpand V^. or (1+1)'. 

Ans. 1+1 - -L+_i. ?£-+_MI_, Ac 

^2 2.4^2.4.6 2.4.6.8^2.4.6.8.10 

4. Expand (o+ar)* or a*x (l+-)* See Art. 47a 

Ans. «*x(l+* -_^+_??L.-.J:«*U &c. ) 
\^ta 9.4te^ 2.4.6tf 2.4.6.8(«« / 



INVOLUTION OF BINOMIALS. «6I 

5. Expand {a+b)K or a*x(l+-)i 

Ana. «*x (1+1-^.4- l^^Jll'^ &c.] 
\ ^Sa 3.6a»^3.6.9af 8.6.9.T2? / 

6. Expand into a series (a - b)*. 

\ 4a 4.8a* 4.8.12a3 4.8.1216?' / 

7. Expand (a-f«)""«. 8. Expand (1-a?) . 

9. Expand (!+«)■" * 10. Expand (a*+a?)""* 

^ 483. The binomial tlieorem may also be applied to quan- 
tities consisting of more than two terms. By substitution, sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded, 

Ex. What is the cube of a+b+c 1 
Substituting h for (i-{-c,) we have a-|-(6+c)=a-f-A» 
And by the theorem, ((i-j-A)'=a'+3a*A+SaA'+A*. 
That is, restoring the value of A, 

The two last terms contain powers of (6-f-c) ; but these 
may be separately involved. 



Ptamiscwims Examples. 

h What is the 8th power of (a+6) 1 

Ans. (f+8a'b+28aV+56cfV'+70a'b'+56(fh 4 
iSa^V+Sab'+bK 

2. What is the 7th power of (a- 6) 1 

S. Expand into a series ^ , or (1 -aVV 

1-a 



25S ALGEBRA 



4 Expand .J— or Ax («-*)"*• 

5. ExpoDd into a series (cf-^V)^. 

6. Expand into a series {ar\-y)'K 

7. Expand into a series (c'-{-s') . 

8. Expand ^ _ or d(c»+«»)~*, 

■ 9. Find the 6th power of (o«+y».)^'^-'''>°''^'''^''* ''"^ ^ 
10. Find the 4th power of {a-\-b+x.) 

' 11. Expand («?- «)*. 12. Expand (l-y»)*. 

13. Expand (a-«)*. 14. Expand h(<f-^)K 



/k' 
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SECTION XVIII. 



EVOLUTION OP COMPOUND QUANTITIES. 

Art 484. THE roots of compound quantities may be ex- 
treu^ted by the following general rule : 

Ailer arranging the terms according to the powers of one 
of the letters, so that the highest power shall stand first, the 
next highest next, &c. 

Take the root of the first term^for the first term of the reqw^ 
ed root : 

Subtract tlie power from the given quantity, and divide the 
first term of the remainder, by the first term of the root involved 
to the next inferior power, and multiplied by the index of the 
given power ;'\ the quotient wUl be the next term of the root* 

Subtract the power of the terms already found from the given 
quantity, and using the same divisor, proceed as before. 

This rule verifies itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract** 
ing its power from the given quantity : and when the power 
is equat to this quantity, it is evident the true root is found. 

Ex. I. Extract the cube root of 

o^+So" - Stf*- lla»+6fl?+12a-. 8(a«+a-2. 
a\ the first subtrahend. 



Sc^)* So", &c. the first remainder. 

» .III I ■ 

a«-f Srf+Sa^+fl?, the 2d subtrahend. 
S(j^)» ♦ - 6a*, &c. the 2d remauider. 
rf+So^ - Sa* - 1 la»+6flr»+12a - 8. 



t By the given power is moant a power of the same name with the required 
root As powers and roots are correlativey any quantity is the sqaare of its 
square not, the cube of its cube root, &c 
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Here a\ the cube root of if » is taken for the first term of 
the required root The power o^is subtracted from the girea 
ouantity. For a divisor, the first term of the root is sauared, 
mat is, raised to the next inferior power, and multiplied by 
S^ the index of the given power. 

By this, the first term of the remainder So^, &c« is divided, 
and the quotient a is added to the root. Then a*^a^ the 
part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the i^ven quantity. The first term of the remainder - 6aS 
&c. IS divided by the divisor used above, and the (quotient - 2 
is added to the root. Lastly the whole root is mvolved to 
the cube, and the power is found to be exactly eaual to the 
given quantity. 

It is not necessary to write the remainder at length, a% in 
dividing, the first term only is wanted. 

2. Extract the fourth root of 



4a»)* 8o*,&c. 



a*+8a»+S4a*+88a+l6. 

3. What is the 5th root of 

a»+6(i*i+10(A«+10aV4.5a6*4.V t Asm. a+6. 

4. What is the cube root of 

o»-6a«6+ 2a6^-84« ? Ana. «- 

O* What is the square root of 

4a«- l%ab+9V+l6ah^S4bhr\'l6h\ta^Sb+4h 
4o* 



4a)* - 12aft, &c. 
4(i?-.12ai+96* 
4fl)» ♦ ♦-I- 16afc,&c. 
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In finding the divisor here, the term Sain the root is not 
involved, because the power next below the squaie is the 
first power. 

485. But the square root is more commonly extracted by 
the following^ rule, which is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first term 
of the required root, and subtract the power firom the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term last placed in the root, and subtract 
the product firom the dividend. 

Bring down two or three additional terms and proceed as 
before. 

Ex. 1. What is the square root of 

(fj^2ab+b'+2ac+2bc+e'{a+b+c. 
aK the first subtrahend. 



2a-|-6)* 2ab+V 

Into 6= 2ab'^l^, the second subtrahend. 

20+26+0) * * 2ac+2bc+(? 

Into c^ 2ae-^2bC'\'(?9 the third subtrahend. 

Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the. terms placed in the root, the root is truly assigned by 
the rule. 

The first subtrahend is the square of the first term of the 
root. 

The second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding tenn. 

The Udrd subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two pre* 
ceding terms, &c. 

That is, the subtrahends are equal to 

rf+ (2a+6) X 6+ (2a+2fc+c) xc, &c. 
und tliis expression is equal to the square of the root. 
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P6r(a+»)«=rf+«ai+i»=a«+(«a+6)x». (ArtlM.) 
And putting &=(i-|-fr, the square &'=a*+(Sa-f ft)xft* 
And (a+6+c)*=(fc4.c)«=A*+(2A+c)xc; 
that is, restoring the values of h and k\ 

(a+b+cy=:if+{2a+b) xb+{ia+9b+c) xc 

In the same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term into itself, and into twice the sum 
of the preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be negative. 

S. What is the square root of 

1 - 46+4V+2y - %+y«(l - ib+y 
I 



8 - 2i) * - 46+46» 



Into - 26 = -46- 



.46 



9 



2-46+y)* ♦ 2y-46y+»« 
Into y= 1^-4^+y** 

3. What is the square root of 
a^-ga»4.Sfl^-.2a"+aM 

4. What is die square root of 
tf»-^4rf6^46» - 4fl? - 86+4 ? 



Ans. tf - a'4-<>« 
Ans. a'+26 - 2. 



486. It will frequently facilitate the extraction of roots^ 
to consider the index as composed of .two or mote factors. 

Thus a*=a*^* (Art. 258.) And a*=a*^*. That is, 

The fourth root is equal to the square root of the square 
oot; 
The sixth root is equal to the square root of the cube root ; 
The eighth root is equal to the square root of the fourth 

iOOt, &c. 

To find the sixth root, thereftnre, we may first extract the 
cube root, and then the square root of this. 
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1 Find the square root of ar* - 4a;'+6a;'-4a?+L /^ . -; / 

2 Find the cube root of a?' - Ss/'+lBx* - 20a;»+15a;* - 6a?+l. 
8 Find the square root of 4a;* - 4a;'+13a;* - 6a?+9. 

4. Find the fourth root of 

16d*-96a'ar+216aV-216aa;'+81x*. 

5. Find the 6th root of af+Ss^+lik^+Wsi^+dx+l. 

6. Find the sixth root of 

a« - 6a'6+16a*6« - 20a»i*+16o»6* - Qab*+b\ 

ROOTS OF BINOMIAL SURDS. 

486. b. It is sometimes expedient to express the square 
root of a quantity of the form a±\/6, called a binomial or re- 
sidual surd, by the eRim or difference of two other surds. A 
formula for this purpose may be derived from the following 
propositions; 

1. The square root of a whole nmnber cannot consist of 
two partSf one of which is rtitumdl^ and the other a surd. 

If it be possible, let ^/a=zx-\-^yf in which the part x is 
rational. 

Squaring both sides, a=fl:*+2afVy+y 

And reducing, VV = ^> ^ rational quantity j 

2x 

which is contrary to the supposition. 

2. In every equation of the form ar-j-Vy^^H'V^* ^^^ ^^* 
tional parts on each side are eqtuUy and also the remaining 
parts. 

If X be not equal to a, let x=zatz. 

Then a±z+ VV = «+ V^* -^^^ ^fc =2r+ VV f 
That is^ \/b consists of two parts, one of which is rational, 
and the other not ; which, according to the preceding propo* 
sition, is impossible. 

In the same manner it may be shewn, that in the equa- 
tion, a;- Vy=: a -^6, the rational parts on each side are 
equal, and also the remaining parts. 

3. If \/**+V^=^+Vy> then ^^a-V^^^^Vy- 
For, by squaring the first equation, we have 

a-{- V^ = ai'+^^vy+y 

23 
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And by the last proposition. 



By subtraction, a - ^b =^s^ 2agVy+y 
By evolution, Va - V* = « - Vy- 

486. c. To find, now, an expression for the square root of 
a binomial or residual surd. 

Let Vf[+V*=*+Vy 

Then V^~V^= ^ " VV 
Squaring both sides of each, we have 

Adding the two last, and dividing, aszat^-^y 

Multipljring the two first, V^ - 6 = «■ - Sf 

Adding and subtracting. 



.v^ 



a+V<3i^-fc=2«" Or*: 
a-V"?^=2y AndVy=>^^"V^'"^ 
Therefore, as \/a-{- yfc =a?4 - ^y, and j^a£yb^x - VJf, 



-6 



Or, substituting d for ^(f - b, 

Bx. 1. Find the square root of S+2y/S. 
Here o=3, o»=9, ^b=:i^/2, 6=8, o»- 6=9 -8=1. 

Therefore ^3+V«=^?±^+^^= V«+>« 
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2. .Find the square root of 1 1+6^2. Ans. S+^y/^- 

8. Find the square root of 6 - 2/^/6. Ans. ^y/S - 1. 

4. Find the square root of 7+4^3. Ans. 2+^3. 

6. Find the square root of 7 - 2^10. Ans, ^5 - iy/2. 

These results may be verilfied, in each instance, by multi* 
plying the root into itself, and thus re-producing the binomial 
from which it is derived. 
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INFINITE SERIES. 

Art. 487. IT is frequently the case, that, in attempting to 
extract the root of a quantity, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
with exactness. But, bv continuing the operation, one term 
after another may be added, so as to bring the result nearer 
and nearer to the value required. When the nimiber of 
terms is supposed to be extended beyond any determinate 
limits the expression is called an infinite series. The quantity^ 
however, may be finite, though the number of terms be un- 
limited. 

An infinite series may appear, at first view, much less sim- 
ple than the expression from which it is derived. But the 
former is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuity of mathe- 
maticians has, accordingly, been employed on the subject of 
series. If it were necessary to find each of the terms by ac- 
tual calculation, the imdertaldng would be hopeless. But a 
few of the leading terms will, generally, be sufficient to de- 
termine the law oif the progression. 
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488. A fraction may often oe expanded into an infinite 
series, by dividing the numerator by the denommator. For the 
value of a fraction is equal to the quotient of the numerator 
divided by the denominator. (Art. 135.) When this quotient 
cannot be expressed, in a limited number of terms, it may be 
represented by an infinite series. 

Ex. To reduce the fraction to an infinite series, 

div'de 1 by 1 «- 0, according to the rule in Art. 462. 

1 - a) 1 (1 +a+al'+a\ &c. 

1-a 



* a 



a^a^ 



* a% &c. 



By continuing the operation, we obtain the terms 

l-j-a-j-a'+^'+^*+^+^% &c. which are sufficient to 
show that the series, after the first term, consists of the 
powers of a, rising regularly one above another. 

That the series may converge^ that is, come nearer and 
nearer to the exiact value of the fraction, it is necessary that 
the first term of the divisor be greater than the second* In 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder; and the quo* 
tient is not complete, tiU this is placed over the divisor and 
annexed. Now the first remainder is a, the second a\ the 
third a\ &c. If a then is greater than 1, the remainder con- 
tinually increases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient. The series 
is^ therefore, diverging instead of converging, 

Bw« if a be less than 1, the remainders, a, a\ a?, &c. will 
continually decrease. For powers are raised by multiplica- 
tion ; and if the multipUer be less than a unit, the product 
will be less than the multiplicand. (Art. 90.) If a be taken 
equal to |, then by Art. 223, 

a«=J, a'=i, (<*= A, a«=A, &c. 
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and we have 

Here the two first terms =1+1) which is less than 2» by } ; 
the tkree first =14-1} less than 2» by | ; 

the four first =: l-)-{> less than 2, by i ; 

So that the farther the series is carried, the nearer it ap« 
proaches to the value of the given fraction, which is equal 
to 2. 

2. If -^ — be expanded, the series will be the same as that 

l+a 

from — ^ except that the terms which Qondst of the odd 

powers of a will be negative. 
So that — L.= 1 - a+cf-- a^+a* - a*+rf, &c. 

S. Reduce —^ to an infinite series. 



-)* (J+-+-.C. 



h^^I 



a 
Here h divided by a gives - for the first term of the quo- 

dent. (Art. 124.) This is multiplied into a - 6, and the product 

is A-— ; (Arts. 159, 158.) which subtracted from h leaves 
a 

*i This divided by a gives ^ (Art. 163.) for the second 
a a* 

term of the quotient. If the operation be continued in the 

same manner, we shall obtain the series. 



'l+^l+^Hl+^Jt+^Ht, &c. 



in which the exponents of b and of a increase regularly by 1. 

23* 
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4. Reduce ilL^ to an infinite series. 

Ans. I4.2a+2a"+2rf4.2a*, &c. 

489. Another method of forming an infinite series ia^ kj/ 
extncHng the root of a compound surd. 

Ex. 1. Reduce Va'+*" to an infinite series, by extracting 
tne square root according to the rule in Art. 485. 



o* 






Here a the root of the first term, is taken for the first term 
of the series ; and the power a' is subtracted from the given 
quantity. The remainder 6* is divided by 2o, which gives 

—-, for the second term of the root. (Art 124.) The divi- 
2o ^ ' 

sor, with this term added to it, is then multiplied into the 

term, and the product is 6'-}- J... (Arts. 155, 159.) This 

4ir 

subtracted firom b^ leaves - — ^ which divided by Sa gives 
- g-y for the third term of the root. (Art. 16S.) &c. 



.« M J6 



2. V?r?=a-l.-£.--L^&c. 

2a 8a^ I6af 



a? a?" , a;' 5x^ 



^ ^ ^2 T^16 128 
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490. A binomial which has a negative or fractional expo- 
nent, may be expanded into an infinite series by the bmmial 
theorem. See Arts. 480, 482, and the examples at the end 
of Sec. xvii. 



INDETERMINATE CO-EPPICIENTS. 

490. b, A fourth method of expanding an algebraic ex- 
pression, iehy assumif^ a series, with indeiermmate co^effi-' 
cierUs ; and afterwards finding the value of these co-efiSicients. 

If the series, to which any algebraic expression is assumed 
to be equal, be 

^+Ba?+Ca?+Da?«+Ea;*, &c. 

let the equation be reduced to the form in which one of the 
members is 0. (Art. 178.) Then if such values be assigned 
toj}, J?, C, &c. that the co-efficients of the several powers 
of OP, as well as the aggregate of the terms into which x does 
not enter, shall be each equal to ; it is evident that the uhoU 
will be equal to 0, and that, upon this condition, the equation 
is correctly stated. 

The vcdues of w}, J?, O, &c. are determined, by reducing 
the equations ia which they are respectively contained. 

Ex. 1. Expand into a series 



c-^hx 



Assume ^^=zA+Bx+Cii^+Dsf^Ex\ &c. 
c+bx 

Then multiplying by the denominator c-f-fta;, and trans- 
posing 0, we have 

0= (jJc-a)+(j36+JBc)»+(jBi+Cc)a:*4.(C6+Dc)a:», &c. 

Here it is evident, that if (j3c-o), (jJft+JJc), (JBi+Cc), 
&c. be made each equal to 0, the several parts of the second 
member of the equation will vanish, (Art. 113,) and the 
uhole will be equal to 0, as it ought to be, according to the 
assumption which has been made. 
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Reducing the following equations. 


1 


•i3c-a=0, we 


have Jl=% 
e 


M+Bez:zO, 


c 


J5i+Cc=0, 


e 


C5+Dc=0, 


c 


. &c 


&c. 



That is, each of the co-efficients, C, D, and JEJ, is equal to 

h 

the preceding one multiplied into - — We have therefore 

c 

c+bx e ^^ (* t" ^(f ' 

t 

2. Expand into a series . y -f-^> 

Assume ^*^ =:jg+JBa?+Ca*+jPa?», &c. 

Then multiplying by the denominator of the fraction, and 
transposing o-j-iar, we have 0=(«dc{-a)4-('S^+«^A-6)x 
+(Cd+Bhr{'Ac)a?+{Dd+Ch+Bc)a?, &c. 

Therefore A^fL C= - 5^* - Lfl, 

a ad 

a a d d 

d+hx+ca^ d \d d) \d ^d I 

S. Expand into a series JjO^E^. 

1 - a? - a?* 

Ans. l+Sx+4oi^+7a?+l\x'+18jf+29x^, &c. 

In which, the co-efficient of each of the powers of ar, is equal 
to tlie sum of the co-efficients of the two preceding terms. 



/ 



4. Expand into a series 
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d 



b -fluc 



6. Expand into a series 



Ans. l+a:+6x«+13a;»4.41ar*+121a:^+366a*, &c. ^ 
6. Expand into a series 



Ans. l+af4.2a^-j-2a!»+3a?*+3ar'+4a;«+4a?', &c. 
7. Expand -JL.. 8. Expand *""* 



I - ia? *^ 1 - 6a:+6a:« 

9. Expand ,f+?^, ■ 10. Expand J±fL. 

SUMMATION OP SERIES. 

491. Though an infinite series consists of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the stmi oftlie terms; that is, a quantity which 
difiers less, than by any assignable quantity, from the value 
of the whole. This is also called the limit of the series. — 
Thus the decimal 0.33333, &c. may come infinitely near to 
the vulgar fraction i, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 453, 4. Therefore i is the limit 
of 0.33333, &c. that is, of the series 

lU I T OO I TP O i y l 101)00 I ioouoo> &c. 

If the number of terms be supposed infinitely great, the 
difference between their sum and i, will be infinitely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord- 
ing to this, jSf=^""^, that is, the sum of the series is found 

by multipl3ring the greatest term into the ratio, subtracting 
the least term, and dividing by the ratio less 1. But, in an 
infinite series decreasing, the least term is infinitely small.— 
It may be neglected therefore as of no comparative value. 
(Art. 456.) The formula will then become, 

r-l r-1 
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£x. 1. TVhat is the sum of the infinite series 

tul T OO I r ooo hiuuou I tuu'ouoi ^C. ? 
Here the first term is <nr, and the ratio is 10 

Then S=_rL =1221ri=f =i, the answer, 
r-l 10-1 

2. What is the smu of the infinite series 

l+i+i+i+ A+»^+A, &c. 1 

Ans. ,Sf=J!I-=!21i=2. 
r-l 2-1 

3. What is the sum of the infinite series 

1+i+i+^T+A, &c. 1 Ans. *=!+*. 

493. There are certain classes of infinite series, whose 
sums may be found by subtraetion. 

By the rules for the reduction and subtraction of firactions, 

l_^l_3-2_ 1 

2"3 2x3 2x3' 

1 1 4-3 1 



3 4 3X4 3x7 
1 1 6-4 1 



&c. 



4 6 4x5 4x6 

If then the fractions on the right be formed into a series, 
they will be equal to the difference of two series formed from 
the fractions on the left. This difference is easily found ; 
for if the first term be taken away fi-om one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

23^ 3-4^ 4-5 ^6-6 

From this, let another be derived, by removing the last 
foctor firom each of the denominators ; and let the sum of 
the new series be represented by S^ 

That is, let iSf=l+l+l+l, &c. 

Then 5-1=4+1+1+1, &c. 

2 3^4^6^6 



And oy subtraction •= 1 1 1 , &c. 

^ 2 2^^3-4^ 4-6^ 6-6' 
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Here the new series is made one side of an equation, and 
directly under it, is written the same series, after the first 
term | is taken away. If the upper one is equal to S, it is 
evident that the lower one must be equal to jS- }. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the proposed series 
equal to i. For iSf- (iSf-J)=iSf-iSf+i=i. 

2. What is the sum of the infinite series 

Here a new series may be formed, as before, by omitting 
the last factor in each denominator. 

Let 5=1+1+1+1+^ &c. 

* 2 8 4 6 

Then fir- 1= J+i+J+1+J, &c. 

2 3 4^5 6^r 



And by subtraction |=^-+^+-%+^+^ &c. 
^ 2 1-3 2*4^3-5^4*6 6T 

Or ?= * +J-.+-L+ ±+ J^ &c. 
4 l-3^2-4^3-5^4-6^57^ 

In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l-fi=f. 

3. What is the sum of the infinite series 

2-4-6"^4-6-8'^6-810 ^ 8-10-12' ' 

Here a new series may be formed by omitting the last fac«* 
tor, and retaining the two first, in each denominator. And 
we shall find 

1_4,4,4, 4 - 

8 2-4-6"^4-6-8"^6-810'^81012' 

Or ^-. -^ -L ^ -L ^4 ^ ^ - , frf*- 
32 2-4-6^4-6-8^6-810^8-1012' 

4. What is the sura of the infinite series 
' .+^r4-H — ^ — I — —y &C.1 Ans. !• 



1-2-3 2-3'4 ' 3-4-5 ' 4-5-6 
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498. 6. Series whose sums can be determined, may also 
be found by the following method. Assume a decreasing 
series, containing the powers of a variable quantity x, whose 
sum szS. Multiply both sides of the equation, by a com- 
pound factor, in wnich x and some constant quantity are con- 
tained ; and give to x such a value, that the compound fac- 
tor shall be equal to 0. If one or more of the first terms be 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Let <S=l+|+^+if ^+f!, &c 
Multiplying both sides by a; - 1, we have 

If we make «=: 1, the first member of the equation becomes 
Sx{l 7 1)=0. (Art. 112.) Then transposing - 1 from the 
other side, we have 

2. Let 5=14.5+^4.^4.?!, &c. as before. 
Multiplying by s* - 1, we b9i% - 

Making x=I, and transposing the two first terms of the 
series, we have 

14l=?=-?-+A.+.?_4.A.4. * &c. 

S. Multiplying Sz=lJ^*-\.'!^-\.t, &c. by 2«»-Sx+l, 

we have 

And if a; be put equal to 1, 

?= _L-4_£_+ _1_4 J_, &c. 

2 l-2-3^2'3-4^S-4-5^4-5-6 
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From the two last examples it will be seeiit tlntt d^erent 
series may have the same sum. 

RECURRING SERIES. 

493. e. When a series is so constituted, that a certain 
nmnber of contiguous terms, taken in any part of the series, 
have a given relation to the term immediately succeedmg, 
it is called a recutring series ; as any one of the following 
terms may be found, by teeming to those which precede. 

Thus in the series l4.Sa?+4a?+7a?+llar*+18a!', &c. 

the swn of the co-efficients of any two contiguous terms, is 
equal to the coefficient of the following term. If the series 
be expressed by 

^+B4.C+D+£, &c. 

Then tflr^l, the first term. £=3x, the second, 
C=Ba:4-j3a:'=:4«', the third, 
JD=:Ca;+-Ba?=7a;', the fourth, &c. 

That is, each of the terms, after the second, is equal to the 
one ttnmedio/eZy preceding multiplied by x^ 4* ^^® ^^^ ''^^ 
preceding multiplied by ^. 

In the series l4-2a:+3a;*+4a?4.6a:*4.6«', &c., 
each term, after tne second, is equal to 2a; multiplied by the 
term immediately preceding, --a? multiplied by the term 
next preceding. The co-efficients of x and af^ that is -}-2 - 1, 
constitute what is called the scale of relotton. 

In the series 14.4ar-l-6a;».f lla:»-|.283J*.f 63«*, &c., 
any three contiguous terms have a constant relation to tfie 
succeeding term. The scale of relation is 2 - 1-f-S ; so that 
each term, after the third, is equal to 2x into the term imme- 
diately preceding, - o? into the term next preceding, -|-3«* 
into the third preceding term 

Let any recurring series be expressed by 

^+B+C+JD.f.E4.JP, &c. 

If the law. of progression depends upon tuso contiguoua 
.terms and the scale of relation consista of two parts, m 
andm ^ 
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Thtti CssBma+Jbuf^ the third tenn, 
!>=: Cmx'\'Bn3i^f the fourth^ 
E=l>iiu?+Cn«*, the fifth, 
&c. &c. 

If the law of progression depends on three conttguoua 
terms, and the scale of relation is m-(-n-|-r, "^ 

Then Dsz Cmx+Bwf+Jrs^^ the fourth terra, 
E^I>mx+Cnsi*4^Brsf, the fifth, 

F:=zEms+JDnaf+f^9 ^^ <3^^b, 
&c. &c. 

If the law of progression depends on more than three ierms^ 
the succeeding terms are derived from them in a similar 
manner. 

493. d. In any recurring series, the eeak of rehttkn^ if it 
consists of two parts, may be founds by reducing the equa- 
tions expressing the values of two of the terms ; if it con* 
gists of three parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value of vin the series^ 
the reduction may be rendered more simple, by making xss 1. 

Taking then the fourth anAfth terms, in the first exam* 
pie above, and making d;=:l, we have 

£— ]^ioI \ ^ ^^ ^^^ values of m and n. 
These reduced, (Art. 339,) give 

^^ DC^BE CE-^DD 

CC^BD ^CC^BJ) 

IntheseriesH B C D E F 
intne senes^ i^Sx+Bsf+t^+doi'+Us^, &c. 

Making «=1, we have 

^^7x5-3x9^g n=«><izr= - 1- 

5«-3x7 6«-3x7 

Therefore, the scale of relation is 2 - 1 • 

To know whMier the law of progression depends on twOf 
l&ree, or more terms ; we may first make trial <^ two terms ; 
and if the scale of relation thus found, does not correspond 
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with the ^yen series, we may try three or more terms. Or 
if we begiii with a number of terms greater than is neces- 
1^^, one or more of the values found will be 0, and the 
others will ccmstitute the true scale of relation. 

493. e. When the scale of relation of a decreasing recur- 
ring series is known, the mm of the terms may be found. 

.^. (d B C D E F 

^^ I a+6ar+ca;^4-clc»+«a;<+/a;', &c. 

be a recurring series, of which the scale of relation is m*|-ii. 

Then «i9= the first term, J9= the second, 
C^^Bxmx+Jlxn^i the third, 
2)= CxwM?+J5xw«*» the fourth, 
E=Dxfnx4-CXf^3 the fifth, 
&c. &c. 

Here mx is multiplied into* every term, except the first and 
the last ; and nx* into every term except the two last. If 
the series be infinitely extended, the last terms may be neg- 
lected, as of no comparative value, (Art. 456,) and if 8=z 
the sum of the terms, we ha^ 

S=:Jl+B+mxX{B+C+Dy &c.)+na?x(-^+-S+C, &c.) 
But iS - ^=: J?+ C+Dy &c. And S=:J1+B+ C, &a 
Therefore S^^+B+mxxiS-^^+na^xS. 
Reducing this equation, we have 

l-fiMJ-iM:' 
Ex. 1. What is the sum of the infinite series 

l+6a?+12«*+48«»+120jc*, &c. 1 
The scale of relation will be found to be 1-f 6. 
ThenjSsl, jB=:6a^ tn^l, ns6. 

The series therefore = ^ '"^"^-fc 

l-«-6«' 



*&* 



S. What is the sum of the infinite series 
An..-1±5' 
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S. What is the sum of the infinite series 

Ans. *"^ 



4. What is the sum of the infinite series 

l+Sa?+S»»+4a?»+6*«, &c. 1 

Ans. l±!£z!f= _J_ 
l-2ar+«* (l-a:)« 

5. What is the sum of the infinite series 



Ans. 



1+a? 



6. What is the sum of the infinite series 
l+2a?+8a!*+28a:»+100a?*, &c.1 



Ans. 



l-Sa?-2a;* 



If mthesenes j ^j^^,^^^^.,^^.y^^ &c. 
the scale of relation consists of three parts, f}i-|-*H~''> 

Then Azs the first term, £= the second, C=s the third, 
D=Cx«MP+J5xna*4-«flX»*«'i the fourth, 
JEj=Dxma:+Cxn«»4.J5xra?, the fifth, 
f =£xm«+-D Xnafi+Cx^^i the sixth, 
&c. &c. 

Therefore 
Sz=iA+B+C+mxx(C+D+E &c.)+na;*X 

(54. C+D &c.)+r«» X {^+B+ C &c.) That is^ 

Reducing this equation, we have 
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Ex. 1. What is the sum of the infinite series 
l+4a?+6«'+lla*, +28a?*+6Sa;', Slc 
in whica the scale of relation is 2 - 14-3 1 

S. What is the sum of the infinite series 
in ^vsliioh the scale of relation is I4.I - 1 ? 

AnS. ,; ; 

METHOD OF DIFFERENCES. 

493. e. In the Summation of Series, the object of inquir); 
IS not, always, to determine the value of the tohoU when in- 
finitely extended ; but frequently, to find the sum of a cer* 
Unn number of terms. If the series is an inereamg one, the 
sum of all the terms is infinite. But the value of a limited 
number of terms may be accurately determined. And it is 
frequently the case, that a part of a decrearing series, may 
be more easily summed than the whole. A moderate num- 
ber of terms at the commencement of the series, if it conver- 
ges rapidly, may be a near approximation to the amount of 
the whole, when indefinitely extended. 

One of the methods of determining the value of a limited 
number of terms, depends on finding the several ardert ofdif^ 
ferences belonging to the series. The differences between 
the terms* themselves, are called ihb first order of differences; 
the differences df these differences, tne second order^ &c In 
the series, 

1, 8, 27, 64, 125, &c. 

by subtracting each term from the next, we obtain the first 
order of differences 

7, 19,37,61, &c. 

and taking each of these firom the next, we have the secood 
order, 

12, 18, 24, &c. 

Proceeding in this manner with the series 

0,6, c, c2,e,/, &c. 

we obtain the following ranks of differences, 
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Ist. Diff. b^OfC-'b^ d^c,e^dff^e, &c. 
S(L Diff. e-^ib+Oy d^2c+b, e-2i-)-c,/-.3e+<^ &c. 
Sd. Diff. d-Sc+Sft- a,e-S<H-Sc- 6,/-- Se+Sil --€,&€. 
4th. Diff. e - 4d+6c - 4^+0, /- 4e+etf- 4c+b &c. 
5th. Diff /- 5e+l0d - I0c+8b - a, &c. 

&c. &c* 

In these expresaons, each difference, here pointed off by 
conunasy though a compound quantity, is called a term. Thus 
the first term in the first rank is 6 - a ; in the second, c ~ S^-a ; 
in the third, d-Sc-fSfr-a; &c. The first termSf in the 
several orders, are those which are principally employed, in 
investigating and appljing the method of oifferences. It will 
be seen, that in the preceding scheme of the successive dif* 
ferences, the co-efficienU of the first term, 

In the second rank, are 1, 2, 1 ; 
In the third, 1, 3, S, 1 ; 

In the fourth, 1, 4, 6, 4, 1 ; 

Inthe fifth, 1, 5, 10, 10, 5, 1 ; 

Which are the same, as the co-efiScients in the powers ofbi' 
nomidU. (Art. 471.) Therefore, the co-efficients of the first 
Uirm in the nth order of differences, (Art. 472,) are 



1, n, nx^ nx^Lzlx^, &c. 



493. /. For the purpose of obtaining a general etpression 
for my term of the series a, 6, c, d, &c. let JD', D^', Ir\ 1^% 
&c. represent the first ttrmsy in the first, second, third, fourth^ 

&c« orders of differences. 

» 

Then lyzsb- a, 

D"=c- 264-0, 
iy"=d-8c+Si-o, 

he. tte. 

Transpoedng and reducing these, we obtain the foQowing 
cxpreasions for the terms of the original series, a, 6, ^ (^ &c. 

The second term 6=a-|-D', 

The third, c=a+2D'+iy', 

The fourth. d=o+82y+8D"+2y", 

The fifth, «=a4-42y+6D"-|-4D"-fiy"V 
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Here the co-efficients observe the same law, as in the^xHo- 
€r$ of ahtnomM; with tbiis difference, that the coefficients 
of the nth term of the series, are the co-efficients of the 
(n - l)th power of a binomial. 

Thus the co-efficients of the fifth term are 1, 4, 6, 4, 1 ; 
which are the sarnie as the co-efficients of ^ the fawfih power 
of a binomial. Substituting, then, n - 1 forn, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
applying the co-efficients thus obtained to IK, iy\ B''\ iy"\ 
&c. as in the preceding equations, we have the following gen- 
eral expression, for the nth term of the series, a, fc, c, d, &c. 

The nth term 

=o+(n - l)2y+(n - l)~2y'+n - llLl? x— i?'", &c. 



When the differences, after a few of the first orders, become 
0, any term of the series is easily found, 

Ex. 1. What is the nth term of the series 1, 3, 6, 10, 15, 21 } 
Proposed series 1, 8, 6, 10, 15, 21, &c. 
First order of diff. 2, 8, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, 1^=2, iy'=l, iy''=0. 

Therefore the nth term =l+(n-l)2+n-l 



n- 



2 
The20th term =1+88+171=210. The60th=1276. 

S. What is the 20th term of the series P, %\ 3', 4», 6', &c. 1 
Proposed series 1, 8, 27, 64, 125, &c. 
First order of diff. 7, 19, 87, 61, &c. 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

HereJD'=7, iy'=12, iy''=6. 
Therefore the 20th term =8000. 

8. What is the 12th term of the series 2, 6, 12, 20, 80, &c.1 

Ans. 156. 

4. What is the 16th term of the series 1*, 2*, 3*. 4*, 5% 6', &c.? 

Aqs. 225. 
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49S. g To obtain an expression for the sum of any number 
of terms of a series Oi 6, c^ <i, &c. let one, two, three, &c. terms 
be successively added together, so as to f<»m anew teriet. 

Taking the differences in this, we have 

1st Difi! 0, bf c, d, e, f, Sic» 
2d Diff. 6-a,c-fry d-c, e-d,/-e, &c« 
Sd Diff. c - 2b+a, d - gc+fc, e - 2d+c, /- ie+d, &c. 
4th Diff. d-Sc+Si-o, e-3d+Sc-6,/-Se+3d-c, &;c. 

&c. &c. , 

Here it will be observed that the second rank of differences 
in the new series, is the same as the first rank in the original 
series a, fr, c, d, e, &c. and generally, that the (n-f l)th rank 
in the new series is the same as the nth rank in the original 
series. If, as before, jyz= the first term of the first differen- 
ces in the original series, and d^= the first term of the first 
differences in the new series ; 

Then d'=:(i, df'^iy, d'''=iy\ d''''=iy'', &c. 

Taking now the formula (Art. 493./.) 

«+(»-i)iy+(n-i)l^'+(«-i)!iz!x^^''+&5. 

which is a general expression for the nth term of a series in 
which the first term is a ; applying it to the new series, in 
which the first term is 0, and substituting n-f-1 for ti, we have 

[&C. 

[&c. 

fVhich is a general expression for the (n4-l)th term of the 
series 

0, a, a-f 69 a-4-fr-4~^> a4.fr4.c-f*d, &c. 
or the nth term of the series 

a, a-^bf 0-4-^4-^9 a-\rb+c-^dj Sic. 
But the nth term of the latter series, is evidently the sum 
of n terms of the series, a, 6, c, d, &c. Therefore the 
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general expressicn for the sum of n terms of a series of xohich a 
is the first term^ is 

na+w!Ldiy+n!Lllx— I)''+nJ^ I^' 

Ex. 1. What is the sum of n terms of the series of odd 
numbers^ 1, 3, 5, 7, 9, 8icA 

Series proposed !» 3, 5, 7, 9, &c. 
First order of diff 2, 2, 2, 2, &c. 
Second do. 0, 0, 0, 

Herea=l, 1^=2, 2y'=0. 

Therefore the smn of n terms =n-}-n ""■-x8=»*' 

That is, the sum of the terms is equal to the square of t&e 
mmiber of terms. See Art. 431. 

2. What is the sum of n terms of the series 

P, 2«, 3«, 4% 5«, &c. 1 
Herea=l, 1^=3, iy'=2, iy^'=0. 

Therefore n terms =i(2n»+3n'»4-n) =in(fi+l) X (2»+l). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

J, 2', S% 4\ &c.? 
Herea=l, 2^=7, jy'=12, 2y''=6, iy'''=0. 



Therefore n terms =i(n*+2n'+n*) = (Jnx»+l)*- 
Thus the sum of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2, 6, 12, 20, 30, &c. 1 

Ans. in(n4.1)x(n+2.) 

5. What is the sum of 20 terms of the series 

1, 3, 6, 10, 16, &c. T 

6. What is the sum of 12 terms of the series 

1*, 2S 3S 4\ 6\ &6.1 * 

* »' 

*8oeNoteXJ. 
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SECTION XL 



COMPOSITION AND RESOLUTION OF TH£ HIGHER 

EQUATIONS. 



Art. 494. EQUATIONS of any degree may be produced 
from rimple equations, by multiplicati(m. The manner in 
which they are compounded will be best understood, by 
taking them in that state in which they are all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the* same letter, mflerent values, in the 
different simple equations. 

Suppose, that in one equation, x=i2 ) 
And, that in another, x=zS y 

By transposition, a? - 2 =0 

And «-S=0 



Multiplying them together, a^ - ffx-|.6=0 
Next, suppose x - 4=0 

And multiplying, s* - 9a;*-(-26a; - 24=0 

Again suppose, a?- 5=0 

And mult, as before, a^- 14ai'4-71«'- 154ap4.120ss0^ &c 

Collecting together the products, we have 
(a? - 2) (ar - 8) =a* - 6a?4.6=0 

(a?-2)(a?-8)(«-4) =a*-9ai^+28a?-.24=0 
(«-2)(«-S)(«-.4)(«-6)=a^-14««+71a;«-164«+120=:0&c 
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That is, the product 

of two simple equations, is a quadratic equation ; 
of three simple equations, is a cubic equation ; 
of four simple equations, is a biquadroHCf or an equa* 
tioQ of the fourth degree, &c. (Art. 300*) 

Or a cubic equation may be considered as the product of a 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; cnt of a cubic and a simple equa- 
tion, &c. 

495. In each case, the exponent of the unknown quantity, 
in the first term, is equal to the degree of the equaticm ; and, 
in the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a binomial. 
(Aft. 468.) 

In a quadratic equation, the exponents are S, 1. 
In a cubic equation, 3, 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c. 

496. The fwmfrer of terms, is greater by 1, than the degree 
of the equation, or the number of sim{de equations from 
which it is produced. For besides the terms which contain 
the diflferent powers of the unknown Quantity, there is one 
which consists of known quantities only. The equation is 
here supposed to be compkte. But if there are in the partial 
products, terms which balance each other, these may dUajh' 
pear in the resultl (Art. 110.) 

c 

497. Each of the values of the unknown quantity is cal- 
led a root of the equation. 

Thus, in the example above. 

The roots of the quadratic equation are S, 2^ 

of the cubic equation 4, 3, 2, 

of the biquadratic 5, 4, 3, 2. 

The term root is not to be understood in the same sense 
here, as in the preceding sections. The root of an equation 
is not a quantity which multiplied into itself mil produce the 
equation. It is one of the values of the unknown quantity; 
and when its sign is changed by transposition, it is a term in 
pne of the binomial factors which enter into the compositioo 
of the equation of which it is a root. 
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The value of the unknown letter «, in the equation, is a 
quantity which may be substituted for x, without affecting 
the equality of the members. In the equations which we 
are now considering, each member is equal to ; and the 
first is the product of several factors. This product will con- 
tinue to be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(«-2)x(af-S)x(«-4)-(r-6)=0, 
we substitute 2 for Xj in the first factor, we have 
0x(»-S)x(a:-4)-(»-6)=0. 

So, if we substitute 3 for a?, in the second factor, or 4 in 
the third, or 5 in the fourth, the whole pibduct will still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as V - 9a*4-26a?- 24=0 ; (Art 494. 
So 2*-.9x2»+26x2-24=0, 
And3»-9x3«+26x3-24=0, &c 

Either of these values of x^ therefore, will satisfy the con- 
ditions of the equation. 

498. The number of roots, then, which belong to an equa- 
tion, is equal to the degree of the equation. 

Thus, a quadratic equation has koo roots ; 
a cubic equation, three ; 
a biquadratic, /our, &c. 

Some of these roots, however, may be tmagmary. For an 
imaginary expression may be one of the factors from which 
the equation is derived. 

499. The reeoluUon of equations, which consists in finding 
their rootSy cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
the co-efficients are governed, may be seen, from the following 
view of the multiplication of the factors 

Of — a, JF — i, jp — c, a?— d, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of x, are pla* 
ced under each other. 
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Thus, -OS - 5a: b writtm 1 1! ( ^ i ^^^ ^^ ^^ oo-effi 

eients in the same manner. 

The product, then 

Of («-a)=0 
Into(»-6)=0 

Is ^^w c-f-oftssO, a quadratic equation. 
This into «-c=:0 



Is«»-6> 



+a6 
«*-}- ^ } x-a(cssO, a cubic equation* 



This into x - £{=:0. 

&c. 

500. By attending to these equations, it will be seen that, 

In the first term of each, the co-elEBcient of « is 1 : 

In the second term, the co-efficient is the sum of all the 

roots of the equation, with contrary signs. Thus the roots 

of the quadratic equation are a and fr, and the co-efficients, 

in the second term, are - a and - b. 

In the third term, the co-efficient of x, is the sum of all 
the products which can be made, by multipl]ring together 
any two of the roots. Thus, in the cubic equation, as the 
roots are a, 6, and ^, the co-efficients, in the third tenn, are 
abf acy be. 

In the fourth term the co-efficient of a; is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after their signs are changed. Thus 
the roots of the biquadratic equation are a, 6, c, and d, and 
the co-efficients in the fourth term are - a&c, - aid, - ocd, 
-6cd. 

The hut term is the product formed from aU the roots of 
ihe equation after the signs are changed. 

26 
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In the cubic equation, it i& - ax^hx -^= " obc. 
In the biquadratic, -aX-^X-^X- cl=+a&cd, &c. 

501. In the preceding examples, the roots are all po^tioe. 
The signs are changed by transposition, and when the seve- 
ral factors are multiplied together, the terms in the product, 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive and neg^ative. But if the roots are all nega^ 
tk^y they become positive by transposition, and aU the terms 
in the product must be positive. Thus if the several values 
of ar are - a, - 6, - c, - d, then 

a;-f a=0, ar-4-i=0, ar-}-c=0, a:4-^=0; 

and by multiplying these together, we shall obtain the same 
equations as before, except that the signs of all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

502. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressed^ from a 
higher degree to a lower, by dimsUm. The product of (a? - a) 
into {x - S) is a quadratic equation ; this into {x - c) is a 
cubic equation ; and this into {x-d) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (ar-d), the quotient, it is evident, will be a cubic equa- 
tion ; and if we divide this by (a? - c) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced; that is, it is a binomial consisting 
of X and one of the roots with its sign changed. When, 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknown quantity, which will 
reduce the equation to the next inferior degree. 

RESOLUTION OP EQUATIONS. 

508. Various metfiods have been devised for the resohiion 
of the higher equations ; but many of them are intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with suflScient exactness by successive afprotxAmatums. Prom 
the laws of the co-efficients, as stated in Art. 500, a general 
estimate may be formed of the values of the roots. They 
roust be such, that, when their signs are changed, their 
product shall be equal to the IcLst term of the equation, and 
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their mm equal to the co-efficient of the second term. A trial 
may then be made, by substituting, in the place of the un* 
known letter, its supposed value. If this proves to be too 
fionall 6r too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values^ and calculated the errors 
which result from them, w^e may obtain a more exact cor* 
rection of the root, by the following proportion, 

As the difference of the errors^ to the differenu of the assumed 
mmbers ; 

So is the hast error ^ to the correction required, in the correS" 
^sonding assumed number. 

This is founded on the supposition, that the errors in the 
esults are proportioned to the errors in the assumed numbers. 

Let JV* and n be the assumed munbers ; 

S and «, the errors of these numbers ; 

R and r, the errors in the results. 

Then by the supposition R;r:: S :s 

And subt. the consequents (Art. 389.) R-r: S-^siiris. 

But the difference of the assumed numbers is the same, 
as the difference of their errors. If for instance, the true 
number is 10, and the assumed numbers 12 and 15, the er* 
rors are 2 and 5 ; and the difference between 2 and 5 is the 
same as between 12 and 15. Substituting, then, Jf-n for 
S-Sy we have H -r : JV*-n : : r : *, which is the proportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would be, if their 
signs were alike. (Art. 85.) 

The supposition which is made the fotmdation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct. The errors in the results are not exactly 
proportioned to the errors in the assiuned numbers. But 
as a greater error in the assumed number, will generally lead 
to a greater error in the result, than a less one, the rule wilt 
answer the purpose of approximation. If the value which is 
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firat ftund, is not sufficiently coneci^ this may be taken as one 
of the numbers for a second trial ; and the process may be 
repeated till the error is diminished as much as is required. 
Tnere will generally be an advantage in assuming twt nunw 
bers whose difference is .1, or .01, en .001, &c. 

Ex. 1. Find the value of x, in the cubic equation, 

«»-8a?+17ar-10=0. 

Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Art. 501.) their 
product must be 10 and their sum 8. 

Let it be supposed that one of them is 6*1 or 5*2. llien, 
substituting these numbers for «^ in the given equation, w% 
have, 

BythelstsuppoB'n,(5*l)«-8x(6-l)'+17X(5*l)-10=l-271. 
By the second (5*2)»-8x(6-2)'+nx(5*2) - 10=2*688. 
That is. By the first supposition. By the second suppoedtion. 

The 1st term, a^=r 132*651 140*608 

The 2d -8a»= - 208*08 -.S16-32 
TheSd 17x= 86.7 88*4 

The 4th -10=- 10. - 10* 



Sums or errors, +1-271 4-2*688 

Subtracting one from the other, 1*271 



Their difference is 1*417 

Then stating the proportion 
1*4 : 0*1 :: 1*27: 0*09, the correction to be sub- 
tracted from the first assumed number 5*1 : The remainder 
<s 5*01, which is a near value of a?. 

To correct this farther, assume ssS'Ol, or 5*02. 

By the fijrst su[^)osition. By the second supposition 

The 1st term a^= 125*751 126*506 

The 2d - 8a^= - 200*8 - 201 6 

The 3d 17ar = 8517 85*84 

The 4th -10 = - 10* -10. 



Errors + 0*121 4. 0*246 

0-121 



Dififareace 0*125 
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Then 0-126 : 001 : : 0-121 : 0-01, the correction. This 
subtracted from 6*01, leaves 5 for the value of x; vi^hichwill 
be found, on trial, to satisfy the conditions of the equation. 

For 6»-8x6*+17x6- 10=0. 

We have thus obtained one of the three roots. To find 
the other tviro, let the equation be divided by or -6, according 
to Art 462, and it will be depressed to the next inferior de» 
gree. (Art. 502.) 

a? - ay - 8«»+17a? - 10(a? - 3a?+2=0. 

Here, the equation becomes quadratic. 
By transposition, s^ * 3«s= - 2. 

Completing the square, (Art. 305.) »*-3ar4-"f='f-S=i» 
Extract, and transp. (Art. 303,) ar=3±vi=5*ii» 
The first of these values of Xy is 2, and the other 1, 

We have now found the three roots of the proposed equa- 
tion. When their signs are changed, their sum is *-8, the 
co-efficient of the second temu and their product ^10, the 
last term. 

2. What are the roots of the equation 

a.»-8a!"+4a?+48=01 Ans. *2,+4»+6. 

3. What are the roots of the equation 

a?- 16a;*+65a:-50=0* Ans. 1, 6, 10. 

4. What are the roots of the equation 

r^+a** - 33a?=? 90 ? Ans, 6, - 6, - 3. 

5. What is a near value of one of the roots of the equation 

a.»4-9a*+4ar=80l 

6. What is a near value of one of the roots of the equation 

x'+i^+x^lOO'i 

503. 6. Another method of approximating to the roots of 
numerical equations, is that of Newton, by suecesrive subsH- 
Mions. 

Let r be put for a number found by trial to be nearly equal 

to the root required, and let z denote the difierence between r 

and the true root x. Then in the ffiven equation, substitute 

rig for «, and reject the terms which contain the powers of z. 

25* 
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This will reduce' the equation to a simple one. And if z 
be less than a unit, its powers mil be still less, and therefore 
the error occasioned by the rejection of the terms in which 
they are contained, will be comparatively small. *If the 
value of Zf as found by the reduction of tne new equation, 
be added to or subtracted from r, according as the latter is 
fotmd by trial be too great or too small, the assumed root will 
be once corrected. 

By repeating the process, and substituting the corrected 
value of r, for its assumed value, we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the values of x, in the equation 

Letr-zs=rc. 

( a?»=(r-4r)»=f*-8A:+Srai*-i:» ) 

Then? -.16a?=:-16(r-.^)»=-16»^+82w-16z« > =60. 

( 66*= 66(r-«)=: 66r -66* ) 

Rejecting the terms which contain 2* and a^^ we have 
r» - 1 6f«+66r - Sf^z+S9rz - 66«=60. 

This reduced gives * 

y_ 50-r'+16r'-65r 
-8r» +82r-66 

If r be assumed =11, then jz:=--.=0-8 nearly, 
and x:=zT^z nearly =11 -0*8= 10*2. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10*2 be now substituted for r, in the preceding 
equation, instead of the assumed value 11, and we shall have 

z='188 a:=r-z=c 10-012. 

For a ^Alrcl appoximation, let r= 10*012, and we have 
2;=*012 a:=r-z= 10. 

2. What is a near value of one of the roots of the equation 
a^+10a*+6a?=2600 % Ans. 11-0067. 

3. What are the roots of the equation 

«»-f2ai*-ll«=12l 
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4. What are the roots of the equation 

a.*4-4a?8-7a:«-34a?=241 

50S.C. An equation of the mth degree consists of of, the 

several inferior powers of x with their co-efficients, and one . 

term in which x is not contained. If j9, jB, C, • . . • 7, be 

put for the several co-efficients, and U for the last term, 

then sr+Jhr-'+BsT'^+Car-* .... +Tx+U-0, 

will be a general expression for an equation of any degree. 

If a, bi Cf &c, be rooU of any equation, that is, such quan- 
tities as may be substituted for x ; (Art. 497.) it may be 
shown, without reference to the method of producing the 
equation by multiplication^ that the fint member is exactly 
dmsible &yff-a^jr-6, s^-c, &c. 

For by substituting a for x, we have 

flr+^cr-»+jBa*-*-4-Ccr-» • . . . +Ta+U=0. 

Anu transposing terms, 

V^-'Or -^cT-' - BflT-' - CcT"* "Ta. 

Substituting this value for 17, in the original equation, 

af"-}-.fla?"-*+jBa^-*+Ca;— • f-Ta; > _^ 

^--^ar-«-.jBcr"-»-Ca*-*.... -Taj """' 

Or, uniting the corresponding terms, 

C«*-»-. Ccr-») |-T(«-.a)=0. 

In this expression, each of the quantities (x^-oT), 
(dflaf- ^ - ./Ja*-'), &c. is divisible by a;- a ; (Art. 466.) there- 
fore the whole is divisible by a? - a. 

In the same manner it may be shown, that the equation is 
divisible by a?-6, a?-c^ &c. 

SOS.d. The qaotienl produced by dividing the original 
equation by jp - a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quantities (aT-a"*), («"-*-.<r-0, &c. 

The quotient of (ai^- a'")-s-(a?- a), (Art 466) is 
ar-'+aar-*-f ci?af"-»+a3af»-* |-a"— ». 

The quotient of A (af"-^ -a— ')-^(ar-a) is 
jSfcr- •4.^a4r-»+j8a'af -* . . . H-Af -« 

&c. &C. 



i 
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Collecting these particular quotients fjogether^ and placing 
under each other the co-efficients of the same pbwer of x, we 
have the following expression for the quotient of 

ar+JlsT-^+Bar-^+Csir-^ \-Tx+U 

divided by jT-o. 









+Ba l^ 
+C ) 



-1 



-l-JBa— • 



-4-Crf— 



4-r. 



The quotient of the same equatkm divided by a; -• 6, 



-M5 



II. 






» — « 



4-C 



--^6" 
-f-56* 
4-C&- 



IS 
—9 

-4 



The quotient from dividing by « - e, is 



III. 









+T. 



• • • « 



-1 

•t 

-s 

4 



In the same manner may be found the quotients produced 
by introducing successively into the divisor the several roots 
of the equation ; which are equal in number to m. 

503.6. From the known relations between the roots and 
the co-efficients of equations, as stated in Art. 500, Newton 
has derived a method of determining the co-efficients, from 
the 8%an of the roots, the sum of their aquareSf the sum of 
their cubesj &c., though the roots themselves are unknown ; 
and 3n the other hand of determining from the co-efficients, 
the sum of the roots, the sum of their squares, the sum of 
their cubes, &c. For this purpose, the following plan of no- 
tation is adopted. Si is put for the sum of the roots, S^ for 
the sum of their iouareSf S^ for the sum of their eufres, ^c. 
If the roots are a, 6, c, d, . • . i^ then 
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St =a»+fc«+c«+cJ« . . . +P 

By means of this notation, we obtain the following expres 
sion for the nan of all the quotients marked I, II, III, &c 
(Art. SOSJ.) and contmued till their number is equal to m. 



i»af-»+S, > ^.,+ S, 



+ Sz 



• ••-f" «W— I 



4-mi? i +Sfif, ( "^ +BS^^z 



4-mC 



+mr. 



In the oririnal equation, 

ar+Jar-»+J?«— •-|-.C«--» . . . +Tx+U=:0, 

the co-elBScients, j}, J7, C, &c. have determinate relations to 
the sum and products of the roots, a, 6, c, &c. (Art. 500.) 
But the quotient marked I, (Art. 50S. d,) produced by divid- 
ing by jT- 0, is the first member of an equation of the next 
inferior degree, (Art 502.) from which the root a is excluded. 
So b is excluded from the quotient II, c from the quotient III, 
&c. In the expression above marked F, which is the sum 
of m quotients, the co-efficient of dP in the second term is 
Si 4-*'^ But aiS, which is the co-efficient of a? in the second 
term of the original equation, is equal to the sum of the 
roots 0, fr, Cy &c. with contrary signs ; (Art. 600.) that is 
iSi = -A Therefore, 

5fi+mj3=:(m-l)jJ. 

In the third term of the original equation, B the co-effi- 
cient of X, is equal to the sum of all the products which can 
be made by multiplying together any two of the roots. (Art. 
500.) But each of these products will be excluded from 
two of the quotients, I, II, III, &c. For instance, ah will not 
be found in the first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the expres-» 
sion F, the co-efficient of o^ in the third term is equal to 
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ml? - 2a6 - 2ae - Sod, &c. But-Soi, -2ac,-2a(2, &c. = - 
iB. So thai 

Srf .fliSi+mJBzr: (m - 3) JB. 

In the fourth term of the original equation, C the co-effi* 
cient of x^ is equal to the sum of all the products which can 
be made by multiplying together any three of the roots, after 
their signs are changed But each of these products will be 
exclud^ from three of the quotients, I, II, Hi, &c. So that, 
in the expression F, the coefficient of x in the fourth term, 
IS equal to mC - Sabc - Sabd, &c. That is. 

In the same manner, tha values of the co-efficients of a? in 
succeeding terms may be found ; the number of the co-effi« 
cients being one less than the number of roots in the equaticm. 

Collecting these results, we have 

Si- -ftUa = 

S,+JiSr\-BSt^CSi+mDz: 
&c. 

Transposing and tmitmg terms, 

L iSfi+wJ=V), 



1)^, 

8)C, 
4)D, 
&c. 



&c. 



sc=o, 

CiSi+4D=0, 

&c. 



Substituting for iSi, 89, S9, &c. their values, and reducing, 
II. 5,= -^, 

S^zzz-^JP+SAB^SC, 

&c. &c. 

We have here obtained symmetrical expressions for the 
sum of the roots of an equation, the sum of their squares^ 
the siun of their cubes, &c. in terms of the co-effidenta. 
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By transposing the terms in the enressions marked I» we 
have the following values of «/9, J3, U, &c. 

III. A=z^S, 

&C. OLC. 

By which the co-effieients of an equation may be foimd, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1. Required the sum of the roots, the sum of theii 
squares, and the sum of their cubes, in the equation 

ar* - 10a:»+3fia;*- 60a? - 24=0. 

Here ^= - 10. JB=36. C= - 60* 

Therefore iSi=10 

iSa=10«-(2x35)=30. 

S8=10»+(3x - 10x35) - (3x - 60) = 100. 

2. Required the terms of the biquadratic equation in which 
£fi=:l, iSf3=39, iSfj,r= -89, and the product of all the roots 
after their signs are changed is - 30. 

Ans. 0?' - a? - 19a;»+49a?- 30=0.* 

♦ Soe Note V. 
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APPLICATION OP ALGEBRA TO GEOMETRY • 

« 

Art. 504. It is often expedient to make use of the alge- 
Driaic notation, for expressmg the relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reason- 
ing is not altered. It is only translated into a different Ian- 
gfMge. Signs are substituted for trorcb, but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions, though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the sum of the 
three angles of a triangk is equal to two right angles^ (Euc 32. 
1.) m^ty be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side AB, of the triangle ABC^ (Fig. 1.) be con- 
tinued to D; let the line BE be .parallel to •AC; and let 
GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BAC, (Euc. £9. 1.) 

2. The angle CBE is equal to the angle JICB. 

3. Therefore, the angle EBD added to CBE^ that is, the 

angle CBDy is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABC^ the an&^Ie CBD 

added to ABC, is equal to BAC added to ACB and 
ABC. 

* This and the following section are to be read qfter th« E!«nients of 
Geometry. 
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& But CBD added to ^BC^ k equal to twice OHIy that is, 
/ to two right angles. (Euc. 13. 1.) 

6. Therefore, the angles BAC^ and ACB^ and ABC, are to- 
gether equal to twice GjET/, or two right angles. 

,. Now by subsrtituting the sign +, for the word added, or 
andy and the character =, for the yrord equal, we shall have 
the same demonstration in the following form. 

1. By Euclid 29. 1. 1&6D=:SAC 

S. And CB3:=:ACB 

5. Add the two equations EBD+OBE=:BJiC+ACB 
4. Add dS^C to both sides CBD+JiBC=BAC+ACB+ 

ABC 

6. But by Euclid IS. 1. CBD-\-JiBC=%GHI 

6. Make the 4th & 5th equal BAC4-'ACB-\-ABC=iGHL 

By comparing, one by one, the steps of these two demon- 
strations,, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not only in being more carknte than 
the other, but in exhibiting the ordar of the quantities more 
distinctly to the eye. Thus, in the fourth and fifth steps of 
the preceding example, as the parts to be compared are 
placed one nnde7 the other, it is seen, atonee, what must be 
the new equation derived from these two. This regular ar- 
rangement is very important, when the demonstration of a 
theorem, or the resolution of a problem, is unusually compli- 
cated. In ordinary language, the numerous relations of the 
quantities, require a series of explanations to make them un- 
derstood ; while by the algebraic notation, the whole may be 
placed distinctly before us, at a single view. The disposi- 
tion of the men on a chess-board, or the situation of the ob- 
jects in a landscape, may be better comprehended, by a 
glance of the eye, than by the most laboured description in 
words. 

605. It will be observed, that the notation m tne example 

just given, differs, in one respect, from that which is general- 

ly used in algebra. Each quantity is represented, not by a 

single letter^ but by several. In common algebra wlien one 

letter stands immediately before another, as a6, without any 

character between them, they are to be considered as muUi^ 

plied together. 

26 
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But in geometry, JiB is an expreseion for a $ingU Bn^ and 
not for the product of A into B. Multiplication is denoted^ 
either by a point or by the character X* The product of 
AB into CD, is MS CD, or JiBx CD. 

506. There is no impropriety, however, in representing a 
geometrical quantity by a single letter. We may make 6 
stand for a line or an angle, as well as for a number. 

If, in the example above, we put the angle 

JBBDrrO, ACBzzzd, JlBC=:h, 

JBwJC=fc, CBD^g, GHIzzl; 

CBE^c, 

the demonstration will stand thus ; 

1. By Euclid, S9. 1. a=:6 

5. And ez=:d 

3. Adding the two equations, a-f^=g=&-f-<{ 

4. Adding h to both sides, g-|.&-s6-|.|t|.A 

6. By Euclid 13. 1. g+A=« 

6. Making the 4th and 5th equal, fc-|-({-f&=S2. 

This notation is, apparently, more simple than the other ; 
but it deprives us of wnat is of great importance in geometri* 
cal demonstrations, a continual and easy reference to the 
figure. To distinguish the two methods, capiiaU are gener- 
ally used, for that which is peculiar to geometry ; and small 
kUers, for that which is properly algebraic. The latter has 
the advantage in long ana complicated processes, but the 
other is often to be preferred, on account of the facility with 
which the figures are consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered posUwe ; a line proceeding in the 
offposUe direction ic to be considered negative. If jfj? (Fig. 
2.) reckoned from DE on the right, is positive ; .AC on the 
left is negative. 

A line may be conceived to be produced by the motion of 
a poinl^ Suppose a point to move in the direction of AB, 
and to descriue a line varying in length with the distance of 
the point from Jl, While the point is moving towards B, its 
distance from «4 will increase. But if it move from B to* 
wards C, its distance from %i will divmdsh, till it is reduced 
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to DOtliing, and then will increase on the opporite ride. Ad 
that which increases the distance on the right, diminishes it 
on the left, the one is considered positive, and the other nega* 
tive. See Arts. 59, 60. 

Hence, if in the course of a calculation, the algebraic 
value of a line is found to be negative; it must be measured 
in a direction opposite to that which, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent occasion 
for multipUeatumf diviriony involution, &c. But how, it may 
be asked, can geometrical quantities be multiplied into each 
other 1 One of the factors, in multiplication, is always to be 
considered as a, number. (Art. 91.) The operation consists in 
repeating the multiplicand as many times as there are units 
in the multiplier. How then can a Ztne, a atarface^ or a solids 
become a multiplier 1 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another^ 
some particular extent is to be considered the unit. It is imma- 
terial what this extent is, provided it remains the same, in 
different parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the lines to be multiplied, is to be considered as made 
up of so many parts, as it contains inches. The multiplicand 
will then be repeated, as many times, as there are imits in 
the multiplier. If, for instance, one of the lines be a foot 
long, and the other half a foot ; the factors will be, one 12 
inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re<p 
peated as often as another is long; yet there is no impropriety 
m saying, that one is to be repeated as many times, as there 
are feet or rods in the other. This, the nature of a calcula* 
tion often requires. 

509. If the line which is to be the multiplier, is only a 
part of the length taken for the unit ; the product is a like 
part of the multiplicand. (Art. 90.) Thus, if one of the 
factors is 6 inches, and the other half an inch, the product is 

. 3 inches. 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to fix upon one of 
the lines in a figure, as tne unit with which to compare all the 
others. When there are a number of hues drawn within 
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and about a circle^ the r<tdms is commonly taken for the unit. 
This is particularly the case in trigonometrical calculations. 

511. The observations which have been made concerning 
lines, may be applied to surfaces and solids. There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here another diflSculty presents itself. The product 
of two lines is often spoken of, as being equal to a surface ; 
and the product of a One and a surface, as equal to a solid. 
Thus the area of a parallelogram is said to be equal to the 
product of its base and height ; and the solid contents of a 
cylinder, are said to be equal to the product of its length into 
the area of one of its ends. But if a line has no breadth, 
how can the multiplication, that is the repetition^ of a line 
produce a surface 1 And if a surface has no thickness^ how 
can a repetition of it produce a solid 1 

If a parallelogram, represented on a reduced scale by 
ABCDj (Fig. S.) be five inches long, and three mches wide ; 
the area or surface is said to be equal to the {product of 5 into 
3, that is, to the number of inches in w9J?, multiplied by the 
number in BC. But the inches in the hues *SIB and BC are 
linear inches, that is, inches in length only; while those 
which compose the sur%ce AC are superficial or square 
inches, a different species of magnitude. How can one of 
these be converted into the other by multiplication, a process 
which consists in repeating quantities, without changing 
their nature 1 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with superficial or solid measures ; and that none 
of the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that squares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The length of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

if then several square inches are placed together, as from 
Q to R^ (Fig. 3.) the number of them in the parallelogram 
OR is the same as the number of luiear inches in the side 
QR: and if we know the length of this, we have of course 
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the area of the parallelogram, which is here supposed to be 
one inch wide. 

But, if the breadth is severed inches, the larger parallelo* 
gr^m contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral* 
lelogram AC (Fig. 3.) is 5 inches long, and 3 inches broad^ 
it may be divided into three such parallelograms as OR, To 
obtain, then, the number of squares in the large parallelo- 
gram, we have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 
parallelograms contained in the whole figure. But the num- 
ber of square inches in one of the small parallelograms is 
equal to the number of linear inches in the length AB. And 
the number of small parallelograms, is equal to the number 
of linear inches in the breadth BC, It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
multiplied into the breadtL 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are AB and BC^ the expres- 
sion for the area is ABxBC ; that is, putting a for the area, 

a:=zABxBC. 

It must be understood, however, that when AB stands for 
a Une^ it contains only linear measuring units ; but when it 
enters into the expression for the area^ it is supposed to con- 
tain superficial units of the same name. Yet as, in a given 
length, the nvmber of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in calculation. 

614. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning vari^ 
able quaniiMeSi m the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other, measuring unit ; and let h 
and I be two of its sides. Also, let A be the area of any 
right-angled parallelogram, B its breadth, and h its length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, AiaiiLily when the breadth is given ; 
Ajid AiaiiB ihy when the length is given ; 

26» 
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Therefore, (Art. 420.) j2 : a : : J7xZ« : 62, when both vary. 
That is, the area is as the product of the length and breadth. 

515. Hence, in quoting the Elements of EucUd, the term 
product is frequently sutetituted for rectangle. And what- 
ever is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which 
contain the rectangles.^ 

516. The area of an oblique parallelogram is also obtained, 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram •flSJWIf (Fig. 
6.) is MJSTx^D or ^BxBC. For by Art. 513, ABxBC 
is the area of the right-angled parallelogram AJ3CD ; and 
by Euclid 36, l,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
XjqABJ^M. 

517. The area of a smare is obtained, by multiplying one 
of the sides into itself. Thus the expression for the area of 

the square AC^ (Fig. 6,) is JlBy that is. 



az=:JlB. 
For the area is eoual to JiBxBC. (Art 513.) 

But dB=BCf therefore, ABxBC=zABx^Bz=zJS . 

518. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle AB6^ 
(Fig. 7.) is equal to half AB into GHot its equal JBC, that is, 

az=z\ABxBC. 

For the area of the parallelogram ABCD is dBxBC, 
(Art. 513.) And by Euc. 41, l,t if a parallelogram and a tri- 
angle are upon the same base, and between the same paral- 
lels, the triangle is half the parallelogram. 

159. Hence, an al^ebmic expression may be obtained for the 
area of any figure whatever, which is bounded by right lines. 
For every such figure may be divided into triangles. 



* See Note W. - 

t Legendre's Geometiy, American Edition, Art. 160. 

I Legendre, 168. 
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Thus the right-lined figure 

ABCDE (Fig. 8,) is composed of the triangles 
JBC, ACE, and ECD. 

The area of the triangle JtBC=:\ACxBL^ 

That of the triangle •flCE=J«flCxJEJEr, 

That of the triangle ECD=zi ECxDO. 

The area of the whole figure is, therefore, equal to 
{iACxBL)+{iJlCxEk)+{iECxDG). 

The explanations in the preceding articles contain the 
first principles of the menswration of superficies. The object of 
introducing the subject in this place, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

520. The expression for the superficies has here, been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
itgarea. - 

If the number of square inches in the parallelogram 
JVBCD (Fig. 3.) whose breadth BC is 3 inches, be divided 
by 3 ; the quotient will be a parallelogram JtBEF, one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same, as 
the number of linear inches in the other. /Art. 512.) If 
therefore, the area of the large parallelogram oe represented 

by 0, the side «/9j!?=.^-^ that is, the length of a paralklogram 

is found by dioiding the area by the breadth, 

521. If a be put for the area of a square whose side is AB, 

Then by Art. 517 a= J5* 

And extracting both sides- ^atszAB. 

That is, the side of the square is found, by extracting the 
square root of the number of mcaswring units in Us area. 

522. If AB be the base of a, triangle and BC its perpen 
dicular height ; 
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Then by Art. 518, a=JBCx«fljB 

And dividing by \BQ ^z:zAB. 

That is, the base of a triangle is founds by dividing the area 
by half tlu height. 

533. As a surface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the product of its length, breadth and depth. It is necessary 
to bear in mind, that the measuring unit of solids, is a ctf6e ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubif foot, a square foot, &c. 

Let JlBCD (Fig. 3.) represent the base of a parallelopi- 
ped, 5 inches long, three mches broad, and one inch deep, 
it is evident there must be as many cubic inches in the solid, 
as there are square inches in its base. And, as the product of 
the lines *AB and JSCgives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelopiped, instead of being one inch, is^^mr inches. 
Its contents must be four times as great. If, then, the 
length be AB^ the breadth J3C, and the depth CO, the ex- 
pression for the solid contents unll be, 

ABxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (£uc. 
4. 2.) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by s ; 
And let it be divided into two parts, a and b. 

By the supposition, «=a-|-b 

And squaring both sides, 9'=a^-f-2a6-f'^- 

That is, f the square of the whole line, is equal to a' and 
b\ the squares of the two parts, together with 2afr, twice the 
product of the parts. 

525. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In 
doing this, it will be necessary, in the first place, to raise an 
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algebraic equation, from the geometrical relations of the 
quantities given and required ; and then by the usual reduc- 
tions, to film the value of the unknown quantity in this equa- 
tion. See Art, 192. 

Prob. 1. Given the fccwe, and the sum of the hypothenuse 
and perpendicular, of the right angled triangle, ^BC^ (Pig. 
9.) to find the perpendicular. 

Let the base JlB=zb 

The perpendicular BCzzsx 

The sum of hyp. and pei*p. x-^-AC^a 
Then transposing x^ A C= a - a? 



ji 



1. By EucUd 47. 1,* BC +AB =^C 

2. That is, by the notation, a^+6*=(a-rr)''=o*-2(M:4.j? 

Here we have a common algebraic equation, containing 
only one unknown quantity. The reduction of this equa- 
tion in the usual manner, will give 

x=s — Z — :xzBCf the side required. 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ; ^ In a right angled triangle, the perpendi- 
cular is equal to the square of the sum of the hypothenuse 
and perpendicular, diminished by the square of the base, and 
divided by twice the sum of the hypothenuse and perpendi- 
cular.' 

It is applied to particular cases by substituting ntanberSy for 
the letters a and b. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the expression 

^ " becomes ■ "^ .=6, the perpendicular ; and this sub- 
2a 2x16 

tracted from 16, the siun of the hypothenuse and perpendi- 
cular, leaves 10, the length of the hypothenuse. 

Prob. 2. Given the base and the difference of the hypothe- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. 



'■' Xiegenchre, 186. 
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Let the base AB (Fig. 10.)=6=80 

The perpendicular, BC=zx 

The given diflference, ={{=10. 

Then will the hypothenuse •flC=a:+d. 

Then 



1. By Euclid 47. 1, AC z:zJlB +BC 

2. That is, by the notaticoi, (a?+d)*=6»+a? 

S. Expanding (a?+d)% a?«+2rfa?+(P=6'+a» 

4. Therefore a?= — -.=15« 

2d 

Prob. 3. If the hypothenuse of a right angled triangle is 
SO feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 Ans. 24 fee* 

Prob. 4. If the hjrpothenuse of a right angled triangle is 
50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicmar 1 Ans. 30. 

Prob 5. Having the perimeter and the diagonal of a par- 
allelogram ABCDj (Fig. 11.) to find the sides. 

Let the diagonal w2C=il= 10 

The side AB=^x 

Half the perimeter BC^B=zBC+xz=ib—U 
Then by transposing a:, J5C= 6 - » 



By Euclid 47. 1, AB+BC ^AC 

That is, a«+(6-a;)«=A« 

Therefore ar=J6±VpM4^^^^=8. 

Here the side AB is found ; and the side BC is equal to 
i — :r=14-8=6. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
12,) being given, and the sides of a parallelogram inscribed 
in it, to find the side BC. 

Let the given area =a, DE=zBFr:zb 
EB=.DF=^d, BC^x. 

Then by the figure, CF^BC - BF^x - h. 
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L By similar triangles, CF : DF: : BC lAB 

2. That<is x^-bxdwxiAB 

8, Therefore, dt=:{x'rh)xAB 

4. By Art 618, a=tABx\iBC^ABx\^ 

6. Dividing by i«, ^=zAB 

X 

6- Therefore dx= (x - h) x— =2*- ~ 

X X 



7. And «=f+^^^?2*=:JBC. 

Prob. 7. The three sides of a right angled triangle, ABCf 
(Fig. IS.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ABD. (Euc. 8 6.)* 

1. By Euc. 47. 1, BD + Cd'=5C 

2. By the figure, CD=j3C-AD 

5. Squar. both sides, CD = (w3C - AD)» 

4. Therefore, BD+ {AC- AD)'= BC 

6. Expanding, BD+;5C-2^C.AD+Ad'==5C 

6. Transposing, BD=BC-;5c+2^aAD-I5* 

7. :By Euc. 47. 1. BdLZB- AD 

8. Mak. 6th & 7th eq. !BC-i5aj-2wgC.AD=AB 

9. Therefore AD=^^:l£ 

The tttiJbiown lines, to distinguish them from those which 
are tmown, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFO (Pig. 
14,) inscribed in a given triangle, JIBC^ to find the sides of 
the parallelogram. 



•■^■kM— *>*i 



* Legendre, 213. 



mH ALGEBRA. 

Draw CI perpendicular to JiB. By suppontion, DO is 
parallel to AB. Therefore, 

The triangle CHG, is similar to CIB > 
And CDG, XjqCAB \ 

Let CI:=zd DGzzzx ) 

•SlB=:b The given area =r a ) 

I. By sunilar triangles, CB: CG::AB: DG 

S. And CB: CG::CI:CH 

5. By equal ratios, (Art S84.) dB:DG::CI : CH 

4. Therefore £^^l=^CH 

AB 

6. By the figure, C/- CH^IHa=^DE 

7. Thati% d-$=DB 

a ByArtSlS, a=JDGxDiB=«x(d-^] 

lift' 

9. That is, a=iir-^ 

10. This reduced gives }r=-"*"^ /^^ ^:=zDG 

^ ^ 2-V (4 rf 

The side DE is found, by dividing the area by DG. 

Prob. 9. Through a given point, in a given circle, so to 
draw a right line, that its parts, between the point and the 
periphery, shall have a given d^rence. 

In the circle AQjBRj (Fig. 15.) lei P be a given point, in 
the diameter AB. 

Let AP:=za^ PR=iX, 

BPssbp The given difference =cl. 

Then will Pq=zx+d. 
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1. By Euc. 35. S* PRxPQ-JiPxBP 

S. That is, xx((c+d)=saxb 

S. Or, :E^-f dx=a6 

4. Completing the square, «*-{-da;-f>4cP=:i<P+^« . 

5. Extract and transp. xzsz-^^diy^lJP-^-abssPR, 

With a liide practice, the learner may very much abridge 
these solutions, and others of a similar nature, by reducing 
several steps to one. 

Prob 10. If the sum of two of the sides of a triangle be 
1 155, the length of a perpendicular drawn from the angle in- 
cluded between these to the third side be 300, and the differ- 
ence of the segments made by the perpendicular, be 495 ; 
what are the lengths of the three sides 1 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle on 
the hypothenuse be 144 ; what are the lengths of the sides 1 

Ans. 300, 240, and 180. 

Prob. 12. The difference between the diagonal of a square 
and one of its sides being given, to find me length of the 
sides. 

If ff= the side required, and d= the given difference ; 

Then x=:d+dAi/2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, in the same manner 
as the parallelogram DJBFGr, on the base ^B, {Fis. 14.) 

If 0;=: a side of the square, 6= the base, and h^ the 
height of the triangle ; 

hh 



Thenit= 



T+K 



Prob. 15. Two sides of a triangle, and a line bisecting the 
included angle being given ; to find the length of the base 
or third side, upon which the bisecting line falls. 

* Legendre SS4, 
2» 
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If ff = the We, n= one of the given sidds^ ess the other, 
and b=s the bisecting line ; 

Then«=(a+c)x^2£Z*:. 

Prob. 16. If the hjrpothenuse of a right angled triangle 
be 35, and the side of a square inscribed in it, in the same 
manner as the parallelogram J7j52>l^, (Fig. 12.) be 12 ; what 
are the lengths of the other two isides of the triangle 1 

Ans. 28, and SI. 

Prob. 17. The nmnbet of feet in the perimeter of a right 
«ngled triangle, is equal to the number of square feet in the 
-area ; and the base is to the pe]|)4Bndicular as 4 to S. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 1(X 

Prob. 18. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of unifonn breadth, whose area is equal to mat 
of the grass plat. What is the breadth of the gravel walk 1 

Prob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 125 square rods. 
What are the lengths of the sides t 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. iThe 
shorter side of each is 60 rods, and the other side of the tri- 
aagle adjacent to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of each 1 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vata, the greater of 
which contains 20 cubic feet more than the oth^. Thek 
capacities are in the ratio of 4 to 6; and their bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each 1 

Ans. 4 and 5 feet. 

Prob. 22. Oiven the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides, to find the length of the sides. 

If 0, ft, and c, be the three perpendiculars, and ff=s half 
the length of one of the sides ; 

Then x=±!:*±l 
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Prob. 23. A square public ^reen is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
squaie rods in the street, exceeds the number of rods in the 
perimeter of the square hj 228. What is the area of the 
square 1 Ans. 576 rods. 

Prob. 24. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides : to find the lengths of the sides. 

If x=z half the base, y=z half the perpendicular, and a 
and b equal the two given Unes ; 



Then a? 



46^ -a* /4a»-i« 



=Vni^ »V 



15 



* See Note X. 
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Art 6S6. IN the inreceding section, algebra has been 
applied to geometrical ngures^ bounded by right Unes, Its aid 
is required also^ in investigating the nature and relations of 
curves. The advances which in modem times have been 
made in this department of geometry, are, in a ^eat measure, 
owing to the m^od of expressing the dktingdshing proper! 
ties of the different kinds of Unes, in the farm of equatiims. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become fieuniliar with the 
plan of hotation which has been generally agreed upon. 

5S7. 7%e poritums of the several pomis in a curve drawn on 
a plane, are determined, by taMng the distance of eadi from hoo 
right Ikies perpendicular to each other. 

Let the lines .SIF and AO (Fig. 16.) be perpendicular to 
each other. Also, let the lines DB, ^lyS', ly'b' be perpen- 
dicular to AF ; and the lines CD, Oiy, 0'iy\ perpenmcu- 
lar ioAO. Then the position of the point D is known, by 
the length of the lines BD and CD, In the same manner^ 
the point D^ is known by the Unes B'D^ and OD^ ; and the 
point JD^ by the Unes JJ'^I^ and O^D^'. The two Unes 
which are thus drawn, from any point in the curve, are, to- 
gether, called the co-ordinates belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordinate, and the other, an abscissa. Thus BD is the or« 
dinate of the point D, and CD, or its equal .iB, the abscissa 
of the same point. It is, generaUy, most convenient to take 
the abscissas on the Une AF, as AB is equal to CD, AW 
to Ciy, and AB' to O'Df'. Euc. 33. 1. The Unes At 
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aod AG^ to which the co-ordinates are drawn, are called the 
axes of the co-4)rdinates. 

528. If co-ordinates could be drawn to etery point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be determined. Many important proper*, 
ties of the figure might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a line is milim- 
ited. It is impossible, therefore, actually to draw co-ordi- 
nates to every one of them. Still th*ere is a way in which an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is effected by maEing the equation 
depend on some property, which is common to every pair ofcO" 
ordinates. In explaming this, it will be proper to begin with 
a straight Kne, instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes AF and AG perpendicular to each other. 
And let the angle FAH be such, that the abscissa CD or AB 
shall be equal to twice the ordinate BD» 

The triangles ABD, ABJy^ AB'jy &;c. are all amilar. 
(Euc. 29. 1.)* Therefore, 

ABxBD: .AB : BBwABf' : B^iy, 
AniifAB=:2BDy thenAB=z2Biy,B,ndAB^=:2B^B^,kC' 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y, the ordinate be- 
longing to the same point. Then^ 

a?=2y, or y=|ar. 

This is an equation expressing the ratio of the co-ordinates 
of the line AH to each other. It differs ftom a common 
equation in this, that x and y have no determinate magni- 
tude. The only condition which limits them is, that they 
shall be the abscissa and ordinate of the same pokit. 



\ aoscissa anu oramaie oi me samt 

If x=zAB, then y=BD 

If x==AB', y^BB 

If x^AB', y=:B'B\ &c. 



<^ «liegeDdre,66. 
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From this it is evident, that, if one of the co-ordinates be 
taken of any particular length, the other will be given bv the 
equation. If, for instance, the abscissa x be two inches long, 
the ordinate y, which is half a;, must be one inch. , 
If ar=:8, then y=4, If a?=30, then y=:16, 

If aslO, y=5. If ir=100, y=60, &c. 

On the other hand, if y=2, then a; =4, &c. 

529. If the angle HAF be of anv different magnitude, as 
in Fig. 18, the general equation will be the same, except the 
co-efBcient of or. Let the ratio of y to a; be expressed by a, 
that is, let y : x::a: 1.^ Then by converting this into an 
equation, we have 

oarrry. 

The coefficient a will be a whole number or a fraction, 
according as y is greater or less than x. 

5S0. To apply these explanations to curves, let it be re« 
quired to flop a general equation, of the conunon parabola* 
(Fig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas 
are proportioned to the squares of their ordinates. Let the 
ratio of the square of any one ordinate to itcf abscissa, be 
expressed by a, As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have umversally ]/* : a; : : a ; 1 ; and by converting this 
into an equation, 

a»=y*. 

This is called the equation of the curve. The irojx>rtant 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to entry paint of 
the curve. Any value whatever may be assigned to the ab- 
scissa Xy provided the ordinate v is considered as belonging 
to the same point But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, a«=]/*, and extracting the 
root of both sides, (Axt. 297.) 

yssj^ax. If tt=2, tbeny =\/2g. And 
If «= 4.«=«5-B(Fig.l9.)theny=y2x4.6=:V9=3=BD 
If ir=: 8. ^AR y= V2x8:=:V 16=4gJ?iy 

If x=zn.5z=:AB^ y=y2Xl«*=V25=5=jy'J!)" 

If «=:18. =^jB"^ y=V2Xl8 =V86=6=J3'''iy''. 
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531. When ordinates are drawn on both sides of the axis 
to which they are applied ; those on one side will be j>osUwef 
while those on the other side will be negeUwe. Thus, in Fi^. 
1 9, if the ordinates on the upper side of ^MF be considered posi- 
tive, those on the under side will be negative, (ilrt. 507.) 
The abscissas also are either positive or negative, according 
as they are on one side or the other of the point i^om which 
they are measured. Thus, in Fi^. 20, if the abscissas on the 
right, JlBy AB^f &c. be considered positive, those on the left, 
ACf AO^ &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative. 
It must be set off on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line jE'2y(Fig. 
20.) cross the axis .^F, in the point j9, where it is cut by the 
axis A 6. But this is not always the case. The abscissas on 
the axis QF, (Fig. 21.) may be reckoned from the line QN. 

Let X represent any one of the abscissas, JI£B, MH^ &c. 
and y the corresponding ordinate. 

Lei zz=:AB, b^MA. 

And a=: the ratio of BD to AB^ as before. 

Then a?=y, (Art 629.) that is, 2r=S 

a 

But by the figure, AB=iMB - MA^ i. e. zz=^x^b 
Making the two equations equal, x - b=iz. 



a 



Therefore x=t^b. 

a 

533. In investigating the properties of curves, it is impor- 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are positive^ from those in which they 
are negatke; and to determine under what circumstances, 
either of the co-ordinates vanishes. An abscissa vanishes at 
the pabU where the curve meets the axis from tohich the abscissas 
are measured. And an ordinate vanishes, at the point where 
the curve meets the ^Lxis from which the ordinates are 
measured. 
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Thus,, in Fig. 19, the wdiDates are measured from the line 
^F, The length of each ordinate is the distance of a particu-. 
lar point in the curve from the line. As the curve approaches 
the axisy the ordinate diminishes, till it becomes nothing, at 
the point of intersection. For, here, there is no distance 
between the curve and the axis. 

The abscissas are measured from the line AO. These 
must diminish also, as the curve approaches this line, and 
become nothing at A. 

£34. From this it is evident, that when the two axes meet 
the curve at the same pointy the two co-ordii;iates vanish to- 
gether. In Fig. 19, the two axes meet the curve at «d, the 
one cutting, and the other touching it But in Fig. 21, the 
axis MP crosses the line JV*D at A ; while 6JV crosses it at 
JV*. The ordinate, being the distance from MF, vanishes at 
^, where the distance is nothing. But the abscissa, being 
the distance from 6«Y, vanishes at JV or Jlf. 

535. An abscissa or an ordinate changes from positke to 
negatioey by passing through the point where it is equal to 0. 
Thus the ordinate y, (Fig. 20.) diminishes as it approaches 
the point A ; here it is nothing, and on the other side of A^ 
it becomes negative, because it is below the axis CF. (Art.' 
507.) In the same manner the dbedssOy oa the right of AGj 
diminishes, as it approaches this line, becomes at A, and 
then negative on the left. 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to GrJV, being still cm the right of that line. 
On the right from A, the co-ordinates are both positive : be- 
tween A and the line 6JV*, the abscissas are positive : and 
the ordinates negative: and, on the left of 6JV* both are 
negative. 

536. The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate thes 
observations which have now been made. 

Prob. 1. To find the equation of the circle. 
In the circle FOMj (Fig. 22,) let the two diameters GJV 
and jPJlf be perpendicular to each other. From any point 
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in the curve, draw the ordinate DB perpendicular to AF; 
and AB will be the corresponding abscissa. 

Let the radius AB^r^ .flJB=a:, BB=:y. 

Then, by Euc. 47. 1,* BD =5D« j3J» 

That is, y«=r*-a» 

And by evolution, y=±Vr* - a^ 

In the same manner, x=t/\/i^ - j/*. 

That is, the abscissa is equal to the square root of the dif- 
ference between the square of the radius and the square of 
the ordinate. 

If the radius of the circle be taken for a unit, (Art. 510) its 
square will also be 1, and the two last equations will become 

=±\/r^, and a:=±\/l -»*• - 
These equations will be the same, in whatever part of the 
arc ODF the point D is taken. For the co-ordinates will be 
the legs of a right angled triangle, the hypothenuse of which 
will be equal to AB, becaiise it is the radius of the circle. 

537. To understand the application to the other quarteiB 
of the circle, it must be observed, that, in each of the 
equations, the root is onMguous. The values of y anc of x 
may be either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the different parts of the circle, with 
respect to the two diameters FM and GrJV*. In the first 
quarter GJP, the co-ordinates are supposed to be both positive. 
In the second, GUlf, the ordinates are still positive, but the 
abscissas become negative. (Art. 531 .) In the third, JI£Y, 
both are negative, and in the fourth, tATF, the ordinates are 
negative, but the abscissas positive. That is, 

{FGy X is -|-, and y-|-, 
* Legendn, 186. 
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538. In geometry, lines are supposed to be produced by 
the motum of a point. If the point moves uniformly in one 
direction, it produces a straight line/ If it continually varies 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance from 
another point which is fixed, the figure described is a circle^ 
of which the fixed point is the centre. It is evident firom 
the preceding problem, that the equtxtum of this curve de- 
pends on the manner of description. For it is derived from 
the property that different parts of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
are described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the C»- 
soid of Diocles. (Fig. 23.) 

The description, which may be considered as the d^wdtUm 
of the figure, is as follows. 

In the diameter AB, of the semi-circle AJfB^ let (he point 
12 be at the same distance firom J9, as P is from A. Draw 
J2JV* perpendicular to AB^ to cut the circle in JV*. From A^ 
through JV, draw a straight line, extending if necessary be- 
yond the circle. And from P, raise a perpendicular, to cut 
this line in M. The curve passes through the point JIf. 

By taking P at different distances from w9, as in Fig. 84» 
any number of points in the curve may be determined. As 
the line PM moves towards JB, it becomes longer and longer ; 
80 as to extend the Cissoid beyond the semi-circle. 

To find the eqaatkn of the curve, let AH and AB be the 
axes of the co-ordinates. 

Also^ let each of the abscissas APy AP AP^\ &c. =«, 
each of the ordinates PM, FJtf , F' M'^ &c. =y, 
and the diameter AB =6, 

Then by the construction, PB^zAB'-APzsb - x. 

As PM and JRJV are each perpendicular to ABy the trian- 
gles APM and ARJ^ are sunilar. (Euc. 27 and 29. 1.) 
Therefore, 
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1. By simflar triangles, AP : PM: : AR : JfcV 

2. Or, by putting PB for its equal j3J8, 

AP:PM::PB:RJir 

3. Therefore, PJtfxfg ^j^jy 

S « 

4. Squaring both ncUs, PMxPB ^-^ 

~AP 



5. By Euc. S6. 8, «ind S. S,* ARxRBz^RJf 
6. Or, putting PB tor its equal ^jR, and AP for its equal RB, 



PBx^P^RJf 

9 



7. Making 4th and 6th equal, PBx^P^^''^ ^ f^ 

AP 



8. Therefore, JIP =PM xPB 

9. Or, jp8^y«^(i^^). 

That is, the cube of the abscissa is equal to the square of 
the ordinate, multiplied by the difference between the diame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the Conchoid of Nico- 
medes. 

To describe the curve, let AB, Fig. 26, be a line given in 
position, and C a point without the line. About this point, let 
the Une Ch revolve. From its intersections with AJBy make 
the distances EM, EfM, WM!'^ &c. each equal to AD. 
The curve will pass through the points 1), JJf, JIP, M\ &c. 

To find its eftfolion, let CD and AB be the axes of the co- 
ordinates. Draw FM parallel to AP, and PM parallel to CF. 
From the construction, AB is equal to EM, 

Let the abscissa AP^FM:ss,Xy 

the ordinate PMzsAFszy, 

the given line CAzso^ 

and AB^EM^b, 

Then will CF=z CA+AFzs a+y. 

* Legendro, 105, 8S4. 
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48 (W cuts the parallels CD and PJIf, and also the paral* 
lels AP. and FM^ the triangles CFM and MPE are similar. 
Then 

1. By similar triangles^ CF i FM: : PM : P£ 

2. Therefore, P£=^^/^ 

S. Squaring both sides, PE =^-^^. 

CF 

4. By Euc. 47. 1 PE^EM-^PM 



B. Mak. 3d and 4th equal, Ijtf*- PXt^^^ ^^ 

CF 

6. Thatis, V^f^J^^ 

7. Or, (a+y)*X(6^-!r>=«y- 
589. In these examples, the equation is derived from the 

description of the curve. But this order may be reversed. 
If the equation is given, the curve maybe described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
by taloM abscUsaa of differeni kngthst and applying ordinates to 
each. The line required, will pass through the extremities of 
these ordinates. 

Prob. 4. To describe the curve whose equation is 
Zxszy\ or y=:\/2x. 

On the' line JIF, (Fig. 19.) take abscissas of different 
lengths : 

For instance, j9jB=:4.5, then the ordinate JBDssS, (Art. 630.) 
JlR =8. ffiy = 4, 

jjjy'=12.5 B'iy':=z6, 

&c. 
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Apply these several ardinates to their abscissas, and con* 
nect the extremities by the line ADUTy'^ &c. which will be 
the curve required. The description will be more or less 
accurate, according to the number of points for which ordi- 
nates are found. 

540. If a pomt is conceived to move in such a manner, as 
to pass through the extremities of all the cNrdinates assigned 
by an equation ; the line which it describes is called the loexts 
of the point, that is the path in which it moves, and in which 
it may always be found. The line is also called the locm of 
the equation by which the successive positions of the point ere 
determined. Thus the common parabola (Fig. 19,) is called 
the locus of the points, 2>, ZX, xX^, &c. or o| the equation 
axz=zy\ (Art. 530.) The arc cf a circle is the locm of the 

equation a;=i\/^-y** (Art 536.) To find the locus of 
an equation, therefore, is the same thing, as to find the 
straight line or curve to which the equation belongs. 

Prob. 5. To find the locus of the equation 

a ^ 

in which x and y are variable co-ordinates, while a is a deter- 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve ax=r:y ; or con- 
verting the equation into a proportion, y:x::a:l. There- 
fore, as a is a determinate quantity, the ratio of a? to y will be 
invariable ; that is, any one abscissa wiU be to its ordinate as 
any other abscissa to its ordinate. Let two of the abscissas 
be AB and -^JB', (Fig. 17.) and their ordiuates, BD and 
B'ly; then, 

ABiBDi.AJffiBJUf. 

The line M[)iy is, therefore, a straight line ; (Euc. 32. 6.) 
and this is the hcus of the equation. 

If the proposed equation is ars^-f*^* ^^ additional term b 

a 

makes no difference in the nature of the locus. For the only 
effect of 6, is to lengthen the abscissas, so that they must not 
be measured from Jl, but from some other point, as •/!/, 
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(Fig. SI.) The ratio of AB^AB^, &c. to BV^Bfiy^ &e. still 
remains the same. See Art. 532. The loctw of the equation • 
is, therefore, a straight line. 

541. From this it will be easy to prove, that the hew of 
every equation in which the co-ordinates % and y are in sepa- 
rate terms, and do not rise above the jire< power^ is a straight 
line. For every such equation may be brought to the fonn 

x=:&fr. All the terms may be reduced to three, one con- 
taining X, another y, and a third, the aggregate of the con- 
stant quantities which are not co-efficients of x and y ^ as will 
be seen in the foUowing problem. 

Prob. 6. To find the locus of the equation 

ex - d-^hx - y-}~ni=:fi. 
By transposition, cx-\^hx=y^n * m-^d. 

Dividmg by c+h it= J^+tLl??+^. 

C"T~ll C"T~A 

Here the constant quantities, in each term, may be repre- 
sented by a single letter. (Art. 321.) I^ then, we make 

c-f>&=a, and ^"^"^ =t;the equation will become «=lL-f.i, 

whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the locus of the equation, in- 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight Une, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higher 
Dowers have. (Art. 354.) Thus, if :c^=y, the ordinates 
will increase more rapidly than the abscissas. If the abscis- 
sas be taken, 1, 2, 3, 4, &c. Uie ordinates will be equal to 
their squares, 1, 4, 9, 16, &c.^ 

543. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-(Nrdi- 
nates, and as each of these has its appropriate locus ; it is 
evident that the forms of curves must be innumerable. They 
may, however, be reduced to classes. The modem mode of 
classing them, is from the degree of their equations. Th$ 
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different orders of Unes are dUtinguishedy by the greatett mdex^ 
or sum of the indicee of the cO'^ordinates^ in mny term of the 
equation. ' 

Thus the equation ax=ry belongs to a line of the first or- 
der, because the index of each of the co-ordinates is 1. But 
this order includes no curves. For, by Art. 541, the locus of 
every such equation is a straight line. 

The equation ca:*-aan/=y*, belongs to the second order of 
lines, or the first kind of ciuves, because the greatest index 
is 2. The equation ay-^xy^bx also belongs to the second 
order. For, although there is here no index greater than 
1, yet the sum of the indices of x and y, in the second term, 
is 2. 

The equation j/'-3axy=6x^ belongs to the tldrd order of 
lines, or the second kind of curves, because the greatest in- 
dex of y is 3. 

544. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have different vcdues^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is above the first degree, it may have two 
or more roots^ (Art. 498.) and may, therefore, give different 
values to the ordinate. 

An equation of the first degree has but one root ; and a 
Ime of the first order, can be intersected by an ordinate, ia 
one point only. Thus the equation of the line JlH (Fig. 
17.) is aa;=y, in which it is evident y has but one value, 
while X remains the same. If the abscissa x be taken equal 
to«i9J?, the ordinate y will be JSjD, which can meet the line 
•fljyinDonly. 

But the equation of the parabola j^=:axy (Art. 530.) has 
two roots. For, by extracting both sides, y=±\/aa:. (Art. 
297.) It is true, that in this case, the two values of y are 
equal. But one is positioey and the other negative. Thia 
shows that the ordinate may extend both v)ays from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa AB (Fig. 19.) may 
be either BD above the abscissa, or Bd beUno it. 

A cfdyic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three different 
values, and may meet the curve in three different points 
Thus the ordinate of the abscissa«i9J3 (Fig. 26.) may be BI 
or Biy, or Bd. 



820 ALGEBRA. 

645. fVhea the curve meets the axis on which the abscis- 
eaa are measured, the ordinate^ after becoming less and less, 
is reduced to nothing. (Art. 533.) But, in some cases, a 
curve may continually approach a fine, without ever meeting 
It. Let the distances w^JB, BB^ BB"y &c. on the line AFy 
(Fig. 27.) be tqwd; and let the curve DIXIK', &c. be of 
such a nature that of the several ordinates at the points B^W^ 
Iff'y &c. each succeeding one shall be halj the preceding, 
that is, Bfiy, half BB, Bf'iy' half BBf, &c. It is evident 
that, however far the straight line be carried, the curve will 
become nearer aikl nearer to it, and yet will never quite reach 
it. A line which thus amtmutally approaches a curve unthout ever 
meeting Uy is called an asymptote of the curve. The axis AF 
is here the asymptote of the cujrve DiyU^ &c. As the. ab- 
49cis8a increases, the ordinate diminishes, so that, when the 
abscissa is mathematically infinite, (Art. 447.) the ordinate 
becomes an infinitesimal, and maybe expressed by 0. (Art. 
455.)* 



*8aeNoteY. 



NOTES. 



NoTB A. Page 1. 

As the tenn quavUUy is here used to signify whatever is 
the object of mathematical inquiry, it will be obvious that 
manber is meant to be included ; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be eanly shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol. II. Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu* 
larly to the f^uniliar distinction between eontinuied quantity or 
magnitude, and eRterete quantity or number. 

But does number '^^falt under the defimUon of quantity V^ 
Mr. Stewart after quoting the observation of Dr. Reid, that 
the oijeci of the mathematics is commonly said to be qimn>» 
tity, which ought to be defined, that whkk may be measuredy 
addsy ** The appropriate objects of tlds science are such 
things alone as admit not cmly of being' increased and dimin- 
bhed, bat of being muUvplied and dimded. In other words, 
the common character which characterbses all of them, is^ 
their mensurdbilUyJ** That number may be multiplied and; 
divided, will not {N*obably be questioned. But it may per- 
haps be doubted^ whether it is capable of mensuration. If,, 
as Mr. Locke observes^ ** number is that which the mind: 
makes use (^, in measuring all things that are measurable," 
can it measure Usdff or be measured ? It is evident that it can 
not be measured geometrkdllyy by applying to it a measure ol 
length or capacity. But by measurixig a quantity mathe* 
matically, what else is meant, than determining the raiia 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other^ 
dther exactly or with a certain excess % And is not this as 
applicid)lfi to number as to magnitude 1 The ratio which a 

28» 
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given number bears to tmity cannot, indeed, be the subject 
of inquiry ; because it is expressed by the number itself. 
But the ratio which it bears to other numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

For proof that number is not quantity, Mr. Stewart refers 
to Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to number, which he intimates might, with more 
propriety, be called ^uoHty. He observes, ^' The general ob* 
jeci of the mathematics has no proper name, either in Greek 
or Latin." And adds, " It is plain the mathematics is con- 
versant about two things especially, quantity strictly taken, 
and quotity ; or magnitude and multitude." There is fre- 
quent occasion for a common name, to express number, dura- 
tion, &c. as well as magnitude ; and the term quantity will 
probably be used for this purpose, till some other word is sub- 
stituted in its stead. 

But though Dr. Barrow thus distinguishes between mag- 
nitude and number, he afterwards gives it as his opinion, 
^page 20, 49,) that there is really no quantity in nature dif- 
ferent from what is called magnitude or continued quantity^ 
and consequently, that this alone ought to be accounted the 
o^ectofthe mathemoHes. He accordin^y devotes a whole lec- 
ture to the purpose of proving the identity of arithmetic and 
geometry. (Lect. 8.) He is " convinced that number really, 
differs nothing from what is called continued quantity ; but 
is only formed to express and declare it ;" that as ^' the con- 
ceptions of magnitude and number could scarcely be separa- 
ted," by the ancients, "in the namcy they can hardly be so 
in the mndy^ and " that number includes in it every conside- 
ration pertaining to geometry." He admits of mttaphydcal 
number, which is not the object of geometry, or even of the 
mathematics. But, in his view, magnitude is always inclu- 
ded in maihemaikal number, as the units of which it is com- 
posed are equal. On the other hand, magnitudes are not 
to be considered as mathematical quantities, except as they 
are measured by number. In short, quantity is magnitude 
measured by number. 

It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep- 
arate from number. . If arithmetic and geometry are iM 
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same; quantity is as much the object of one, as of the other. 
How far this scheme is applicable to duration, motion, &c. it 
is not necessary, in this place to inquire. 

Note B. p. 1, 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
yentor. Sir Isaac Newton, explained its principles, rather than 
from the nature of the science itself. This has served to 
countenance the opinion, that the doctrine of f uxions, and 
the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the funda- 
mental laws of calculation are the same in both. These 
nave no necessary dependence on motion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is difficult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the original inventor. 

Note C. p. 82. 

It is common to define multiplication, by ikying that * it is 
finding a product which has the same ratio to the multipli- 
cand, that the multipUer has to a unit.' This is strictly and 
universally true. But the objection to it, as a definitiany is^ 
that the idea of ratio, as the term is understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In tliis work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of parts. But whatever may be true with respect 
to number in the abstract^ there is certainly no absurdity in 
considering an integer, of one denomination, as made up of 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as there aie mches in a foot, 
or part of a foot 
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Note D. p. 66. 

It is perbaps more philosophically exact, to consider nn 
equation as affirming the equivalence of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this early part of his 
mathematical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powers of an integral quantity have poriike 
indices, while the reciprocal powers have negaiioe indices ; it 
is common to call the former poritive powers, and the latter 
negative powers. But this language is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prefixed. Thus -^M is 
called a positive power ; while - Sa* is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same time ; positive, be- 
cause it has a positive index, and negative because it has a 
negative co-efBcient. This ambiguity may be avoided, by 
using, the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
the principles upon which these ndes must be founded. It 
appears to be taken for granted by Euler and others, that the 
pn^duct of the imaginary roots of two quantities, is equal to 
the root of the pro duct of the quantities ; for instance, that 

V^Xy^== V - a X - i. If this principle be admitted, 
certain limitations must be observed in the application. If 

we make V^xV^=V-ax -^ and this in confor- 
imty with the conunon rule for possible quantities^ zsi\/ff; 
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yet we are not at liberty to consider the latter expression as 
equivalent to a. For though \/a?, when taken without re- 
ference to its origin, is ambiguous, and may be either -f-^^ ^^ 
- a ; yet when we know that it has been produced by mul- 

tipIyingV^^ ii4o itself, we are not permitted to give it any 
other value than - a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculation, by resolving tl^e quatUUy 
under the raaical sign into two factors^ one of which is -I ; 

thereby reducing the imaginary part of the expression to V-1. 
As - a=^ax - h ^he expression \/ - o=\/<*X - 1 = V^X 

V~. So V- o - 6= Va+6x V^. The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to V-1, they may be 
multiplied and divided by the rules already given for other 
radicals. 

Thus in MvitipUeation^ 

2. + V -"a X - V^=r - \/ab X - 1 ^ +A/ab. 
8. V^9xV^=.-V36=-6. 

4. (i+\Arr)x(i-v~f)=2. 

Fi'om these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expressions 
IS a real quantity. 

6. V~axv^=V«X'V^xV*=V^xV^. 
6. V^xVi®=6xV"n". 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 

In Dimsiony 



1. ,V^^V«xV-2^ /g g ^3^1^ 

V-6 V*XV-1 ^ ft V-a 

Hence, the quotient of one imaginary expreasicHk divided 
by another is a real quantity. 



3. ^=.i»^=^JxVrT. 
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Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quantity divided by an imaginary one, 
is itself imaginary. 



By multiplying V^ continually into itself we obtain the 
following powers. 

(V^)«= ~ 1 (V£r)'= - 1 

(VCT)*=4.l (V^)''=+l 

(VTr)»=4.v- 1 (VTi)»=+v^ 

&c. &c. 

The even po wers being alternately - 1 and -f-1 wid the 
odd powers, - V^ and + V ^ 

On the nature and use of imaginary expressions, see £u- 
ler*s Algebra, Rees' Cyclopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1802 
and 1806. 

Note O. p. 146. 

Every affected quadratic equation may be reduced to one 
of the three following forms. 

1. ac'-f-oafrs b 

2. a:*— aa?=: b 
8. aj*— ax=z — 6 

These, when they are resolved, become 

1. «=-itf±VK+6 

2. «= iatVi^+b 
8. a?= iaiVK-6 

In the two first of these forms, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third form, whenever 6 is greater than Ja* J 
the expression io' - 6 is negative, and therefore itd root is 
impossible. 
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Note H. p. 176. 

For the sake of keeping clear of the multiplied controver- 
sies a great portion of them verbal, respecting the nature of 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi- 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposes of geometry, but is 
not sufiiciently general for algebra. 

Note K. p. 178. 

It is not denied that very respectable waters use thest 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between tioice this ratio^ and the square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a duplicnte ratio. What occasion is 
there, then, to apply to it the term double also 1 This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word, in familiar language. 

Note L. p. 185« 

The* definition here given is meant to be applicable to 
quantities of every description. The subject of proportion as 
it is treated of in Euclid, is embarrassed by the means which 
are taken to provide for the case of incommensurable quanti- 
ties. But this difllculty is avoided by the algebraic nota- 
tion which may represent the ratio even of incommensur- 
ables. 

Thus the ratio of 1 to \/2 is _.. 

V2 
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It is imposedbley indeed, to exprMS in rational numbers, 
the square root of S, or the ratio which it bears to 1. But 
this is not necessary, for the purpose of showing^ its equality 
with another ratio. 

The product 4x2=8. 

And, as equal quantities have equal roots, 

SxyS^yS, therefore, 2 : \/8 : : 1 : \/S. 

Here the ratio of 2 to \/8, is proved to be the same, as 
that of 1 to \/2 ; although we are unable to find the exact 
value either of aJ8 or \/2. 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other scjuare has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other proportionals. Throughout the section on proportion, 
the demonstrations do not imply that we know the value of 
the terms, or their ratios ; but only that one of the ratios is 
equal to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro- 
priety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the consequent, and therefore, 
there can be no ratio between them. (Art. 365.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in ntmt- 
6«r«, there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is tmma- 
terial which is the multiplier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle terms will make no difference in the 
result. 

Note N. p. 197. 

The terms composUian and dwiskm are derived from ge- 
ometry, and are introduced here, because they are generally 
used by writers on proportion. But they are calculated rather 
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to perpicx, thaa to assist the learner. The objection to the 
word compysUum is, that its meaning is liable to be mistaken 
for the composition or compounding of ridios, (Art. 390.) 
The two cases are entirely different, and ought to be carefully 
distinguished. In one, the terms are oeUed, in the other, 
they are midHpUed together. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression o-fij in which a is cidded to 6, is called a compound 
quantity. The fraction ^ of 1, or } xf, in which ) is midtU 
plied into f , is called a compound fraction. 

The term dhnsumy as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by subtractUm^ 
and has nothing of the nature of what is called division in 
arithmetic and algebra. But there is another case, (Art. 
892.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division. 

Note O. p. 206. 

The principles stated in this section, are not only expressed 
in different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
first proposition in the fifth book of the Elements, is c<Hifined 
to eqvmultiph$. But the article referred to, as containing this 
proposition, Is apf^cable to all cases of equal rtUioSy whether 
the antecedents are multiples of the consequents or not. 

Note P. p. 222. 

The solution of one of the cases is omitted in the text, be- 
cause it is performed by logarithms' with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given, 
the fitttn6er of terms may be found by the formula 

log." 
a 



ns 



log. 



Note Q. p. 227. 

When it is said that a mathematical quantity may be sup* 
posed to be increased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than this can be assigned. The quantity and 

»9 
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the limits may be alternately extended one beyond the other,- 
If a line be conceived to reach to the most distant point in 
the visible heavens, a limit may be mentioned beyond this. 
The line may then be supposed to be extended farther than 
this limit. Another point may be specified still farther on, 
and yet the line may be conceived to oe carried beyond it. 

Note R. p. 230. 

The apparent cofUmdictiaru respecting infinity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be poved that a line an inch long can* 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line two inches 
long may be first divided in the middle, and then each of the 
sections be divided uito an infinite number of parts. In this 
way, we shall obtain one infinite tioice as great as another. 

If by infinity, here is meant that which is beyond any as- 
signable limits, one of these infinites may be supposed greater 
than the other, without any absurdity. But if it be meant 
that the number of divisions is so great that it cannot be in- 
creased, we do not prove this, concerning either of the lines* 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; and 
then infer that it is iiifinite, in' a sense widely different. 

NoTX S. p. 233. 

Strictly speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terms of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in obtaining the several subtrahends. 

Note T. p, 244. 

The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this mtroauc- 
tion, such as the Hws of combination, fluxions, and figurate 
.ninnbers. 
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Those who wish to examine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Euler's Algebra, 
Section 2, Chap. 11, Vince's Fluxions, Art. 99, Lacroix's 
Algebra, Art. 138, &c. Do..Comp. Art. 71, Rees* Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxv, p. 
898, Woodhouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory of Analytical Functions. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments,* Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin's Fluxions, Art. 828, 
&c.. Wood's Algebra, Art, 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lou- 
don Philosophical Transactions. 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics, this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine'particularly the d^erent meth- 
ods of solution, will find them in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4r 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, Simp- 
son's Alg. Sec. 12, Fenn's Alg. Ch. 8 and 4., Saundersoirs 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to be 
80 particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfoir's edi- 
tion of Euclid, in which ".5D.DC is put for the rectangle 
contained by AD and DC." It is to be observed, however, 
that he introduces this, merely as an article of noUiium, 
(Book II. Def. 1.) And thougn a point interposed between 
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the lettersi is, in Algebra, a sign of muItiplicAtion ; yet he 
does not here undertake to show how the sides of a parallelo- 
gram may be multiplied together. In the first book of the 
SuppUmenif he has indeed demonstrated, that ** equiangulai 
parallelograms are to one another, as the products of the 
numbers proportional to their sides.*' But he has not given 
to the e^cpressions the forms most conrenient for the sue* 
ceeding parts of this work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
important to have it clearly seen that the geometrical princi- 
ples are not altered ; but are only expressed in a different 
l&nguage. 

Note X. p. SOT. 

This section comprises very little of what is commonly 
understood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the othef 
parts of the course, by stating the^grounds of the algebcaiQ 
notation of geometrical quantities, and rendering it familiar 
by a few examples. 

On the construction and solution of problems. See New- 
ton's Arithmetic, Simpson's Alg. Sec. la and appendix, La* 
croix's App. Alg. 6eom., Saunaerson*s Alg. Book xiii, Ana- 
Ivt. Inst, of Maria Agnesi, Book i, Sec. S, and Emerson^ 
Alg Book II, Sec. 6. 

Note T. p. SSQ. 

On the equations of curves, the geometrical construction 
of equations, tlie finding of bet, &c. see Maclaurin's Alg.s 
Part III, and appendix, Newton's Arith., Emerson's Alg* 
Book II, Sec. 9, Do. Prob. of Curves, Euler's Anal. Infin.^ 
Waring's Prob. Alg. and Mansfield's Essays. 

Among jLhe subjects which, for want of room, are entirely 
omitted in this introduction, one of the most iateresling ia tho 
indetermmate analysis. No part of Algebra, perhap^i, is bet 
ter calculated to exercise the powers of invenHon. But other 
branches of the^ mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Euler's Alg. Vol. ii, with Lagrange'9 
additions, Saunderson's Alg. Book vi, Bonnycastle's Algebra^ 
and the Edinburgh PhiL Transactions, Vol. ii. 
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